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Abstract

In this paper we determine the structure of (¢, 1,...,1) polynilpotent
multiplier of certain class of groups. The method is based on the character-
izing an explicit structure for the Baer invariant of a free nilpotent group
with respect to the variety of polynilpotent groups of class row (¢, 1,...,1).
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1. Introduction and Preliminaries

There have been several papers, on structure of the well-known notion of the
Schur multiplier and its varietal generalization, the Baer invariant, of some famous
products of groups, such as direct products, free products, nilpotent products and
regular products.

I. Schur [12] in 1907 and J. Wiegold [13] in 1971 obtained the structure of the
Schur multiplier of the direct product of two finite groups as follows:

M(A x B) = M(A) & M(B) ® 554157, where rrlpfle = Ay, @ Bay.

In 1979, M. R. R. Moghaddam [8] and in 1998, G. Ellis [1], generalized the
above result and obtained the structure of the c-nilpotent multiplier of the direct
product of two groups, M.M (A x B). Also in 1997 M. R. R. Moghaddam in a
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joint paper [9] presented an explicit formula for the c-nilpotent multiplier of a
finite abelian group.

W. Haebich In 1972 [2| presented a formula for the Schur multiplier of a regular
product of a family of groups. It is familiar that the regular product is a general-
ization of the nilpotent product and the last one is a generalization of the direct
product, so Haebich’s result is an interesting generalization of the Schur-Wiegold
result.

In 2001, Mashayekhy [5] found a structure similar to Haebich’s type for the
c-nilpotent multiplier of a nilpotent product of a family of cyclic groups. Also
the c-nilpotent multiplier of a free product of some cyclic groups was studied by
Mashayekhy [6] in 2002. Mashayekhy and Parvizi [7] concentrated on the Baer
invariant with respect to the variety of polynilpotent groups, and succeeded to
present an explicit formula for the polynilpotent multipliers of finitely generated
abelian groups. They also [11] obtained an explicit formula for some polynilpotent
multipliers of an n-th nilpotent product of some infinite cyclic groups, that is

N AM(Z*Z%...%Z), for all ¢ > 2n — 2.

Recently Hokmabadi, Mashayekhy and Mohammadzadeh [3, 4] studied polynilpo-
tent multipliers of nilpotent products of cyclic groups.

Let M. 1,1 be the variety of polynilpotent groups of class row (c,1,...,1),
and G be an arbitrary group with a free presentation

1-R—>F—>G—1.

The Baer invariant of G with respect to this variety is:

. i—(times ( (F)> )
Ny2(. . 72(Vet1
N M(G) = )
oL MO R A e ), 3l (e (FD) )

(i—1)—times

where 2(. .. ¥2(Ve41(F)) - ..) is the term of iterated lower central series of F. The
Baer invariant of G with respect to this variety, is called a (¢, 1,. .., 1) polynilpotent
multiplier.

The paper is organized as follows. In the present section we establish the
concepts and preliminary theorems which are used throughout the paper. Section
2 is devoted to investigate the structure of (¢, 1,...,1) polynilpotent multiplier of
a free nilpotent group of class at most n and rank m for all 2n — 2 < ¢. The result
of this section generalizes the work of [11]. The structure of Baer invariant of
certain class of groups with respect to the variety of polynilpotent groups of class
row (¢, 1,...,1), is determined in section 3. The results in this paper are a part of
MSc dissertation of the first author at the Ferdowsi University of Mashhad.



Polynilpotent Multiplier of Some Groups 161
R R e

Definition 1.1. Let X be an independent subset of a free group, and select an
arbitrary total order for X. We define the basic commutators on X, their weight
wt, and the ordering among them as follows:

(1) The elements of X are basic commutators of weight one, ordered according
to the total order previously chosen.

(2) Having defined the basic commutators of weight less than n, the basic
commutators of weight n are the ¢, = [¢;, ¢;], where:

(a) ¢; and ¢; are basic commutators and wt(c;) + wt(c;) = n, and

(b) ¢ > ¢j, and if ¢; = [cs, ¢¢] then ¢; > ¢4.

(3) The basic commutators of weight n follow those of weight less than n. The
basic commutators of weight n are ordered among themselves lexicographically;
that is, if [b1,a1] and [bs, as] are basic commutators of weight n, then [by,a;] <
[ba2, as] if and only if by < by or by = be and a; < as.

The next two theorems are vital in our investigation.

Theorem 1.2. (Hall, 1959). Let F = (x1,xa,...,24) be a free group, then

G

7n+i(F)

1s the free abelian group freely generated by the basic commutators of weights n,n+
1,...,n+i—1 on the letters {x1,..., 24}

Theorem 1.3. (Witt Formula). The number of basic commutators of weight n
on d generators is given by the following formula:

1
n(d) = = a’m
Xnld) = = 3 )/,
where pw(m) is the Mobius function, which is defined to be

1 if m=1,
pim)=< 0 if m=p"...pp* Ja; > 1,
(=1 if m=pi...ps,

where the p;, 1 < i < k, are the distinct primes dividing m.

Proof. See Hall (1959). O

2. The structure of M., 1 M(Z Yook 7)

In this section we obtain an explicit structure for the (¢, 1,...,1) polynilpotent
multiplier of a free nilpotent group. The method we use to determine the explicit
structure of the mentioned Baer invariant is described in the following.
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Let G be a free nilpotent group of class n and rank m, so G has the following
free presentation

1= Y1 (F) = F =G —1,

where F' = (1, ...,Zy | @) is the free group generated by the set {x1, -+, zm}. It
can be shown that G 2 Z % --- ¥ 7., where Z ¥ % Zis an n— nilpotent product
of m infinite cyclic groups. Assume that G° = 7.,1(F) and G* = [G"!, G'1] for
each 1 < i. Since 2n — 2 < ¢ we have v, 1(F) N G* = G*. Therefore

'Yn—&-l(F) NG’ G

N M(G) = . = —
c’u ( ) ['yc+n+1(F)7G07"'7Gl_1} [’76+n+1(F)7GOa"'7G1_1]

i—times
Now in order to compute the quotient group

Gz’
[’Yc—}-n—}-l(F), GO? L) Giil]

we introduce suitable sets of basic commutators; A, B say; with the_ properties
G' = (A) (mod [Yeqnt1(F),G°, ...,G"7Y) and [yeins1(F), G, ...,G"71] = (B)
(mod ~i(F)) for some k € N and AN B = (). This implies

Gi
[’70+n+1(F>7 GO7 ) Gi_l]

to be the free abelian group on the set
A= {afyerns1 (F),G°,...,GYja € A},

To do this some preliminary concepts and theorems are needed which are listed
below.

Lemma 2.4. With the above notations, if n — 1 < ¢ then
G C Pesnia (F), GO, G2 C Gi™,
Proof. Straightforward. O

The following definition and theorem gives the first set of basic commutators
which have claimed to introduce.

Theorem 2.5. Let Vi be the set of all basic commutators on X of weights ¢ +
1,---,c+n. LetV; is defined and its elements proved to be basic commutators
on X, define Viy1 = {[a,b]|a,b € Vi,a > b}. Then each element of V; is a basic
commutator on X.
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Proof. The proof follows by induction on 7. For ¢ = 1 see [10, Lemma 2.2]|. Let v; 41
be an element of V; 1, so v;41 = [a,b] in which a,b € V; and b < a. By induction
hypothesis both a and b are basic commutators on X. Also, if a = [a1,as] then
as € V;_1 thus ag < b. O

The following theorem shows the importance of the sets V;.
Theorem 2.6. Ifn—1 < c then
G = (V) (mod [Yeyni1(F),GY ..., GI71)).
Proof. We use induction on 4. For i = 1 see [10, Lemma 2.3]. Let a be a generator
of G, so a = [a,b] in which a,b € G*~1. Induction hypothesis implies that
a=aS".. . atu , b=0b{" by

in which a;,b; € Vi_1,aj, B = £1 and p1,1 € [Yepnt1(F), G, ..., G72].

Now a simple computation shows that o can be written as a product of elements
of the forms ([a;, bi]/*) %, ([aj,n)")%, ([, bg]9% )Pk and [, n]' where A\ = ;B
and fjr, hj, gk, € G'1. By Lemma 2.4, it is easy to see that

[aj, bk, fi], [ag,m), [ i), [, m) € Mepnia (F), G0 ..., G
Therefore a = Hj’k[aj, be)i* (mod [Yesnsr (F), GO, ..., Gi7Y)). 0

Now the set B can be introduced. In fact we introduce some sets of basic
commutators, U; for which the following holds.

Yetrnt1(F), GO, ..., G C(U;) (mod Yaicyainiei (F)) and U; N'V; = 0.

In order to attain such sets we prove the following lemmas from which the first
one is in [11].

Lemma 2.7. Let

W ={la,b] | a and b are basic commutators on X such that
c+n+1<w(a), c+1<wb), wla)+wb) <2c+2n+1}.

If 2n — 2 < ¢, then
(i) every element of W is a basic commutator on X,

(1) Netnt1(F),verr () = (W) (mod 7acianta(F))-

Lemma 2.8. There exists a set of basic commutators on X,U; say; with

[’yc+n+1(F)7fYc+1(F)7 s 7’72i*1c+2i*1(F)] Cc <Uz> mOd(fYZic+2in+2i (F))

Proof. This is also done by induction on 4. For i = 1, let Uy = W. Let a be
a generator of [Yeqnt1(F),Yer1(F), ..., Yai-1cp2i-1(F)], so @ = [a,b] in which
a € [Yernt1(F)yYer1(F), ... ,’}/21—2C+2i—2(F)} and b € 7ygi—1.y9i-1 (F). Induction
hypothesis implies that ¢ = u{*...u% p, in which u; € U;_1,0; = £1,p €
Yoi-1ot2i-1n12i-1(F'). By Hall’s Theorem we have
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b= bPey and =it vt A,
in which b, and v; are basic commutators on X, such that
92i=1¢ + 211 < w(by) < 27 1e + 2in + 201,
271l 4 2071 + 2071 < w(vy)) < 27 te + 2in + 21,

and 1 € Y2i—1cq2ip42i-1 (F) and \ € Y2i—1c4-2in42i (F)
Therefore [a,b] = [u® ... u® v .. 0\ .. b8 y). By using commutator
manipulations, it is easy to see that

[a,b] = Hj,k[uj, by Pk Hz,k[”lv bi]Pk (mod Yaicpinyai (F)).
With respect to the recent relation, if let

L ={l]1l1is a basic commutator on X such that
2 1le 217 <w(l) < 207 e + 20 4+ 2071,
V = {v | v is a basic commutator on X such that
2i=1e 42171 + 2071 < w(v) < 207 1e + 20n + 273,
M = {[uj, ]* | u; € Ui—1,1 € Lyw(uj) + w(l) < 2'c+ 2'n 4 2°
and
a =1if | <u; otherwise a = —1},
N ={[v,]] |veV,l e Lw)+wl) <2ic+ 2in+ 2%},

and U; = M U N. Now it is enough to show that every element of U; is a basic
commutator on X. Let [v,]] € N. Then v > [ and also if v = [vy,v9] then
w(vy) < fw(v) < $(27 e+ 2in 4+ 2%) < 277 1e + 2771 < w(l). So each element
of N is a basic commutator on X. Now we prove the claim for M. First assume
that u; > [ and w; = [a,b], it is enough to show that w(b) < w(l). But w(b) <
tw(u;) < 3(27Te 4207 In+2071) <207 1e 42071 < w(l). Similarly the case | > u;
can be checked. O

Lemma 2.9. With the above notations and assumption, U; N V; = (.

Proof. This is also done by induction on i. Clearly U3y N'V; = (. Let a be an
arbitrary element of U;. If a € M, since U;,_1 N V;_1 = ), then a # v; for each
v; € Vi Thus ANV; = 0. Clearly N NV; = (), therefore U; N V; = 0. O

It is clear that
[’YchnJrl(F)a G07 ceey Gi_l] c [’Yc+n+1(F)7lyc+1(F)7 ceey Y2imlegit (F)]7
therefore we have proved the following theorem.

Theorem 2.10. There exists a set of basic commutators on X,U; say; with
Yeirnt1(F), GO, ... G C(U;) modulo YVaicpinioi(F), and U; NV, = 0.
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We are now ready to prove the main result of this section. Note that &,
the variety of solvable groups of derived length at most [ is in fact the variety of
polynilpotent groups of class row (1,...,1).

——

l—times

Theorem 2.11. Let G be the group Z ¥ oo % Z the nth nilpotent product of m
copies of Z, then
Dz

p
k=1

1%

Ne1,...,1M(G)

in which p = xa(. .. (XQ(Z;-Lzl Xetj(m)))...) . In particular
—_——

i—times
eMzZo---0z) =z

where t = x2(...x2(m)...).
—_——

l—times

Proof. We have proved that
Gi = <Vvl> (HlOd [FYC+7L+1(F)7GUa"'aGiil])'

It is easy to see that |V;| = p, so it is enough to show that V; is linearly independent.
Let >~ a;v; = 0, in the group N1, 1 M(G) where v; € V; and «; € Z. There-
fore Y- ajvj € Yetnt1(F),GY, ..., G, Considering Theorem 2.10, we have
Zajvj = Zﬁjuj (mod Yaicyoinioi (F)),

for some u; € U; and B; € Z. So Y. a;v; — Y. Bju; = 0. On the other hand
V; NU; =0, and also V; U U; forms a part of a basis of the free abelian group

V2ic421 (F)
VY2ic42in42¢ (F)
Therefore a; = 0 and the result holds. O

The above theorem generalizes the work of [11].

3. The structure of M1 1M (Z, % Zs)

In this section, using the results of section 2, we can find a formula for the Baer
invariant of an nth nilpotent product of two finite cyclic groups under some condi-
tions, with respect to the variety of polynilpotent groups of class row (c,1,...,1).
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Let

1= @V s R =@ —Z.=(x|z"=1) =1

and
L= ()Y s R=(y) = Z,=(y|y =1) =1

be free presentations for Z, and Z, respectively. Clearly

1—>R—>F—>Z,.:Zs—>1

is a free presentation for Z, ¥ Zs, where
F=FxF , S = (z",y*)F and R = Sv,41(F)
Now put pe41(S) =[S, o F]. It is easy to see that

SYns1(F) NG

N1 [SYns1(F),. F,GO, . . Gi-1]’

, ,...,1]\/-[(27’Z"LZS)g
——

i—times

in which G° = 7,41 (F) and G* = [G*~!, G*~!] for each 1 < i. On the other hand
[57n+1(F)7 c F7 G07 RS} Gi_l} = [pC+1 (S)? G07 ey Gi_l][’yc+’ﬂ+1(F)7 GO7 sy Gi_l}?

also Y11 (F) NG =G if 2n — 2 < c.
Replacing the recent relations in the above formula we get:

n Gi/[’76+n+1(F)vG07""Giil]
N M(Z, x Zg) = : —
WL M ) S d (), GO, G ) einia (F), GO, G )

i—times
In the previous section we showed that
Gi
['Yc—&-n-‘rl(F)a GO7 EERE} Gi_l]

is a free abelian group of rank x2(| Vi—1 |), where V; is defined in Theorem 2.5.
One notes that the main problem is to determine the structure of the factor group

[Pc+1(S)Vc+n+1(F)7 GO’ .. ) Giil]
[70+n+1(F)7 GO? AR Gz_l]

In order to find this structure, we need some notations and lemmas.
The following lemma has an important role in this section.
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Lemma 3.12. Let D be the set of all dth powers of the basic commutators in Vj,
in which Vg be the set defined in Theorem 2.5. Then we have

pey1(8) = (D) (mod erni1(F)),

for each r,s and n in which satisfy in the following conditions.

If n =1 then r and s are nonnegative integers.
If n =2 then r and s are odd .
If n = 3,4 then r and s should not be divisible by 2 and 3.

Lemma 3.13. With the above notations

[pet1(S)Vetn+1(F), Yer1 (F)] = (B1)  (mod [Yesnt1(F), Yer1(F)]),
where By = {v? |v € V1 }.

Proof. Let a be a generator of [pet1(S)Vetn+1(F), Yet1(F)], so a = [a, ] in which
a € per1(S)Vernt1(F) and b € y.11(F). Lemma 3.12 and Hall’s Theorem 1.2 imply
that @ = af*...a% p and b = bfl ...b%n, where aj € D, b, € Vy, aj,Br = %1
and p, 1 € Yepn+1(F). But one can see that

[a,6] = [Tlaj bkl (mod Pegns1(F), verr (F)),
7.k

in which €, = ;8. Now since a; € D then there exists v; € Vj such that a; = v?.
On the other hand [vf,by] = [vj,br]* modulo [yen41(F), Yer1(F)]. Therefore
la,b] = I, 1 (v, br]?)e* modulo [Yeint1(F),Ver1(F)], and the result holds. [

Theorem 3.14. With the above notations,
[Per1(S)Vernt1(F), G .G = (Bi) (mod [Yeyns1(F),G%,...,G")),
in which B; = {vd | v; € V;}.
Proof. We use induction on i. For ¢ = 1 follows from Lemma 3.13. Let
(et 1(S)Verni1(F),G%...,G"7? = (B 1)

modulo 4
[Vc+n+1(F)a GO’ SRR Gl_z]'

For the claim, we first show that

[Pet1(S)Vernt1(F), G, G7Y = (L) (mod [Yeyni1(F), G, ..., GI1)),

where L; = {[b,¢] | b€ B;_1,c € V;_1}. Then we prove that
(L;) = (B;) modulo [Yein+1(F),GO ..., G"1.
Let A be a generator of [pet1(S)Vesnt1(F),G%...,G"71], so A = [a, ] such
that o € [pes1(S)Vesns1(F), G ...,G""2] and B € G~ L.
By induction hypothesis and Theorem 2.6, we have
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a=>b"...b0n and B=cr. ..
in which b; € Bi_1, ¢x € Vi_1, oy, B8, = %1 and p1,1 € Yeqn1(F), G, ..., G2].
Using Lemma 2.4, it is routine to show that
A= o) = [[ by e (mod [yesnsa(F),GO,..., G 1),
Jok
where €5, = a;8k. Therefore

[’Yc+n+1(F)7GOv---aGi71] <L1> (mOd [76+n+1(F)aGO,...,Giil]).

Now, suppose that [ € L;, thus [ = [b, ¢] such that b € B;_1, and ¢ € V;_1. Since
b € B;_1 then there exists ¢y € V;_1 such that b = cg. But

[Cgac] = [CO7C]d (mod [%+n+1(F),G0, N '7Gi71]).
Therefore (L;) = (B;) modulo [Yeyny1(F),GO,..., G =

The following corollary can be deduced from Theorems 2.10 and 3.14 and has
a similar proof of Theorem 2.11.

Corollary 3.15. With the above notations, if 2n — 2 < ¢ then

[per1(8)Verni1(F),GY, .. g Gi—1]
etnt1(F),GO,...,G] 7

18 a free abelian group with the following basis
Bi = {bjlyernt1(F), G ...,G" '] | b; € Bi}.
Now the following interesting results can be deduced.

Theorem 3.16. Let r and s be arbitrary positive integers. Then for any ¢ > 1

N1, AM(Zr XLs) 2Za® ... ® Ly (x2(. .. x2(Xet1(2)) . ..) — copies),
in which d = (r,s). In particular if | > 1
S M(Z, x Zs) = (1),
where &y is the variety of all solvable groups of derived length at most l.

Proof. We know that

1 G?
N M(Z, x Zg) = —
oo A ) S P, 60, .G ]

i—times
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On the other hand Z, x Z; = Z, ¥ Zs, therefore using Theorem 2.10 and Corollary
3.15 we have

70... .07 P
N1 AM(Zex 22— = (P,
, d7. & ... d7Z et

i—times

Theorem 3.17. If (r,s) = 1 then for any 1 <n and 2n — 2 < ¢ we have

N1, AM(Ze % Z) = (1)
N—_——

i—times

Proof. If (r,s) = 1, then we have Z, ¥ Zs = 7, ¥ Zs (for this isomorphism see
[10]). Therefore

Nep, AMZ % Z) =N 1 1 M(Z, *Z,)
Now Theorem 3.16 gives the result. O
Using Theorem 2.11 and Corollary 3.15, we obtain the following theorem.

Theorem 3.18. Using the notations at the previous sections,
(i) For any odd integers v and s , and all ¢ > 2

2
2 .
N1, AMZ*Z) 2 Zg& ... ®Za (X2 x2(D Xeri(2)) .. ) — copies).
T’_/ i—times =1

(ii)For all non negative integers r and s , which are not divisible by 2 and 3 , then

——

i—times i—times

3
3 .
Nt AMZr +2s) 2 Z2a® ... 6Ly (x2(- .- xal g Xe+i(2))...) — copies),
’ ——

where ¢ > 4 and

4
4 .
Nt AM(Zr % Z0) = Za® ... & Za (X2 x2(D_ Xeri(2))...) — copies),
i—ti , 1—times =1
where ¢ > 6.
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