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On L(d,1)-labelling of Trees

Irena Hrastnik Ladinek and Janez Zerovnik *

Abstract

Given a graph G and a positive integer d, an L(d, 1)-labelling of G is a
function f that assigns to each vertex of G a non-negative integer such that
if two vertices u and v are adjacent, then |f(u) — f(v)| > d and if u and
v are at distance two, then |f(u) — f(v)| > 1. The L(d,1)-number of G,
Ad(G), is the minimum m such that there is an L(d, 1)-labelling of G with
f(V)y € {0,1,...,m}. A tree T is of type 1 if \q(T) = A +d —1 and is
of type 2 if Aq(T') > A + d. This paper provides sufficient conditions for
Aa(T) = A+ d — 1 generalizing the results of Wang [11] and Zhai, Lu, and
Shu [12] for L(2, 1)-labelling.
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1. Introduction

For given positive integers h > k, an L(h, k)-labelling of a graph G is a function
f:V(G) — {0,1,2,...} such that |f(u) — f(v)] > h when dg(u,v) = 1 and
|f(u)—f(v)| > k when dg(u, v) = 2. It has been shown that Ay, (G) > h+(A—-1)k
for any graph G, where A is the maximum degree of G. The graphs achieving
this bound are called Ap ;-minimal. For convenience, we usually write Ay for
Ad1- In [3], it was also proved that if T is a tree, then A +d —1 < Mg(T) <
min{A + 2d — 2,2A + d — 2}. The upper bound has been improved in [6]. In [9],
alternative upper and lower bounds for A ;(T') are provided by introducing a new

*Corresponding author (E-mail: janez.zerovnik@fs.uni-1j.si)
Academic Editor: Tomislav Dosli¢
Received 17 April 2020, Accepted 18 June 2020
DOI: 10.22052/mir.2020.227370.1211
(©2020 University of Kashan

@ This work is licensed under the Creative Commons Attribution 4.0 International License.



88 I. H. Ladinek and J. Zerovnik
e

relevant parameter, M(T'), the maximum ordering-degree. For further results and
references we refer to the survey [1] and to more recent publications, c.f. [13].

Trees with minimal Ap, , are said to be of type 1, and all other trees are of
type 2. For a decade, characterization of type 1 and type 2 trees has been an
open problem |[7], until a characterization for the general L(h,k)-labelling was
provided by Chang and Lu [4] who showed that any type 1 tree must be a subtree
of certain constructed (usually) infinite tree 7o which is defined using the so
called A-sequences. Chang and Lu [4] also provided a polynomial algorithm for
computing A\; thus deciding whether a tree is of type 1. The approach has been
further generalized in [8], resulting in a classification of ¢ class trees, i.e. trees
with \y(T) = A4+d+c—2 (¢ = 1,2,...,min{d, A}), by proving that these
trees are subtrees of certain structures. However, as observed by Jonck et al.
[8], the classifications still do not tell us nicely how these trees "look like" and
therefore, they use their techniques to find a few necessary conditions for a tree
to be Az 1-minimal. In this paper, we provide some new sufficient conditions that
may shed some light to the structure of type 1 trees from other perspective. We
focus on L(d, 1)-labelling of trees. Our theorems are extending the known results
for L(2,1)-labeling from [11, 12].

The rest of the paper is organized as follows. In the next section we provide
the basic definitions and some preliminary observations that are needed for the
outline of our results that follow in Section 3. The proofs of the theorems given in
Section 3 are provided in Section 4 (case d < A — 1, Theorem 1 ) and in Section
5 (case d > A, Theorems 2 and 3).

2. Preliminaries

A finite, simple and undirected graph G = (V(G), E(G)) is given by a set of
vertices V(G) and a set of edges E(G). A wv-path is a path between vertices u
and v. The distance dg(u,v), or briefly d(u,v), between vertices v and v is the
length of a shortest uv-path in G. For a vertex v € V(G), NE(v) = {u | u € V(Q)
and dg(u,v) = k} denote the vertices at distance k from v. As usual, closed
neighborhoods are denoted by NE[v] = {u | u € V(G) and dg(u,v) < k}. So, for
example N} [v] = Nk (v) U {v}. Furthermore, dg(v) stands for the degree of v in
G. A vertex of degree k is called a k-vertex.

Trees are connected graphs without cycles. In a tree, a leaf is a 1-vertex. For
convenience, where no confusion is possible, we will write A, Ay, N*(v), N*[v], d(v)
and d(u,v) for A(T), \a(T), NE(v), NE[v], dr(v) and dr(u,v), respectively. A ma-
jor handle is a A-vertex adjacent to exactly one vertex of degree greater than
one. A weak major handle is a A-vertex adjacent to exactly two vertices of degree
greater than one. A subtree T of T is called a A-subtree if A(Ty) = A(T).

A star Sa, or briefly S, with center x is a tree that consists of a A-vertex x
and A leaves. A proper double star dSa, or briefly dS, with center {z,y} is a tree
with exactly two adjacent A-vertices (z and y) and all other vertices are leaves.



On L(d, 1)-labelling of Trees 89

Note [4] that a proper double star can be obtained by identifying a leaf of one
star with the center of another star. A double star is a tree which is either a star
or a proper double star. Let Sa be a star with center z. Join at most A — 2 leaves
to each u € N'(z). The resulting tree we call a generalized star gSa (briefly gS)
with center z. Similarly, a generalized double star gdSa (briefly gdS) with center
{x,y} is defined as follows: join at most A — 2 leaves to each u € N'(x)\ {y} and
at most A — 2 leaves to each u € N(y) \ {#}. We will consider the generalized
stars and generalized double stars as induced subgraphs of a tree. Examples of a
generalized star and a generalized double star are shown in Figure 1(a,b). In both
examples, the number of leaves drawn is maximal.

Lesl

a) c)
Figure 1: (a) A generalized star. (b) A generalized double star. (c) A tree with
the path between A-vertices of length 2.

In particular, we will be interested in distances among the A-vertices and will
denote DA(T) = {dr(u,v) | u,v are two distinct A-vertices}, briefly Da.

Let T be a tree with A >4 and 2 & Da. Let x and y be adjacent A-vertices.
The subtree of T induced on vertices N?[z] U N2(y) is isomorphic to the gdS with
{z,y} as its center. If x is not adjacent to any A-vertex, then the subtree of T
induced on vertices N2[z] is isomorphic to the gS with center x.

Furthermore, we will need the notion of distance between generalized double
stars which is defined as the distance between their closest centers, i.e. the dis-
tance between the nearest A-vertices, each of them belonging to one of the two
generalized double stars. If the path between such A-vertices does not contain a
A-vertex, then the generalized double stars are adjacent. (Recall that in a tree,
any path between a pair of vertices is also the unique shortest path between them.)

We conclude the section with several easily proven facts. For completeness, we
provide brief arguments. First note that it is easy to construct a L(1,1)-labelling
of a tree with A+ 1 labels {0,1,...,A}. Choose any vertex as a root and proceed
in, say, the breadth first search order. At each vertex v, there is only one label
used for its father u, and one label for the grandfather of v. There are at most
A — 2 other neighbors of u, and hence all sons of u can be properly labelled (with
distinct labels). Thus we have
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Fact 2.1. Let T be a tree with A > 2. There is a L(1,1)-labelling of T with A+ 1
labels, so T is of type 1.

Similarly, it is also easy to construct a L(0, 1)-labelling of a tree with A labels
{0,1,...,A — 1}, just using the fact that, when needed, one of the sons may use
the label of the father.

Fact 2.2. Let T be a tree with A > 2. There is a L(0,1)-labelling of T with A
labels, so T 1is of type 1.

Therefore, the case d € {0,1} is trivial in our context, and we may restrict our
attention only to labelling trees with d > 1.

We conclude the section with two examples, showing that in a type 1 tree (1)
there may be some restrictions of degrees for vertices that are not of maximum
degree, and also (2) the vertices of maximum degree cannot be at certain distances.

Before writing these two examples, let us recall the following lemma which
appeared in [3].

Lemma 2.3. [3] If G is a graph of maximum degree A > 1, then A\y(G) > A+d—1.
Moreover, if \y(G) = A+d—1and d > 2, then f(z) =0or f(z)=A+d—1 for
any Ag-labelling of G and any A-vertex x; consequently, it is impossible to have
a set of three A-vertices such that any two of them are of distance at most two
apart.

For convenience, we denote B = {0,1,2,..., A+d—1} and use this set of labels
in (A + d — 1)-labellings unless stated explicitly otherwise.

Example 2.4. Consider the generalized star of degree 5 from Figure 1a) and let

= 3. By Lemma 2.3, in a type 1 tree, in any L(d, 1)-labelling with Aq(T") + 1
labels, the A-vertices must be assigned either label 0 or d + A — 1. If we assign
the label 0 to the center, then the neighbors will be assigned labels 3,4,5,6,7.
However, there are not enough labels for labelling all the leaves. In particular,
consider the leaves adjacent to the vertex just labelled with 3, and observe that
we can use only 6 and 7, thus we can not label all its three leaves. Analogous
reasoning applies when using d + A — 1 at the central vertex. We conclude that a
generalized star is of type 1 only subject to some conditions on the number (and
distribution) of leaves.

Example 2.5. Counsider the graph on Figure 1c). Maximum degree is A = 4 and
there are two A-vertices, at distance two. Let d = 4. Clearly, the two A-vertices
may not receive the same label as they are at distance two, and, on the other hand
they can not get 0 and 7, because then their common neighbor can not be properly
labelled. Thus, the tree is not of type 1 in this case.

Consideration of similar examples in which the path between the A-vertices
is longer shows that the labelings can be constructed when the distance between
the A-vertices is at least five. We conclude that certain conditions may apply on
allowed distances among the A vertices in type 1 trees.
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3. Our Results

Before stating the main results of the paper, let us recall briefly the previously
known results for L(2,1)-labelling. Wang [11] has shown that Ao(T) = A + 1 for
a tree T with A > 3 and 1,2,4 ¢ Da. An improved condition was provided in
[12]. Zhai, Lu, and Shu have shown that Ao(7) = A+ 1 for (1) trees with A > 5
and 2,4 ¢ Da and (2) trees with A = 3,4 and 2,4 ¢ Da with some additional
conditions. They also construct trees with A = 3,4 and 2,4 ¢ Da that are not of
type 1.

It appears that a generalization of these results to L(d, 1)-labelling is far from
trivial. In this communication, we give sufficient conditions for a tree T' to be of
type 1. We prove the next theorems:

Theorem 3.1. Let T be a tree for which 2,4 ¢ Da and d(z) < A —d+1if z is
not a A-vertex of T

1. fA>5andd<A—2,then \y=A+d—1.
2. fA>4andd=A—-1,then \y=A+d—1.

Theorem 3.2. Let T be a tree with A > 4 and d > A. Let each induced A-
subtree of T that is isomorphic to gdS, be of type 1 and let each pair of such
subtrees be at distance more than 7. Let d(x) < 2 when z is not a vertex of gdS.
Then )\d:AﬁLd*l.

Theorem 3.3. Let T be a tree with A > 5andd > A. If2,3 ¢ Da, d(z) < 2 when
x is not a A-vertex and each A-vertex has at least one leaf, then \y = A +d — 1.

4. Trees with d < A —1

Zhai, Lu, and Shu [12] improved the result of Wang [11] about the L(2, 1)-labelling
of trees. As a partial result in their work the next Lemma was given which will
also be used in the study of L(d, 1)-labelling.

Lemma 4.1. [12] Let T be a tree with A >4 and 2,4 ¢ Da. If T is not a double
star, then T' contains one of the following configurations:

(C1) A leaf v adjacent to a vertex u with d(u) < A.

(C2) A path xjzow3x4 such that d(xs) = d(x3) = 2 and x4 is a major handle.
(C3) A path zyz3x32425 such that d(x2) = d(x4) = 2,d(x3) = 3, 1 and another
neighbor y of x3 are major handles.

(C4) A path zixozsxszs such that d(zs) = d(z4) = 2, 21 is a major handle and
Z9 is a weak major handle.

Proof of the next Lemma is analogous to the proof of Lemma 10 from [12].



92 I. H. Ladinek and J. Zerovnik

{C) o0—0—o0

(C2) @& & % O

(C3) @& @ @

(C4) e @ @ V4 O

{C4') @& L @ & O
[ @ @ l
(C5) @ z % @
(C6) @ @ @ @ @ O
(c7) @ @ % @ @ @ Q
(Cry @ L @ @ @ @ & O

[ Vertex of degree A, leaves are not shown

@ Vertex of degree 2

Figure 2: Configurations (C1) - (C7’).

Lemma 4.2. Let T be a tree with A > 3, 2,4 ¢ Da and d(z) < 2 if z is not a
A-vertex. If T is not a double star and does not contain (C1), then T contains
one of the following configurations:

(C5) A path xyzexszy such that d(zs) = d(x3) = 2,d(x4) = A and x; is a major
handle.

(C6) A path zqxa...26 such that d(z;) = 2 for i = 2,3,4,5 and z; is a major
handle.

(C7) A path z129 ... 27 such that d(z;) = 2 for i = 3,4,5,6, x1 is a major handle
and x5 is a weak major handle.

Proof. Suppose that T' does not contain (C1), (C5) and (C6). We will prove that
T contains (C7). Let xox;...2, be a longest path in T. Because T does not
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contain (C1), 1 and x,,_1 are both major handles. Since T' is not a double star
and 2,4 ¢ Da, then either n =5or n > 7.

If n =5, then d(z4) = A and thus d(z2) = d(x3) = 2. However, now T contains
(C5). If n = 7, then d(xzg) = A and thus d(z;) = 2 for i = 2,3,4,5. Hence, T
contains (C6), a contradiction. Thus n > 8. Since 2,4 ¢ Da and d(z1) = A, then
d(xz3) = d(xs) = 2. If d(z2) = 2, then T contains (C5) or (C6). Thus d(z3) = A.
Since 2,4 ¢ Da and d(z2) = A, then d(z4) = d(x6) = 2. O

Lemma 4.3. Let T be a tree with A > 3 that is not a double star. Let v be
a vertex of T with d(v) > 1 and let v be adjacent to exactly one vertex u of
degree greater than one. If the tree T\ (N (v) \ {u}) has an L(d,1)-labelling f
using the label set B with f(v) € {0,A +d — 1}, then f can be extended to an
L(d, 1)-labelling of T.

Proof. Let f(v) =0and B’ = B\{0,1,2,...,d—1, f(u)}. Then |B'| = A+d—(d+
1)=A-1(for flv)=A+d—1,let B =B\{A+d—1,A+d—2,...,A, f(u)}).
Since |N(v)\{u}| = d(v) —1 < A —1, the vertices from N(v)\ {u} can be labelled
with mutually different labels from B’ and f is extended to an L(d, 1)-labelling of
T accordingly. O

Lemma 4.4. Let T be a tree that is not a double star and d(z) < A—d+1if z
is not a A-vertex.

1. Let A > 3. Assume T contains configuration (C1). If T\{v} has a (A+d—1)-
labelling, so does T'.

2. Let A > 4,d < A —2. Assume T contains configuration (C2) or (C3). If
T\ Nlz1] has a (A + d — 1)-labelling, so does T

3. Let A > 5,d < A—2. Assume T contains configuration (C4). If T\ (N (z1)U
N(z2)) has a (A + d — 1)-labelling, so does T

Proof. 1. Assume that T contains (C1), hence there ia s leaf v adjacent to
vertex u with d(u) < A. Let V(T') \ {v} have an L(d,1)-labelling f using
the label set B. Since d(u) < A —d+ 1, at most A — d different labels are
needed for labelling the neighbors of u in T\ {v}. Observe that the labels
in {f(u) £k |k=0,1,2,...,d — 1} N B are forbidden labels for v. This is
altogether at most (A —d)+1+2(d—1) = A+d—1labels. As |B|] = A+d,
we can label v with some label from B.

2. Assume that T contains (C2) and x; are defined as in Lemma 4.1. Let
T\N|[z1] has a (A+d—1)-labelling f using the label set B. Denote ¢; = f(x;).
We consider the next cases according to the label of c3:

(i) Assume c3 = 0, we can define ¢; = A+d—1 or vice versa if ¢ = A+d—1,
then ¢; = 0. In both cases, we can label x5 with some label from
nonempty set {d,d+1,...,A —1}\ {cs}, since A > d + 1.
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(i) Assume 0 < c3 < L%J .Then we can define ¢; = 0 and ¢y € {c3 +
d,Cg + d+ 1} \ {04}.
Agd—1 _ A43d41l 2A42d—1
Asd < A—2,881 g4+ 1 = 8831 < 284
therefore, c3 +d + 1 < L%J +d+1< [A+d-%]=A+d-1
Hence x5 can be labelled properly.

(iii) Assume L%J <c3<A+d-—1, wedefinecy = A+d—1,¢ €
{63 — d,Cg —d— 1} \ {04}.
Asd<A—2c3—d—1> [8F=L] > 8822 g = =422 >,
Hence x5 can be labelled properly.

By Lemma 4.3, the vertices in N(z1) \ {22} can be labelled properly.

3. Let T contains (C3) and let T\ N[z1] has a (A +d — 1)-labelling f using the
label set B. Since y is major handle in 7'\ N[z1], without loss of generality,
say f(y) =0 and hence ¢3 € {d,d+1,...,A+d—1}.

We distinguish several cases according to c3. Note that as d < A — 2, we
have 2d +1 < A +d—1.

(i) Let c5 = d, we define ¢; = 0 and ¢y € {2d,2d + 1} \ {ca}.
(ii) Let cg3 = d+ 1, then we set co € {1,2d + 1} \ {ca}. If ¢ = 1 then
c1=2d+1,if cg =2d+ 1 then ¢; =0.
(iii) Let c3 € {d+2,d+3,...,A+d—2}. We definec; =A+d—1,co €
{12} \ {ea}.
(iv) Let cs = A+d—1. We define ¢; =0,c2 € {d,d+ 1} \ {c4}.

By Lemma 4.3, we can provide a proper labelling for the vertices in

N(z1) \ {z2}.

4. Let T be a tree that contains (C4) and assume T'\ (N(z1) U N(z32)) has a
(A +d—1)-labelling f. We consider the next cases according to the label of
ZT4.

(i) f ¢y =0, we define co = A+d—1,¢c; =0o0rif ¢y = A+d—1, we
define ¢ = 0,¢;4 = A+d—1. Since {d,..., A =1} >2 (d < A —-2),
we can label 23 with some label from {d,...,; A — 1} \ {c5}.

(i) Ifeqg € {1,...,d—1}, wedefine cy = 0,¢c; = A+d—1,c3 € {A+d—3, A+
d—2}\{c5}. (Since (A+d—3)—cs > (A+d—3)—(d—1)=A-2>d,
x3 can be labelled properly.)

(iii) If ey € {A,...,A+d— 2}, then we define ca =A+d—1,¢0 =0,c3 €
{1,2} \ {c5}. (Since ¢4 —2 > A —2 > d, x3 can be labelled properly.)



On L(d, 1)-labelling of Trees 95
e e

(iv) Finally ¢4 € {d,...,A — 1}. We consider two cases d < A — 2 and
d=A-2.

a) Let d < A —2.

o If ¢y = d, then we define ¢c; = A+d—1,c0 =0,c3 € {2d,2d +
13\ {es}

o If ¢y = d+1, then we can label x3 with some label from {1, 2d+
1}\ {cs}. Let ¢1 = 0,0 = A+d — 1 when ¢g = 1, and let
ct=A+d—1,c0 =0 when c3 = 2d + 1.

e Ifcy €{d+2,...,A—1}, then we can label z3 with some label
from {1,2} \ {cs}, and let ¢ = 0,c0 = A+d — 1.

b) Let d = A — 2, then ¢4 € {d,d + 1}.

e If ¢, = d, then we know that x5 is labelled with some label
from {0,2d,2d + 1}. If ¢5 = 0 or ¢5 = 2d + 1, then we define
c3 = 2d,c5 = 0,c1 = 2d + 1. The argument in the case c5 = 2d
is somewhat more tricky. Vertices in N(z5) can be labelled
with labels from {0,1,...,d}. Since d > 3 (if d = 2 then
A = 4), these are at least 4 labels. But d(z5) < 3, so there
is at least one unused label in {0,1,...,d — 1}, say a. Replace
the label of x4 with a and further deal with two cases a = 0
and a € {1,...,d — 1}. In the first case we can label vertices
T3, To, 1 with d,2d+1,0 and in the second with 2d—1,0,2d+1,
respectively.

e For ¢y = d + 1 the proof is similar as the above. In this case,
x5 is labelled with some label in {0,1,2d + 1}. Let ¢ = 0 or
¢5 = 2d + 1. Thus we can define ¢c3 = 1,¢c0 = 2d + 1,¢14 = 0.
If ¢ = 1 then replace the label of x4 with an unused label
a€{d+2,d+3,...,2d + 1} as above. We consider two cases
according to the label of a:

a € {d+2,d+3,...,2d}, we label vertices x3, xo, x1 with 2, 2d+
1,0, respectively. If a = 2d + 1, then we can label vertices
T3, Ta, 1 with d,0,2d + 1, respectively.

In all cases, vertices in (N(z1) U N(x2)) \ {1, 22,23} are leaves, so we
can label them easily.

O

Proof of Theorem 3.1. The proof is proceeded by induction on the number of ver-
tices of T. Tt is easy to construct an L(d, 1)-labelling of T using the label set B, if
T is a double star (note that A+ 1 < [V(T)| < 2A). Two adjacent vertices = and
y must be labelled with 0 and A + d — 1, respectively, vertices from N(z) \ {y}
with mutually different labels from {d,d + 1,...,A + d — 2} and vertices from
N(y) \ {z} with mutually different labels from {1,2,..., A — 1}. Assume that T
is not a double star.
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1. Let T beatree with A > 5 d < A—2and 2,4 ¢ Da. Let d(z) < A—d+1if
x is not a A-vertex. If T' contains (C1), then T\ {v} has an L(d, 1)-labelling
f using the label set B by the induction hypothesis. Hence \y(T) = A+d—1
by Lemma 4.4.

Thus we may suppose, that T' contains no (C1). Suppose that T' contains
one of the configurations (C2) or (C3). If T\ N[z1] is a A-subtree of T,
by the induction hypothesis, T'\ N[zi] has a (A + d — 1)-labeling. Hence
A(T) = A+d—1by Lemma 4.4. Let A(T \ Nlz1]) be strictly less than
A(T). Then A(T \ N[z1]) < A —d+ 1. Since A +d—1 < M\(T) <
min{A + 2d — 2,2A + d — 2} for any tree T of maximum degree A [3] and
since min{A+2d—2,2A+d—2} = A+2d—2for d < A, we get A\g(T\N[z1]) <
A(T\N[z1])+2d—2<A—d+142d—2=A+d—1. By Lemma 4.4, we
also have \g(T) =A+d— 1.

We only need to consider the case when T contains (C4). Zhai, Lu, and Shu
[12] have shown that T\ (N(z1) UN(z2)) is a A-subtree of T'. Therefore, by
the induction hypothesis, T\ (N (z1) U N(x2)) has a (A + d — 1)-labelling.
Hence \¢(T) = A +d —1 by Lemma 4.4.

2. Let T be a tree with A > 4,d=A —1 and 2,4 ¢ Da. Let d(z) <2if x is
not a A-vertex.

If T contains (C1), then \y(T) = A+ d — 1 = 2d by Lemma 4.4.
By Lemma 4.2, T contains one of the configurations (C5), (C6) and (C7).

Let T contains (C5). By the induction hypothesis, T'\ N[x;] has a L(d, 1)-
labelling f using the label set {0,1,...,2d}. Denote ¢; = f(z;). Since
d(z4) = A, without loss of generality, we may suppose ¢4 = 0. Then clearly
cs € {d,d+1,...,2d}. Check all possibilities for labelling x3:

o Let c3 = d, we define ¢o = 2d,¢; = 0.
o Let c3 = 2d, we define ¢ = d,c; = 0.
o Let ez e {d+1,...,2d — 1}, we define c; = 1,¢; = 2d.

By Lemma 4.3, we can label all vertices from N(x1) \ {z2}.

Let T contains (C6) and again, by the induction hypothesis T'\ (N]z1] U
{x3,24}) has a 2d-labelling f. In view of simmetry of the labels, we can
assuming ¢g € {0,1,...,d} to extend f into a 2d-labelling of T":

(i) Assume ¢ =0 = ¢5 € {d,...,2d}. Consider the following three sub-
cases:
e Let c5 = d, we can label x4, 23, 22,21 by 2d,1,2d — 1, 0.
e Let c5 = 2d, we can label x4, 3, 22,21 by 1,d+ 1,0, 2d.
o Let ¢c5 € {d+1,d+2,...,2d — 1}, we can label x4, x3, 22,21 by
1,2d,d,0.
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(ii) Assume cg € {1,...,d}, then ¢5 € {cg +d,c6 +d+1,...,2d}, we can
label T4,T3,T2,T1 by O,d, 2d,0

By Lemma 4.3 we can give a proper labelling for the vertices from
N(z1) \ {z2}.

Finally, we assume that T contains (C7). We know that T\ (N (z1)UN (z2)U
{z4,25,26}) is a A-subtree of T'. By the induction hypothesis, T'\ (N (z1)U
N(zo)U{z4,x5,26}) has a 2d-labeling f. Again, for xg it is enough to check
labels from the set {0,1,...,d}. See Table 1.

By Lemma 4.3, the vertices from (N (z1)UN (z2))\{z1, 2, z3} can be labelled

properly.
Table 1: T contains (C7).

cs 0 k1<k<d-1 d

cr d d+1,...,2d—-1|2d | k+d,...,2d—1 | 2d 0 2d
C6 2d 1 d 0 d | 2d—-1 0
Cs 0 2d 0 2d 0 1 2d — 1
cy | 2d—1 0 2d 1 2d 2d 1
C3 1 d d d+1 d d d+1
Co 2d 2d 0 0 0 0 0
c1 0 0 2d 2d 2d 2d 2d

This completes the proof of the theorem. O

In [12], two trees of maximum degree 3 and 4 with 2,4 ¢ Da were constructed,
such that for d = 2 these trees are not of type 1. It was also shown, that if
A(T) = 4, then Ay = A+ d — 1 if any A-subtree of T contains no (C4’) and if
A(T) = 3, then \; = A+d—1 if any A-subtree of T' contains no (C7’) (see Figure
2).

5. Trees with d > A

First, we observe that when d > A some labels in the set {0,1,2,...,AJA +
1,...,d,d+1,...,A+d—1} can only be used for labeling isolated vertices, and
are thus useless.

Lemma 5.1. Let d > A. Only 2A labels are useful in the label set B =
{0,1,2,...,A,A+1,...,d,d+1,...,A+d—1}. These are labels {0,1,...,A —
1,d,d+1,...,A+d—1}.
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Proof. For label c € {A;A+1,...,d—1}, wefind c+d > A+d—1and ¢c—d < 0.
Hence if a vertex is labelled with such ¢ there is no available label for any of its
neighbors. O

Lemma 5.2. Let A > 3 and d > A. Let gdS be a generalized double star with
{z,y} as its center and the other neighbors of z and y be xaA_1,ZA_2,...,2Z2,21 €
Ni(z) \ {y}, and ya_1,ya—2,...,92,y1 € N1(y) \ {z} where d(z;) > d(z;) and
d(y;) > d(y;) for any ¢ > j. Then ¢dS is of type 1 if and only if d(z;) < ¢ and
d(y;) <iforany 1 <i<A-—1.

Proof. By Lemma 2.3, A vertices must get labels 0 and A +d — 1. Without loss
of generality, label z with 0 and y with A 4+ d — 1. Then we can label z; €
Ni(z)\{y} with d+k — 1, yp € N1(y) \ {z} with A — k, vertices in Ny (zx) \ {z}
with labels from {1,2,...,k — 1} and vertices in Ni(yx) \ {y} with labels from
{A+d—k,A+d—k+1,...,A+d—2}, where 1 <k <A-1.

On the other hand, assume that gdS is of type 1. Therefore, there exists a
labeling in which, say x has label 0 and y has label A +d — 1. Consider the
neighbor of y that is labelled by k, 1 < k < A — 1, and denote it by y;. Clearly,
Yk has at most k£ neighbors including y, otherwise the labeling is not well defined.
Similar argument implies the conditions on degrees of xj. O

The generalized double star with A =5 and d = 6 is shown in Figure 3.

0 10

321 2 11 9 9 B 8 8 7

Figure 3: Generalized double star of type 1 with A =5 in d = 6.

Similarly, we can label a generalized star of type 1.

Lemma 5.3. Let A > 3 and d > A. Let ¢S be a generalized star with x as its
center. Let the neighbours of  be za_1,2A-1,ZA—2,...,2Z2,21 € Ni(x) where
d(z;) > d(z;) for any ¢ > j. Then ¢S is of type 1 if and only if d(x;) < ¢ for any
1<i<A-1.

Proof. Analogous to the proof of Lemma 5.2. O
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Lemma 5.4. Let T be a tree with A > 3 and d > A. Let T contain at most two
A-vertices x and y and assume they are adjacent. If the subtree TV of T induced
on vertices N2[z] U N?(y) is isomorphic to the gdS of type 1 and if d(z) < 2 for
x ¢ V(T'), then T is of type 1.

Proof. Assume that there are two adjacent A-vertices in T. We first label gdS
as in the proof of Lemma 5.2. Observe that the unlabelled vertices induce a
forest in which the connected components are paths and isolated vertices. Hence
any of the components gives rise to a path xgx; - - - z,, where z¢ is the center of
gdS, d(x1) < A and xg,x1,z2 are already labelled. Since x5 is not a leaf, the
method used in the proof of Lemma 5.2 assures that it is labeled with a label from
{0,1,2,...,A—2,d+1,d+2,...,A+d— 1}. Hence, we can label x3,z4,25...
with labels from {0,1,A +d — 2, A +d — 1}, in all these cases.

The proof is similar when there is only one A-vertex in 7. O

A special case of Lemma 5.4 may be worth stating explicitly.

Lemma 5.5. Let T be a tree with A > 3 and a unique A-vertex x. Let d > A. If
the subtree of T induced on vertices N2[z] is isomorphic to the gS of type 1 and
if d(x) <2 for z ¢ ¢S, then T is of type 1.

Proof of Theorem 3.2. First, observe that we can define the labelling of the sub-
graph induced on A-vertices and the paths among them, and then it is easy to
complete the labeling for the remaining vertices of degree one and two, in the same
way as in the proof of Lemma 5.4.

Therefore, it is enough to consider the subgraph of T induced on A-vertices, and
the paths among them. Start with arbitrary A-vertex, say z. It is by assumption
either a center of a gS or a gdS. Label the vertices of N2[z] (or, the vertices of
N2[z] U N2(y)), as in the proof of Lemma 5.5 (respectively, Lemma 5.4).

Now we proceed by induction. If all A-vertices has been labelled already, we
stop. Otherwise, choose a A-vertex z that has not been labelled such that the
associated gS or gdS is adjacent to one of the gS or gdS that have already been
labelled. Without loss of generality assume that the shortest path between centers
of these two generalized double stars is the path xgx; - - - z,, where x,, = z and xg
is the nearest already labelled A-vertex. The labelling of the path to z and the
generalized star (or, double star) centered at z is defined as follows, depending on
the parity of the path.

If its length is even, then we label x,, with the same label as labelled x, without
loss of generality, we say with 0. If the length is odd, without loss of generality, we
label z¢ with 0 and z,, with A + d — 1. The other vertices of the generalized star
or generalized double star centered by z is labelled as in Lemma 5.4. The vertices
X3,%4,...,%n_3 are labelled as follows. Denote the labels shortly by ¢; = f(z;),
1=3,4,...,n—3.

1. Suppose that n =8 + 2k, k =0,1,2,....
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Vertices x3, x5 ... Tn—3 we can label from left to right: ¢ € {A+d—1,A+
d—2\{aa},ese {A+d—1,A+d—-2}\{cs3},...,ecn-s € {A+d—1,A+
d—2}\{en-7hen-s e {A+d—1,A+d—2,A+d—3}\{cn-5,cn_1} and
vertices Tn_4,Tn_g ... 24 from right to left: ¢,_4 = 0,¢cp_6 = 1,...,c6 €
{0, 1} \ {Cg}, cy € {O, 1, 2} \ {CQ, 06}.

Ife,_o =A—2andif ¢,_3 = A+ d— 3 is obtained in this way, we must
to redefine the label of z,,_2. We know that ¢,—1 > A +d— 2. If label 1
has not been used for labelling vertices from N(z,—1) \ {Zn—2, 2z}, then we
label x,,_o with it. If it is select for a vertex y € N(xy—1) \ {Zn—2,2,}, then
we can replace label of x,_s with label of y, since d(y) < 2. We redefine
f(n2) =1 and f(y) = A—2.

2. Suppose that n =942k, k=0,1,2,....

We may label as follows: ¢z € {A+d—1,A+d—-2}\{c1},cs € {A+d—
1, A+d—2}\{03}7 ey Cp_q € {A+d—17A+d—27A+d—3}\{0n,6,Cn,2}
and ¢,—3 € {0,1} \ {en—1},en—5 € {0,1} \ {en—3},...,c6 € {0,1}\ {cs} and
Cy € {0, 1, 2} \ {CQ, Cﬁ}.

If A =4 and n =9, it can be obtained in this way that ¢4 = 2 and ¢5 = d+1.
This is possible if ¢co = ¢s =1 and ¢; = ¢7 € {d + 2,d + 3}. In this case, we
redefine c3 =d+1,¢4 =0,¢5 € {d+2,d+ 3} \ {¢7} and ¢ = 2.

O

Proof of Theorem 3.3. The proof is similar to the proof of Theorem 3.2. Start with
an arbitrary A-vertex x. Choose the labelling of the corresponding generalized star
or double star centered at x as in the proofs of Lemma 5.1 or Lemma 5.2. We
proceed by induction. Repeat, while there are unlabelled A-vertices, by choosing
a double star (or star) with unlabelled center that is adjacent to one of the double
stars (or stars) that have already been labelled. Let z be the A-vertex of the
chosen star such that the shortest path between the centers of these two double
stars is the path zgx; - - - x,, where z,, = z and x( is the nearest already labelled
A-vertex.

Suppose that n > 8. In view of symmetry of the labels, we only need to consider
the case when z( is labelled with 0. As before, let ¢; be the label of z;. We can
assume that ¢ = 0 and ¢ = 1, because clearly cs # 0 and if ¢ > 1, then we can
relabel 25 and set co = 1. The labeling of the path can be extended as follows (as
in the proof of Theorem 3.2): when n is even, we set ¢,, =0, ¢,—1 = A+d—2 and
Ch_o=1. When n is odd, then ¢, =A+d—1,¢,_1 =1land c,_o = A+d—2.

The remaining cases, 4 < n < 8, are considered below. Again, w.l.o.g assume
that ¢y = 0, and observe that x5 can be relabelled if needed. It is straightforward
to see that the following are partial labellings of the path xgx; ... z,.

i)n=4:co=1,c3e{A+d—2,A+d—-3}\{c1}, ca =0.
(i) n=5:co=1,c5 € {A+d—-2,A+d-3}\{aa},ca=2and e =A+d—1.
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(iii) n=6:¢=0

eci#£d+1=>c=2cse{A+d—-1,A+d—-2}\{c1},ca =1,¢c5 =
A+d—3.

eci=d+1=co=1cs=A+d—1,c4=2,cs =A+d—2.

(iv) n=T7T:ca=1,c5 € {A+d—1,A+d—-2}\{e1},ca =0,c5 = A+d—3,¢c6 =1
and c; = A+d—1.

After all A-vertices are labelled, the unlabelled vertices form a set of paths
and isolated vertices. The labelling is thus easily completed (as in the proofs
before). O

In the case A =4,n=5and ¢; = A+ d— 2 =d+ 2, similarly as in the proof
above gives co = 1,¢3 = d + 1 and thus necessarily ¢4 = 0. But then x5 can not
be adjacent to any A-vertex. This shows the following consequence.

Corollary 5.6. Let T be a tree with A =4 and d > 4. Then Ay = d + 3 if each
4-vertex has at least one leaf, d(z) < 2 if x is not a 4-vertex and 1,2,3 ¢ Dy or
2,3,5¢ D.

Let now T be a tree with A = 3 and let xgx1x22324 be a path between two
3-vertices. Let ¢ and x4 get label 0 and vertices from N*!(xzg) labels d + 1,d + 2.
Define ¢ = 1,¢3 € {d+2,d+ 1} \ {¢1}. Consequently, we have:

Corollary 5.7. Let T be a tree with A =3 and d > 3. Then Ay = d + 2 if each
3-vertex has at least one leaf, d(z) < 2if x is not a 3-vertex and D3 = {4k | k € IN}.
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