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Graph Invariants of Deleted Lexicographic
Product of Graphs
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Abstract

The deleted lexicographic product G[H] — nG of graphs G and H is
a graph with vertex set V(G) x V(H) and u = (u1,v1) is adjacent with
v = (u2,v2) whenever (u1 = uz and v1 is adjacent with v2) or (vi # v
and wu; is adjacent with uz). In this paper, we compute the exact values of
the Wiener, vertex PI and Zagreb indices of deleted lexicographic product
of graphs. Applications of our results under some examples are presented.
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1. Introduction

Throughout this paper all graphs considered are finite, simple and connected. The
distance dg(u, v) between the vertices u and v of a graph G is equal to the length
of a shortest path that connects v and v and the diameter of G is the greatest
distance between two vertices in G.

The lexicographic product was studied first by Felix Hausdorff in 1914 [9]
and then studied by Harary and Sabidussi. Feigenbaum and Schiffer [5] proved
that the complexity of testing whether an arbitrary graph can be written nontriv-
ially as the composition of two smaller graphs is the same, to within polynomial

*Corresponding author (E-mail: m _tavakoliQum.ac.ir)
Academic Editor: Janez Zerovnik
Received 18 March 2019, Accepted 01 December 2019
DOI: 10.22052/mir.2019.176548.1125
(©2019 University of Kashan

@ This work is licensed under the Creative Commons Attribution 4.0 International License.



282 B. Akhavan Mahdavi, M. Tavakoli and F. Rahbarnia

factors, as the complexity of testing whether two graphs are isomorphic. Frelih
and Miklavi¢ [6] proposed another lexicographic-like product that is called the
deleted lexicographic product as follow:

For two graphs G and H with |V(H)| = n, the deleted lexicographic product
G[H] — nG of graphs G and H is a graph with vertex set V(G) x V(H) and
u = (uy,v1) is adjacent with v = (ug,v2) whenever (u; = us and vy is adjacent
with vg) or (v1 # ve and w; is adjacent with wus), Figure 1.

Figure 1: The deleted lexicographic product of Csy, and Ps.

The Graph invariants are parameters that are preserved under graph isomor-
phisms. However, they are not usually preserved under graph homomorphisms. A
topological index is a graph invariant applicable in chemistry.

The Wiener index, W, is the first topological index to be used in chemistry
[14]. In a graph theoretical language,

W(G):% S Y dw).

weV(G) veV(G)

We encourage the readers to consult [1-4| for more information on the Wiener
index.

Suppose G is a graph with vertex and edge sets V = V(G) and E = E(G),
respectively, and e = uv € E(G). The set of vertices of G whose distance to the
vertex u is smaller than the distance to the vertex v is denoted by N%(e). The
vertex Padmakar-Ivan index of the graph G is defined as [10,11,13]

e=uveE(G)

The Zagreb indices have been introduced by Gutman and Trinajsti¢ as
M;(G) = Zuev(c)(degg(u))Q and My(G) = 3°,,cp(q) dege(u)dega(v), where
dega(u) denotes the degree of vertex u [7,8,12].
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P,, K, and L,, denote the path with n vertices, the complete graph with n
vertices and the ladder graph with 2n vertices, respectively. Our other notations
are standard and taken mainly from the standard books of graph theory.

2. Results

In this section, our main results are presented. We start by a simple lemma that
will be used later.

Lemma 2.1. Let G and H be two graphs with at least two vertices and W =
G[H] —nG. Then,

1. degw((g,h)) = degu (h) + (|V (H)| — 1)dega(g),
2. If H has at least three vertices, then

if (9 =g ,hh' € E(H)) or (g9’ € E(G),h #1'),
dw ((g,h), (¢, h")) =42 if(9g=g,hh' ¢ E(H)) or (99’ € E(G),h=h),
da(g,9') if(99' ¢ E(G) andg # ¢').

3. If H has exactly two vertices, then

1 if (9 =g’) or (99’ € B(G),h #h'),
dyw ((g9,h), (a',h")) = {dg (g, 9") if (9 #9' h="h,21dg(g,9") or (g# g’ h#h',2¢dg(g,9"),
dg(g,9')+1 if(g#g',h#h',2|dg(g,9") or (9# g’ h=1h,21dg(g,9")).

Proof. The first statement is easily obtained by the definition of deleted lexico-
graphic product. We prove the statements 2 and 3.

Let H be a graph with more than 2 vertices, and (g,h),(¢’,h’) € V(W). The
first case of relation 2 is clear. Then we suppose g = ¢’ and hh' ¢ E(H). In
this case, (g,h)(g",h")(¢’,h") is a ((g,h),(¢’,h"))-path of length 2 in W where
g9” € E(G) and h” ¢ {h,h'}. Thus, assume that g¢’ € F(G) and h = h'.
Therefore, (g,h)(g’,h")(g’, ') is a ((g,h), (¢, h’))-path of length 2 in W where
hh'" € E(H).

Now we investigate the third case of relation 2. Suppose g¢' ¢ E(G) and
g # ¢'. Since G is a connected graph, then there is a (g, g')-path gg; ... grg’ in G.
If h = b/ and k is an even number, then (g, h)ajas . ..ar(g',h') isa ((g,h), (¢', h'))-
path of length dg(g,g’) in W where h”, """ € V(H)\ {h}, h"" # b, and

(g, ") 2t
a; =
(g, W) 2]

for 1 < i < k. Similarly, if h = A/ and k is an odd number, then (g, h)aias ... ag
(¢',h) is a ((g9,h), (¢',h))-path of length dg(g,¢’) in W where h” # h and

I (R GRETT
T 20
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for 1 < i < k. By a similar argument, in the case that h # h' and k is an even

number, (g, h)ajas...ax(g’,h') is a ((g,h),(¢',h’))-path of length dg(g,g’) in W
i h') 211

(9, I') 240 ) < i < k. Similarly, if b £ I and &

(gi7 h) 2 | ?

is an odd number, then (g, h)ajas...ar(g’, ') is a ((g,h), (¢’,h'))-path of length

(gi,1") 214

where h" # h and a; =

de(g,9’) in W where " ¢ {h,h'} and a; = for 1 < ¢ < k. This

completes the proof of the statement 2.

Now suppose that V(H) = {h,h’}. Consider two vertices (g,h) and (¢, h)
of W. Let ggi...grg" be the shortest (g,¢’)-path in G. If de(g,g’) is an even
number (in other words, k is an odd number), then we have ((g, k), (¢', h))-path

(gi,0') 2141
i < k. Note that if dg(g,¢’) is an odd number, then (g, h)ajas...ax(g’,h')(g', h)
(g, 1) 211
for 1 < i < k. By a similar technique, we can prove the cases in which h # A/,
which completes the proof of the statement 3. O

(g, h)ajas .. .ar(g’,h) of length dg(g,g’) in W where a; = for 1 <

is a ((g,h),(¢',h))-path of length dg(g,g’) + 1 in W where a; =

The next theorem gives a formula for the first Zagreb index of the deleted
lexicographic product of G and H in terms of their parameters.

Theorem 2.2. Let G and H be two graphs, then

Mi(GH]—nG) = M1 (H)|V(G)[+M(G)|V (H)|([V (H)|~1)*+8| E(H) || E(G)|(|V (H)|-1).

Proof. By the definition of Zagreb index, and part (1) of Lemma 2.1,

M1 (G[H] — nG) = > (degrr (h) + (|V(H)| — 1)dega(g))”
(9,h) eV (G[H]-nG)
= 3 (degri (R)) + (IV(H)| — 1)2 S (dege(9))”

(9,h) eV (G[H]-nG) (9,h)eV(G[H]-nG)

+2(|V(H)| - 1) > degc(g)degm (h)
(9,h)EV(G[H]—nG)

= Mi(H)|[V(G)| +M1(G)|VI)|(|V (H)| = 1)* + 8| E(H)||E(G)|(|V (H)| - 1).

This completes the proof. O

The next theorem presents a formula for the second Zagreb index of the deleted
lexicographic product of G[H] — nG based on the parameters of G and H.
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Theorem 2.3. Let G and H be two graphs. Then
Ma(G[H] — nG) = 2|E(G)|(|V(H)| = M1 (H) + |V(G)|M2(H) + |E(G)|(4|E(H)[> — M1 (H))
+3|EH)|(IV(H)| = 1)*M1(G) + |V (H)|(IV(H)| = 1)*M2(G).

Proof. Let G and H be two graphs. For our convenience, we partition the edge
set of G[H] — nG into two subsets as follows:

E1={(g,h)(¢',h') |g=g" and hh' € E(H)},

Ey ={(g.h)(¢g",h) | h # 1’ and gg' € E(G)}.

By the definition of Ms,

Mz (G[H] — nG) = Z degG[H]—nG((gv h))dGQG[H]—nG((Q/7 ')

E,
+ Z deyG[H]—nG((ga h))degG[H]—nG((g/a h/))

E;

On the other hand, by this fact that },, c g (degr (h) + degr (R')) = My(H)
and Lemma 2.1,

degeim)-nac (g h))deggia)—nc ((9, 1))
(g,h)(g,h")EE]

(deger (h) + (|V(H)| — 1)dego(9)) (degr (h') + (IV (H)| — 1)dega(g))
(g9,h)(g,h")E B

> degr (h)degr (h') + (|V(H)| — 1) > degr (h)dega(g)
(g,h)(g,h")EE] (9,h)(g,h")EE]

+ (IV(H)| - 1) > degu (h')dega (9) + (|V (H)| - 1)* > (dege(g))*
(9,h)(g,h/)EE] (g,h)(g,h")EB}

= 5 Y degu(Wdegu (W) + (VU ~1) S degale) Y. degr(h)

geV(G) hh! €E(H) geV(G) hh!€E(H)
FVE) 1) S degalg) S degr(h')
gev(aG) hh'!€E(H)

+(VvEI =1 3T ST (dega(e)®
g€V (G) hh!cE(H)
= |V(G)IMa(H) + 2| E(G)|([V (H)] — M1 (H) + [E(H)|([V (H)| — 1)*M1(G).
Similarly,
> deggiu)-na (g, h))degg i) -—na((g's k') = |[E(G)|(4|E(H)|* = M1 (H)) + 2| E(H)|(|V (H)| — 1)
Ea

X M1(G) + [V (H)[(|V(H)| = 1)*M2(G).

This completes the proof. O
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Theorem 2.4. Let G and H be two graphs and |V (H)| > 3. Then

W(G[H] - nG) = [V(H)[*(W(G) - |E(G))) + [VH)|(V(H)| - 1)
x (V@) + [E@G)]) + 2IVH)[E(G)| = [V(G)||[E(H)|.

Proof. Let G and H be two graphs and |V(H)| > 3. We define V1, V5 and V3 as
follows:

V1= {{(gvh)a (glv !
Vo ={{(9,h), (¢",")} CV(G[H] = nG) | 99" € E(G)},
Vs ={{(g,h), (¢",1")} CV(G[H] —nG) | g9’ & E(G), g # d'}.

By Lemma 2.1,

W)}y CV(GH] —nG) | g =g'},

Wi =Y daim-nc((g,h), (¢, 1) = [V(G)|[V(H)|(|V(H)| - 1) = [V(G)||E(H)],
141

Wa =Y deim-nc((g.h), (', 1)) = [E(G)||V(H)|(|V(H)| + 1),
Va

Ws = dam)-nc((g:h), (¢, 1) = [V(H)*W(G) — [V (H)[*| E(G)|.
Vs

By summation of W7, W5 and W3, the result can be proved. O

By part 3 of Lemma 2.1, it is far from easy to obtain the exact value of
W(G[H] — nG) where |V(H)| = 2. However, in the next proposition we com-
pute this invariant only for the case G & C} which is an immediate corollary of
Lemma 2.1.

Proposition 2.5. For a cycle C, we have

dn?(n+1) if k = 2n,

W(CL[P,] — 2C}) =
(Cr[P2] ) {4n3+10n2—|—2n—1 ifk=2n+1.

It is not difficult to check that, if |V/(H)| = 2, then W(G[H]| —nG) = 4W(G) +
V(G2

Theorem 2.6. Let G and H be two graphs and |V (H)| > 3. Then

PL,(G[H] = nG) = [V(G)
+|V(H)

|(My(H) — 6ty) + 8| E(G)||E(H)|
| |
—4|E(G)

(
(IV(H)| = DEIE(G)] = Mi(G) + 12t)
I ECE)|(|V (H)| = 1) + [V (H)[*(|V(H)| - DPL(G),

where tg and ty denote the number of triangles of G and H, respectively.
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Proof. For a graph G, let t¢(gg’) denote the number of triangles containing edge
g9’ of G. So, by definition of deleted lexicographic product,

degH(hl) + degc(gi) — tH(hlhk) ifi = 7, hihi € E(H),
[V (H)||Ng; (9i95)| — dega(g:)

IN(g; .m0y ((gi5 ha) (g5, hie))| = § —degm (hi) + 2tc(gig;) + 2 if ¢ # j, hihi € E(H),
|V (H)||Ng, (9i95)| — degc (g:)
—degm (hi) + 2tc(gig5) if 4 # 4, huhy ¢ E(H).

Therefore, P1,(G[H] — nG) = PI; + PI,, where
V(&I

Phi= > > (INgon) (g0 ) (i )| + [N(g, ni (g6, ha) (g6, 7)),
i=1 hh/cE(H)

Pl= > > (IN(g;,n0) ((gis h) (G55 hie))| + [ Neg; ny) (g3, i) (95, Be))])-

9i9; €E(G) hy,h, €V (H),l#k

We know that > hjhy € E(H)tg(hihy) = 3ty because each triangle has three
edges, and so it is counted three times in computing tg. Also, Zhlhk (degH(hl) +
degp (hi)) = Mi(H). Thus

V(&)

PL= > ) ((degH(hl) +degc(g:) — tr (hihi))
i=1 hh/eE(H)
+ (degu (hi) + dega(gs) — tH(hlhk)))

V(&I V(&I

=Y > (degH(hz)+d€9H(hk))+2 > > degal)

i=1 hh'eE(H i=1 hh/cE(H)
V(G

2} Z s (hihi) = |(V(G)| (M, (H) — 6t7) + 4| E(H) || E(G).

i=1 hh/eE(H
Similarly,
Ply = (2|E(G)| — My(G) + 12te) |V (H)|[([V(H)| - 1)
—2|E(G)|2|V(H)| - 2)|E(H)|
+PL(G)|V(H)P(|V(H)| - 1) + 4| E(H)||E(G)|.
This completes the proof. O

3. Applications
In this section, we apply our results presented in Section 2 for computing the

Wiener index, vertex Padmakar-Ivan index, and Zagreb indices of some well-known
graphs.
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Figure 2: The deleted lexicographic product of Cy and Ps.

Example 3.1. By using M;(C,,) = M(C,,) = 4n, M1 (P,) = 4n — 6, Ma(P,) =1
and My(P,) = 4(n — 2) for n > 2 [12] and applying Theorems 2.2 and 2.3, we
obtain the following formulas:
M1 (Cpu[Pr] — nCh) = mM;y(P,) 4+ n(n — 1)*M; (Cy,) + 8m(n — 1)?
= 4mn?® — 8mn + 2m,
My (Cp[Pn] — nCh) = 2m(n — 1)My(P,) + mMa(P,) +m(4(n — 1)* — My (P,))
+3(n — 1)*M(Cpn) + n(n — 1)*Mz(C,y)
B {4m(n4 —3n2+n+1/2) if n>2

2Tm if n=2.
3 .
& if 2|m
On the other hand, by [15], we know W(Cy,) = ¢ % . Then, by
mmif 24m
Theorem 2.4, for n > 2 we have

n’m’ L omn? — mn+m if 2|m

W(CWL [Pn] - ncﬂb)) = n28m3 Tmn? 3 7
e+ s —mn4me if 24m.

m? if 2|m

Moreover, by [11], we have PI,(P,) = n(n—1), PL,(Cy,) = . .
m(m—1) if 2tm

Then, by Theorem 2.6, for n > 3 we have

n3m? — n?m? — 6n?m + 22nm — 18m if 2|m,

PIU(Cm[Pn}_nCm):{ 3 9 2,2

nm? —n?m? —mn® — 5mn? + 22mn — 18m  if 24 m.

Example 3.2. The n-cube @, n > 1, is the graph whose vertex set is the set of
all n-tuples of 0s and 1s, where two n-tuples are adjacent if they differ in precisely
one coordinate. Consider Q)3 shown in Figure 2. This graph is isomorphic to
C4[P2] — 2Cy4. By the previous results, we have

M (Q3) = 72, Ma(Q3) = 108, W(Q3) = 48.



Graph Invariants of Deleted Lexicographic Product of Graphs 289

Figure 3: L, = P,[P] — 2P,.
Example 3.3. Consider the ladder graph L,, shown in Figure 3. It is not difficult
to check that L,, is isomorphic to P, [Ps] — 2P,. So, by Theorem 2.2,
My (P[P — 2P,) = 2n + 2(4n — 6) + 8(n — 1) = 18n — 20.

Morover, by the previous results and this fact that Ma(P2) = 1 and My (P,
4dn — 8, we have My(P,[P2] —2P,) =4(n—1)+n+4n—6+2(n —1) + 2(4
6) + 2(4n — 8) = 27n — 40.

Figure 4: Octahedron graph T

Example 3.4. Consider the octahedron graph I' shown in Figure 4. This graph
is isomorphic to P»[C5] — 3P». So, by Theorem 2.4,

W(P,[C3] — 3P,) = 18.
Also, by Theorem 2.6 we have

PL,(T') = PL,(P2[Cs] — 3R,) = [V(P2)|(M1(Cs) — 6tcy) + 8| E(P2)||E(Cs)
+[V(C3)[(IV(Cs)| = D)(2|E(P2)| — M1 (P2) + 12tp,) (1)
—4|E(P)|[E(C3)[([V(Cs)| — 1)
+|V(C3)P(JV(C3)| — 1)PL,(P).

Then, by replacing M;(C3) = 12, M1 (P) = 2, t¢, = 1 and tp, = 0 in relation
(1), PL,(T") = 48.

Acknowledgement. The authors would like to thank reviewers for careful read-
ing and suggestions which leaded us to correct and improve the paper.



290 B. Akhavan Mahdavi, M. Tavakoli and F. Rahbarnia

Conflicts of Interest. The authors declare that there are no conflicts of interest
regarding the publication of this article.

References

[1] A. R. Ashrafi, A. Karbasioun and M. V. Diudea, Computing Wiener and de-
tour indices of a new type of nanostar dendrimers, MATCH Commun. Math.
Comput. Chem. 65 (2011) 193 — 200.

[2] M. V. Diudea, Polyhex Tori Originating in Square Tiled Tori, In: M. V.
Diudea (Ed.), Nanostructures: Novel Architecture, Nova Science Publishers,
New York, 2005, 111 — 126.

[3] M. V. Diudea, M. Stefu, B. Parv and P. E. John, Wiener index of armchair
polyhex nanotubes, Croat. Chem. Acta 77 (2004) 111 — 115.

[4] M. V. Diudea and I. Gutman, Wiener-type topological indices, Croat. Chem.
Acta 71 (1998) 21 — 51.

[5] J. Feigenbaum and A. A. Schiffer, Recognizing composite graphs is equivalent
to testing graph isomorphism, STAM J. Comput. 15 (1986) 619 — 627.

[6] B. Frelih and S. Miklavi¢, Edge regular graph products, Electron. J. Combin.
20 (2013) Paper 62, 17 pp.

[7] I. Gutman and N. Trinajsti¢, Graph theory and molecular orbitals. Total
m-electron energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972)
535 — 538.

[8] I. Gutman, B. Rusci¢, N. Trinajsti¢c and C. F. Wilcox, Graph theory and
molecular orbitals. XII. Acyclic polyenes, J. Chem. Phys. 62 (1975) 3399 —
3405.

[9] F. Hausdorff, Grundziige der Mengenlehre, Leipzig, German, 1914.

[10] P. V. Khadikar, S. Karmarkar and V. K. Agrawal, A novel PI index and its
applications to QSPR/QSAR studies, J. Chem. Inf. Comput. Sci. 41 (2001)
934 — 949.

[11] M. K. Khalifeh, H. Yousefi-Azari and A. R. Ashrafi, Vertex and edge PI indices
of Cartesian product graphs, Discrete Appl. Math. 156 (2008) 1780 — 1789.

[12] M. K. Khalifeh, H. Yousefi-Azari and A. R. Ashrafi, The first and second
Zagreb indices of some graph operations, Discrete Appl. Math. 157 (2009)
804 — 811.



Graph Invariants of Deleted Lexicographic Product of Graphs 291
D S R e

[13] M. Tavakoli, F. Rahbarnia and A. R. Ashrafi, Applications of generalized
hierarchical product of graphs in computing the vertex and edge PI indices
of chemical, Ric. Math. 63 (2014) 59 — 65.

[14] H. Wiener, Structural determination of the paraffin boiling points, J. Am.
Chem. Soc. 69 (1947) 17 — 20.

[15] Y. N. Yeh and I. Gutman, On the sum of all distances in composite graphs,
Discrete Math. 135 (1994) 359 — 365.

Bahare Akhavan Mahdavi
Department of Applied Mathematics,
Faculty of Mathematical Sciences,
Ferdowsi University of Mashhad,
Mashhad, I. R. Iran

E-mail: bahare.akhavan@gmail.com

Mostafa Tavakoli

Department of Applied Mathematics,
Faculty of Mathematical Sciences,
Ferdowsi University of Mashhad,
Mashhad, I. R. Iran

E-mail: m tavakoliQum.ac.ir

Freydoon Rahbarnia

Department of Applied Mathematics,
Faculty of Mathematical Sciences,
Ferdowsi University of Mashhad,
Mashhad, I. R. Iran

E-mail: rahbarnia@um.ac.ir



