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Abstract

In this paper, we introduce a new class of contractive mappings in fuzzy
metric spaces and we present some fixed point results for this class of maps.
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1. Introduction

The concept of a fuzzy metric space was introduced by Kramosil and Micalek
[7]. Afterwards, George and Veeramani [1] modified the concept of fuzzy metric
space due to [7]. Later on, Gregori and Sapene [4] introduced fuzzy contraction
mappings and proved a fixed point theorem in fuzzy metric space in the sense of
George and Veeramani. In particular, Mihet enlarged the class of fuzzy contrac-
tive mappings of Gregori and Sapene [4] in a complete non-Archimedean(strong)
fuzzy metric space and proved a fuzzy Banach contraction theorem using a strong
condition for completeness, now called the completeness in the sense of Grabiec,
or G-completeness. Motivated by the “Generalized weak contractions” introduced
by Singh et al. [13] in metric spaces. In this paper, we introduce kg—contractive
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maps in fuzzy metric spaces and we prove the existence of fixed points in complete
strong fuzzy metric spaces.

2. Preliminaries

We begin with some basic definitions and results which will be used in the main
part of our paper.

Definition 2.1. [12] A binary operation x : [0,1] x [0,1] — [0,1] is said to be a
continuous t-norm if it satisfies the following conditions :

T1) * is associative and commutative;

T2) x is continuous;

(T1)

(T2)

(T3) ax1=aforalla€l01];

(T4) axb < c+dwhenever a < cand b <d for all a,b,¢c,d € [0,1].

Remark 1. A t-norm x* is called positive if a xb > 0 for all a,b € (0, 1).

Some examples of continuous t-norms are Lukasievicz t-norm, i.e. a %y b =
max{a + b — 1,0}, product t-norm, i.e. a*xb = ab, and minimum t-norm, i.e.
a *pr b =min{a, b}, for a,b € [0,1].

The concept of fuzzy metric space is defined by George and Veeramani [1] as
follows.

Definition 2.2. [1] Let X be a nonempty set and * be a continuous t-norm.
Assume that, for each z,y,2 € X and t,s > 0, a fuzzy set M : X x X x (0,00) —
[0, 1] satisfies the following conditions:

M1 z,y,t) > 0,

2
sszc=cs
£

)
z,y,t) =1 if and only if x =y,
) = M(y,z,t),

)

*M( 75)§M(I,Z,t+5),

£
=
~

(ML)
(M2)
(M3)
(M4)
(M5) z,y,-) : (0,00) — [0, 1] is continuous.

Then, we call M a fuzzy metric on X, and we call the 3-tuple (X, M, *) a fuzzy
metric space.

Definition 2.3. [5] Let (X, M, *) be a fuzzy metric space. The fuzzy metric M
is said to be strong (non- Archimedean) if, for each z,y,z € X and each ¢ > 0, it
satisfies

(M4') : M(z,2,t) > M(z,y,t) * M(y, z,t).
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Remark 2. The axiom (M4') cannot replace the axiom (M4) in the definition of
fuzzy metric since in that case M could not be a fuzzy metric on X (see Example
8 in [11]).

Note that it is possible to define a strong fuzzy metric by replacing (M4)
by (M4 ) and demanding in (M5) that the function M(z,y,-) be an increasing
continuous function on ¢, for each z,y € X (in fact, in such a case we have
M(z,z,t+5) > M(z,y,t + 5) * M(y,2,t + 5) =2 M(x,y,t) x M(y, 2, 5)).

Remark 3. Every fuzzy metric space is not strong fuzzy metric space.

The following example shows that there are non -strong fuzzy metric spaces.

Example 2.4. [6] Let X = {z,y,2}, * = - (usual product) and M : X x X x
(0,00) — [0,1] defined for each t > 0 as M (x,x,t) = M(y,y,t) = M(z,2,t) = 1,
M(x7 Z’ t) = M(Z7 x’ t) = M(y7 Z’ t) = M(Z’ y’ t) = tJrLl7 M(x7 y’ t) = M(y7 x? t) =
t2

(IR Then, (X, M, %) is a non-strong fuzzy metric space.

Lemma 2.5. [2] Let (X, M, ) be a fuzzy metric space. For allz,y € X, M(z,y,-)
is non-decreasing function on (0, 00).

Remark 4. We observe that 0 < M(z,y,t) < 1 provided = # y, for all ¢ > 0 (see
[8]). Let (X, M,x) be a fuzzy metric space. For ¢t > 0, the open ball B(z,r,t)
with a center x € X and radius 0 < r < 1 is defined by B(z,rt) = {y € X :
M(z,y,t) >1—r}.

A subset A C X is called open if for each x € A, thereexistt > 0and 0 < r < 1
such that B(z,r,t) C A. Let 7 denote the family of all open subsets of X. Then
T is a topology on X, called the topology induced by the fuzzy metric M. This
topology is metrizable (see [3]).

Definition 2.6. [1] Let (X, M, *) be a fuzzy metric space.

1. A sequence{z,} in X is said to be convergent to a point z € X if, for all
t >0, lim,— 00 M(xp,x,t) = 1.

2. A sequence{z,} in X is called a Cauchy sequence if, for each 0 < ¢ < 1 and
t > 0, there exits ng € N such that M (2, ,,,t) > 1 —¢, for each n,m > ny.

3. A fuzzy metric space in which every Cauchy sequence is convergent is said
to be complete.

4. A fuzzy metric space in which every sequence has a convergent subsequence
is said to be compact.

Remark 5. In a fuzzy metric space, the limit of a convergent sequence is unique.

Definition 2.7. [9] Let (X, M, %) be a fuzzy metric space. Then, the mapping M
is said to be continuous on X x X x (0, 00) if

lim M(.’L‘n,yn,tn) = M(x,y,t),
n—00
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when {(z, Yn, tn)} is a sequence in X X X x (0, 00) which converges to a point
(z,y,t) € X x X x (0,00), i.e.,

lim M(zp,z,t) = lim M(yn,y,t) =1and lim M(z,y,t,) = M(x,y,t).

n—oo

Lemma 2.8. [10] If (X, M, %) is a fuzzy metric space, then M is a continuous
function on X x X x (0,00).

Definition 2.9. [4] A fuzzy contractive mapping on a fuzzy metric space in the
sense of George and Veeramani (X, M, %) is a self-mapping f of X with the prop-
erty
1 1
——— | < k( - -
M(fz, fy,t) M(z,y,t)

First, we define the following :

—1) forallz,y € X, forallt>0. (1)

Definition 2.10. Let ¢ : (0,1] — [1, 00) be a function which satisfies the following
conditions:

1. % is continuous and non-increasing;
2. Y(z) =1 1if and only if x = 1.
We denote by U the class of all functions which satisfies the above conditions.

Note that ¥ # (J, in fact the map v : (0,1] — [1,00) defined by ¥(t) = % is a
member of W.

Definition 2.11. Let ¢ : (0,1] — (0,1] be a function which satisfies the following
conditions:

1. ¢ is upper semi continuous;
2. ¢(s) =11if and only if s = 1.
We denote by ® the class of all functions which satisfies the above conditions.

Note that ® # ), in fact the map ¢ : (0,1] — (0, 1] defined by ¢(t) = /1 is a
member of ®.
Now, we introduce a kg-contractive mapping in a fuzzy metric space.

Definition 2.12. Let (X, M, %) be a fuzzy metric space. We say that a mapping
T:X — X is a kg-contractive mapping if there exists (¢, ¢) € ¥ x ® such that

M(z,y,t) « M(y,Ty,t) < M(z,Tx,t)
implies (2)
Y(M(Tz, Ty, 1)) < O(N(z,y,1)p(N(2,y, 1)),
for all z,y in X and ¢t > 0, where

N(z,y,t) = min{M (z,y,t), M (z,Tz,t), M(y,Ty,t), max{M (z, Ty, t), M (y, Tx,t)}}.
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Example 2.13. Let X = [0,00) and M (z,y,t) = (t_%l)d(z’y), where d(z,y) =
|z — y|, and * be the product continuous t-norm. Here, (X, M, x*) is a complete
fuzzy metric space. Let T': X — X be a map defined by

2 ifx<1
_ 70 1 =
T(x)_{o, if 2> 1

we can easily see that T' is a kg—contractive map.
In Section 3, we prove the existence of fixed points of kg-contractive mappings
in a complete strong fuzzy metric space.

3. Main Results

The following proposition is important to prove our main result.

Proposition 3.1. Let (X, M,*) be a strong fuzzy metric space. Let T : X — X
be a kg-contractive mapping. Fix xo € X. Define a sequence {z,} in X by
Tpt1 =Tz, forn=0,1,2,.... Iflim, 00 M(2p,Tpt1,t) =1 for allt >0, and
the sequence { M (xy, Tni1,t)} is increasing in [0,1] for all t > 0, then {z,} is a
Cauchy sequence.

Proof. Since the mapping T is a kg-contractive map, there exists (¢, ¢) € U x ®
such that
Y(M(Tz,Ty,t)) < (N (z,y,1)p(N(z,y,1))), (3)
for all z,y in X and ¢t > 0.
Suppose that sequence {z,} is not a Cauchy sequence. Then there exist € €

(0,1) and tp > 0 such that for all k > 1, there are positive integers m(k),n(k) € N
with m(k) > n(k) > k such that

M (), Ton(ry s to) < 1 — €. (4)

We assume that m(k) is the least integer exceeding n(k) and satisfies the above
inequality, that is equivalent to

M (k) Tm(k)—1,t0) > 1 — € and M (2 (x), Tim(k), to) <1 — €
Now we have

L—e> M(Tpm), Tmpysto) = M(Tn), Tm)—15t0) * M (Zm(k)—15 Zm(k)> Lo)
> (1 - 6) * M(xm(k)—lv T (k) tO)'

Then limg 00 (1 — €) % M (T (k)15 Tm(k), to) = 1 — €. Hence,
klirgo M((En(k)a xm(k)a tO)

exists and limy_s oo M (Zy k), T (r), to) = 1 — €.
First we prove that



20 K. K. M. Sarma and Y. G. Aemro

. ____________________________________________________________________________________________________________________|
(1) limg oo M (@ (r)y—1, Tn(ky—1,t0) =1 — €

(1) limpg oo M (T (k)15 Tn(k),to) = 1 — €

(iii) 1imk_>oo M(xn(k)flvxm(k)vtO) =1—e

Since
M(Zm(kys Togrysto) = M(Tm(k)s Tm(k) -1 to)
#M (T (1)~ 15 Tn(k)—15 o) (5)
*M (2, (k)—15 Tr(k)» Lo)
and

M(xm(k)—lu'rn(k)—latO) > M(xm,(k)—lawm(k)utO)
*M (Zon(k)> Tn(k)» to) (6)
* M (T (), T (k)—1,t0),

by taking the limit superior in (5) and the limit inferior in (6), we get

1 — e > limsup M (% (k)—15 Tn(k)—1; o) (7)
k—o00
and
lim inf M(a:m(k),l, Tn(k)—1, to) >1—e (8)
k—o0

Since the limit superior is always greater than or equal to the limit inferior,
from (7) and (8), we obtain

lim sup M (Zpn (k)15 Tn(k)-1,t0) = 1—¢,
k—o0
th_l)ng(Jim(k)fl,xn(k)q,to) = l-e

Thus, limg 0 M (% (k)—1, Tn(k)—1, to) exists and equal to 1 —e. Thus (i) holds.
We now prove (ii). By condition (M 4l) of the strong fuzzy metric space, we have

M(xm(k)—la Tn(k)> tO) > M(zm(k)—la Tm(k)s tO) * M(xm(k)a Tn(k)s tO)? (9)

and
M(xm(k)a Tn(k)s tO) > M(xm(k)a Tm(k)—1> tO) * M(zm(k)—la Tn(k)s tO)' (10)
Taking the limit inferior in (9) and the limit superior in (10) as k — oo, we have

1. . fM _ ) t > 1 —
im inf M (2 (k) -1, Tn (k) To) 2 1 = €,

and
1—¢e>lim sup M(zm(k)—la Tn(k)s tO)'

k—oc0

This implies

1 — e > limsup M (@ (k)—1, Tn(k), to) = liminf M (2, ) -1, Tr(rys to) > 1 — €.
k— o0 k—o0
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Thus,

limsup M (Zy(k)—1, Tn(k), to) = Hminf M (2,,x) -1, Tn(r), to) =1 — €.
k—s o0 k—o0

Hence, limg 00 M (2 ()1, Tn(k), to) exists and limp oo M (T (k)—1, Tn(k)s to) =
1 — €, which proves (ii). We now prove (iii). By the condition (M4I) in a strong
fuzzy metric space, we have

M (T (ky—15 Tm(k)s to) = M(Zpk)—15 Tnk)> to) * M (2 k), Tom(r)s to), (11)

and
M (2 (), Trn(iy s to) = M(Tr(kys Tre)—15t0) * M (Tn(k)—15 Tm(k), to)- (12)
Taking the limit inferior in (11) and the limit superior in (12) as k — oo, we obtain

o >1—
1IICI£1C>I.}fM($n(k)_1;xm(k)at0) >1—¢

and

1 — e > limsup M (Zp(k)—1; Tm(k), to)-
k—o0

This implies

1 — € > limsup M (2, (k)—1, Zm(k), to) > liminf M (2, ) -1, Tk, to) > 1 — €.
k—o00

k—o0

Thus,

lim sup M (2, (k) =1, Tm (k) to) = iminf M (2, x)—1, Tm), to) = 1 — €
k—o0 k—o0

Hence limp oo M (Zp(k)—15 Tm(k), to) exists and limp oo M (Zp(k)—15 Tmk), to) =
1 —¢, so (iii) holds.

Now, since m(k) + 1 > m(k) > n(k) + 1 > n(k) and {M(zn,Zni1,t)} is
increasing for any ¢, it follows that M (2, k); Tmk)+1>t0) = M (Tnk)s Trik)+1, to)-
On the other hand, from the property of the fuzzy metric space we have

M (Zrn(k)s Tr(k)s to) * M(Tn(k)ys Tok)+1,t0) < M(Tpk), Tnir)+1,to)-
Thus,
M (2 (k)s Tr(k)s to) * M( k), o)1, t0) < M(Tpu(k), Tm(k)+15to)-

From (3) we have

V(M (T (k) +1, Tn(k)+1:t0) = VM (T2, Ty, o)) (13)
S w(N(xn(k)v mm(k)v tO))¢(N(xm(k)a xn(k)v tO))a
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where
N(Zp(k), Tner), to) = min{M (o, k)s Trk)s o), M (Tm k) TZm(k)s to),
M (), T (), to),
maX{M(xm(k), Tajn(;c), to), M(l‘n(k), Tl‘m(k), to)}}-
Equivalently
N(Tp(k), Tngk), to) = mIn{M (T (k)s Trk)» to), M (Tmk)s Tmk)+15 L)
M (Zp(k)s Tr(i)+15 o),
max{ M (Zp,(k)s Tr(k)+1510)s M (Lp (), T ()41, t0) }}-
As k — oo,
Jim N (), T (), to) € (14)

Since v is continuous and ¢ is upper semi continuous, by taking the limit superior
as k — oo in (13), it follows that

P(1—e) <Pl —e)o(l—e).

So that, ¢(1 —€¢) = 1. Hence from the property of ¢, we have ¢ = 0, which
contradicts that 0 < e < 1. Therefore, {x,} is a Cauchy sequence in X. O

Theorem 3.2. Let (X, M,*) be a strong fuzzy metric space and T : X — X be
kg-contractive mapping. Then, T has a unique fized point in X.

Proof. Let xg € X be an arbitrary element of X. We define a sequence z,,+1 = Tz,
for n = 0,1,2,.... If there exists ng € NU {0} such that z,, = 2,41 = TTn,,
then x,, is the fixed point of 7'

Assume that x, # x,41, forallm =0,1,2,3,....

Since T is kg-contractive mapping, there exists (¢,1) € ¥ x ® such that

M(x,y,t) = M(y,Ty,t) < M(x,Tx,t)
implies that
V(M (T, Ty,t)) < O(N(z,y,1)p(N(z,y,1))

for all z,y in X and ¢ > 0. Thus, for x,,_1 # z,, we have
M(xnflv Tn, t) * M(l'na Tn+41, t) S M(xnfh Ty t)
Therefore,

Q/J(M(Tl'n—la T:En, t)) < ¢(N(:Cn,17 Tn, t))(b(N(xn*h T, t))v (15>
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where

N(zp—1,Tn,t) = min{M(x,_1,zn,t), M(Tp—1,Zn,t), M(zn, Tpi1,t),
max{M (xp—1,Txn,t), M(xn, Txy,t)}}
= min{M(zp_1,Tn,t), M(Tpn, Tnyi1,t),
max{M (zn—1,Znt1,t), M(Tpn, Tnt1,t)}}
= min{M(zn—1,Zn,t), M(Tpt1,Tn,t)}.

If min{M (xp—1,Zn,t), M(Tpt1,Tn,t)} = M(xpt1,2n,t) for some n and t > 0,
then from (15), we have

1/J(M(33n+17 Tn, t)) < ¢(M(93n+17 Tn, t>)¢(M(mn+17 Tn, t)) (16)

This implies that ¢(M (2511, T, t)) = 1. By the property of ¢, we have M (2,41, Zn,
t) = 1. Thus x, = xp+1. This contradicts x,, # x,11 for all n. Therefore
min{ M (x,—1,Zn,t), M(Xpt1,Tn,t)} = M(xp_1,2,,t) for all n and ¢ > 0. Thus
from (15) we have

¢(M($n+17xn7t)) < "/}(M(xnvan*ht))¢(M($n7xn*1ﬂt)) < w(M(xmxnflvt))'

Since v is non-increasing M (241, Zn,t) > M(2y, Tp—1,t) for each n and ¢ > 0.
Therefore, for every t > 0, {M(xn,zn4+1,t)} is an increasing sequence of real
numbers in (0,1]. Since every bounded and monotone sequence is convergent,
{M (2n,xnyt1,t)} converges to some number in (0, 1].

Let lim,, 0o M(zy, Tpy1,t) = l;. We Show that [, = 1, for all ¢ > 0.

Let t > 0, by taking the limit superior as k — oo in the inequality (16), the
continuity of 1 and the upper semi continuity ¢ show that ¢(I;) > 1. Hence, by
the property of ¢, ¢(I;) = 1 implies I; = 1. Now by Proposition 3.1, the sequence
{zy} is Cauchy.

Since X is a complete strong fuzzy metric space, there exists z € X such that
Tp — z as n — 0o. We show that z is a fixed point of T

(i) Suppose there exist a positive integer k and ¢ > 0 such that

M(zp, 2z, t,) * M (2, Tz, tx) > M(2p, Tnt, tr) (17)

for all n > k. Taking limit as n — oo in (17) we get M (z,Tz,t;) > 1, which
implies that Tz = z.

(ii) Suppose for each positive integer k and t > 0, there exists ny > k such that

M(zp,,2z,t)« M(2,Tz,t) < M(Xp, , Tnjt1,1t)-

Thus, there exists a subsequence {z,,} of {z,} such that

M(zp,,2,t) « M(2,Tz,t) < M(Zp,, Tn,+1,1).
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Hence, from (2) we have

P(M(Tz, 2y 41,) < PN (220, 1) (N (2, 20y, 1)), (18)

where

N(z,zpn,,t) = min{M(z,,,z,t), M(z,Tz,t), M(Tpn,, Tn,+1,1t),
max{M (z,zp, +1,t), M(xn,,Tz,t)}}.

Since z,,, — z as k — oo (being a subsequence of {z,}) and limy_,co M (24, ,
ZTn,+1,t) = 1, it follows that limy oo N(2,2p,,t) = M(z,Tz,t). Since ¢ is
continuous and ¢ upper semi continuous, by taking the limit superior in (18)
we get

B(M (T2, 2,1)) < $(M(T=2, 2, 0)d(M (T, 2,1)).

So that ¢(M(Tz,2,t)) = 1, thus M(T'z, z,t) = 1, and hence Tz = z. There-
fore z is a fixed point of T'.

Now, we show the uniqueness of fixed points of T. Let w and v be two fixed
points of T. Thus, Tu = u and Tv = v. Since T is a kg-contractive map for
u,v € X, and t > 0 we have

M (u,v,t) « M(u, Tu,t) < M(v,Tv,t), (19)
which implies that
P(M (u, v, 1)) = (M (Tu, Tv, 1)) < P(N(u,0,8))p(N (u,v,1)),
where
N(u,v,t) = min{M(u,v,t), M (u,Tu,t), M(v,Tv,t),
max{M (u, Tv,t), M (v, Tu,t)}}
= min{M(u,v,t),1,1, M(u,v,t)} = M(u,v,t). (20)
From (19) and (20), we observe that
P(M (u, v, 1)) < P(M(u,v,1))p((M(u,v,1)).

This implies ¢((M(u,v,t)) = 1. Thus, M(u,v,t) = 1, which implies u = v.
Therefore the fixed point of T is unique. O

Corollary 3.3. Let (X, M, x) be a strong fuzzy metric space and T be a self map
of X. If there exists (¢, p) € U x ® such that

Y(M(Tz, Ty, t)) < P(N(2,y,t)p(N(z,y,1))
for allxz,y € X and t > 0, where
N(z,y,t) = min{M (z,y,t), M (z,Tz,t), M(y,Ty,t), max{M (z, Ty, t), M (y, Tx,t)}}.

Then, T has a unique fized point.
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If we take 1(t) = 1 and ¢(s) = /s in Theorem 3.2, we get the following
corollary.

Corollary 3.4. Let (X, M, *) be a strong fuzzy metric space and T be a self map
of X. Forxz,y € X andt >0 if M(x,y,t)« M(y, Ty, t) < M(z,Tx,t) implies that
M(Tz,Ty,t) > \/N(z,y,t), where

N(z,y,t) = min{M (z,y,t), M(z, Tz,t), M(y, Ty, t), max{M(z, Ty, t), M(y, Tz, t)} }.
Then, T has a unique fixed point.

Corollary 3.5. Let (X, M, *) be a strong fuzzy metric space and T be a self map
of X. Forz,y € X andt >0 if M(z,y,t)*«M(y,Ty,t) < M(xz,Tx,t) implies that
M(Tz,Ty,t) > /M(x,y,t), then T has a unique fized point.

Proof. Let x,y € X t > 0. Suppose M (x,y,t) « M(y,Ty,t) < M(z,Txz,t). Then
M(Tz,Ty,t) > /M(x,y,t) . Since N(z,y,t) < M(zx,y,t), where

N(z,y,t) = min{M (z,y,t), M(z, Tz,t), M (y, Ty, t), max{M (z, Ty, t), M(y, Tx,t)} },

we have M (Tx,Ty,t) > /N (z,y,t). Therefore, by Corollary 3.4, T has a unique
fixed point. O

By taking ¢(t) = 7 and ¢(t) = k(1 —t) +t, for 0 < k < 1 we draw the following
corollary.

Corollary 3.6. Let (X, M, *) be a strong fuzzy metric space and T be a self map
of X. For z,y € X and t > 0 if there exists k € (0,1) such that M(x,y,t) *

M(y, Ty, t) < M(z,Tx,t) implies ( —1) < k(g2 — 1), where

1 _
M(Tz,Ty,t) N(z,y,t)

N(z,y,t) = min{M (z,y,t), M (z,Tz,t), M(y, Ty,t), max{M (z, Ty, t), M (y, Tx,t)}},
then T has a unique fixed point.

Corollary 3.7. Let (X, M, x) be a strong fuzzy metric space and T be a self map
of X. For x,y € X and t > 0 if there exists k € (0,1) such that M(x,y,t) *
My, Ty,t) < M(x,Tx,t) implies ( 1) < &( 1). Then T has
a unique fized point.

1 _ 1 -
M(Tz,Ty,t) M(z,y,t)

Proof. Let z,y € X , ¢t >0, and M(z,y,t) * M(y, Ty,t) < M(x,Tx,t). Then
1 1
)<k
(M(T:U,Ty,t) )<
Since N (z,y,t) < M(z,y,t) where

N(a’,7 y’ t) = min{M("L‘7 y7 t)’ M(‘I:7 Ta:7 t)7 M(y7 Ty’ t)7 ma‘X{M(x7 Ty7 t)’ M(y7 TI’ t)}}'

Corollary 3.6, T' has a unique fixed point. O
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4. Examples

In this section, we provide some examples in support of the main results of Section
3. The following example is in support of Theorem 3.2.

Example 4.1. Let X = {(1,1),(1,4),(4,1)} and M (x,y,t) = (H_%)d(x’y), where
d(z,y) = |z1 — y1| + |22 — 92|, and @ = (21,41),y = (z2,y2), * be the product
continuous t-norm. Here (X, M, «) is a complete strong fuzzy metric space. Let
T : X — X be a map defined by

B (1,1)7 if ¢ < Y1
T(x1,91) = { (1,4), ifzg >y

Then, T is a kg-contractive map for ¥(t) = 1 and ¢(t) = V. Clearly, (¢, ) €
¥ x ®. Now we wish to show

Y(M (T, Ty, t)) < P(N(x,y,8))6(N(z,y,1)). (21)

(i) Let (z,y) =((1,1),(1,1)),7T(1,1) = (1,1) and let a = H%
Here M(x,y,t) = 1, M(Txz,Ty,t) = 1, M(z,Tx,t) = 1, M(y,Ty,t) = 1,
M(z,Ty,t) = 1 and M(y,Ta: t)y=1.1¢ follows that M (x,y,t)xM (y, Ty,
M(z,Tz,t) and N(z,y,t) = 1. Then (M (Tz,Ty,t)) =1, 1/1(N(9: y, 1))
and ¢(N(z,y,t)) = 1, which implies that

P(M(Tz, Ty, t)) < (N(z,y,1))d(N(z,y,t)).

(ii) Let (z,y) = ((1,4),(1,4)),T(1,4) = (1, ) and let a =
Here M(x,y,t) = 1, M(Tx,Ty,t) = 1, M(x,Tx,t) = a®, M(y,Ty,t) =
a®, M(z,Ty,t) = a®> and M(y,Tz,t) = a®. Tt follows that M(z,y,t) %
M(y,Ty,t) < M(x,Tz,t) and N(z,y,t) = a>. Then (M (Txz, Ty,t)) =1,
U(N(z,y,t)) = a=® and ¢(N(z,y,t)) = a2. Since 0 > —3 + 3 =32, we
have (M (Tz,Ty,t)) < (N (z,y,1))p(N(z,y,1)).

(iii) Let (x,y) = ((4,1),(4,1)),T(4,1) = (1,4) and let a = t_%l

1)
Here M(z,y,t) = 1, M(Tx,Ty,t) = 1, M(x,Tx,t) = a5 M(y,Ty,t)
ab, M(xz,Ty,t) a® and M(y,Tx,t) = ab. Tt follows that M (z,y,t)
y =

_t_
+

%

M(y,Ty, t) < _(x Tx,t) and N(z,y,t) = a®. Then (M (Tx,Ty,t))
1, Y(N(x,y,t)) = a=® and ¢(N(z,y,t)) = a.
(M (T, Ty, £)) < $(N (2, y,1)$(N (z. v,
(1,

(iv) Let (z,y) = ((1,1),(1,4)), T(1,1) = (1,1)
1

Since 0 > —3, we have

t)).
,T(l, 4) = (1, 1) and let ¢ = t%.

as. It follows that M(z,y,t)

—_

Here M(z,y,t) = a® M(Tx Ty, t)
a®, M(z,Ty,t)
M(y.Ty,t) < M
L p(N(z,y,t))
Y(M(Tz,Ty,t))

and M(y,Tx, t):
x,T t) and N(z,y,t)
a~* and ¢(N(z,y,1))
(N (2,y,1))p(N(z, y,

II*II

—~

a®. Then (M (Tz,Ty,t))
—3

3 .
az. Since 0 > =, we have

IA

t))-
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(v)

(vii)

(viii)

(ix)

Let (z,y) = ((1,1),(4,1)),T(1,1) = (1,1),T(4,1) = (1,4) and let a = 5.
Here M(x,y,t) = a®, M(Tx,Ty,t) = a3 M(z,Tz,t) = 1, M(y,Ty,t) =
ab, M(xz,Ty,t) = a3 and M(y,Tx,t) = a3. Tt follows that M(x,y,t) *
M(y,Ty7 t) < M(z,Tx ) and N(z,y,t) = a®. Then (M (Tz,Ty,t)) =
a3, (N (z,y, )) = a~% and ¢(N(z, y t)) = a®. Since —3 > —6 + 3, we
have (M (Tz,Ty,t)) < (N (z,y,1))p(N(z,y,1)).

Let (z,y) = ((1,4),(4,1)),T(1,4) = (1,1),7(4,1) = (1,4) and let a = tJ%l
Here M(z,y,t) = a5 M(Tz,Ty,t) = a3, M(z,Tz,t) = a3, M(y,Ty,t) =
ab, M(z,Ty,t) = 1 and M(y,Tz,t a3. Tt follows that M(x,y,t) *

) =
M(y,Ty7 t) < M(as Tz, t) and N( ,y,t) = a8 Then (M (Tx,Ty,t))
t)) = a3. Since —3 > —6 + 3, we

x

have zp(M(f Ty,t)) < ¢(N(z,y, ))¢(N( ;
(

Let (z,y) = ((4,1),(1,4)), T(4,1) = (1,4),T(1,4) = (1,1) and let a = gf5.
Here M(z,y,t) = a8, M(Tz,Ty,t) = a®, M(x,Tz,t) = a8, M(y,Ty,t)
a®, M(z,Ty,t) = a®> and M(y,Tx,t) = 1. It follows that M(x,y,t)
My, Ty,t) < M(x, Tx,t) and N(z,y,t) = a Then (M (Tz,Ty,t))
a3, Y(N(z,y,t)) = a=® and ¢(N(x,vy,t) a3. Since —3 > —6 + 3, we

) =
have ¢(M(Tz, Ty, )) P(N(z,y,1))p(N(z,y,1)).
1

Let (z,y) = ((4,1),(1,1)),T(4,1) = (1,4), T(1,1) = (1,1) and let a = 5.
Here M(z,y,t) = a3, M(Tz,Ty,t) = a3, M(z,Txz,t) = ab M(y,Ty,t) =
1, M(z,Ty,t) = nd M(y,Tx,t) =

II*II

a®. Now in this case M (z,y,t) *
M(y, Ty,t) > ( w,t), but N(z,y,t) = a°, ¢(M(Tz,Ty,t)) = a=?,
P(N(z,y,t)) = a” and ¢(N(x,y,t)) = a® imply that (M (Tz,Ty,t)) <
V(N (z,y,t))p(N ( y,t)). Thus the relation (2) is true.
Let (z,y) = ((1,4),(1,1)),T(1,4) = (1,1),T(1,1) = (1,1) and let a = 1.

Here M(x,y,t) = a®, M(Tx,Ty,t) = 1, M(x,Tz,t) = a®, M(y, Ty,t) = 1,
M(z,Ty,t) = a® and M (y, Tx,t) = 1. It follows that M (x,y, )*M(y,Ty,t)
< M(x,Tz,t) and N(z,y,t) = a. Then (M (Tz,Ty,t)) =1, (N (x,y,t))
= a3 and ¢(N(z,y,t)) = a2. Since —0 > —3+3, we have (M (Tz, Ty,t)) <
P(N (2, y,1))p(N(z,y,1)).

From (Case i-Case ix) we observe that there exists (¢, ¢) € ¥ x & such that

M(z,y,t) = M(y,Ty,t) < M(z,Tz,1)
implies (22)
P(M(Tz, Ty, 1)) < p(N(z,y,1))¢(N(z,9,1)),

for all x,y in X and ¢ > 0, where

N(z,y,t) = min{M (z,y,t), M (z,Tz,t), M(y,Ty,t), max{M (z, Ty, t), M (y, Tx,t)}}.
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Therefore, T is a kg-contractive mapping and thus by Theorem 3.2, T has a

unique fixed point. In fact, (1,1) is a fixed point of T'.
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