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Seidel Integral Complete Split Graphs
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Abstract

In the paper we consider a generalized join operation, that is, the H-join
on graphs where H is an arbitrary graph. In terms of Seidel matrix of graphs
we determine the Seidel spectrum of the graphs obtained by this operation on
regular graphs. Some additional consequences regarding S-integral complete
split graphs are also obtained, which allows to exhibit many infinite families
of Seidel integral complete split graphs.
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1. Introduction

All graphs considered here are simple and undirected. The vertex set of a graph
G is denoted by V(G) and the edge set by E(G). If e € E(G) has end vertices u
and v, then we say that u and v are adjacent and this edge is denoted by wv. A
graph G is called p-regular if every vertex has the same degree equal to p.

For a graph G, let M = M(G) be a graph matrix associated with G. The
M-polynomial is defined as Py (G, x) = |xI — M|, where I is the identity matrix.
The M-eigenvalues are the roots of the M-polynomial, and the M-spectrum of G,
denoted also by Specys (G), is the multiset consisting of the M-eigenvalues. If the
eigenvalues are all integers, then the graph G is called M-integral. If we consider
A(G) (adjacency matrix), we say A-eigenvalues, A-polynomial, A-spectrum. A
graph is called integral if its spectrum consists entirely of integers. The research
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for integral graphs started already in 1974 [9] and has continued to this day so far.
A survey of integral graphs is given in [2]. It has been discovered recently (see for
example [1]) that integral graphs can play a role in the quantum spin networks of
quantum computing.

If we consider a matrix L(G) = D(G) — A(G) instead of A(G), where D(G) is
the diagonal matrix of vertex-degrees in G, we get the Laplacian eigenvalues and
the Laplacian spectrum, while in the case of matrix Q(G) = D(G) + A(G) we get
the signless Laplacian eigenvalues and signless Laplacian spectrum. Similarly, if
we consider a distance matrix instead of A(G), we get the distance eigenvalues
and distance spectrum. A graph is Laplacian (resp. signless Laplacian, distance)
integral if its Laplacian (resp. signless Laplacian, distance) spectrum consists
entirely of integers. For connections between adjacency, Laplacian resp. signless
Laplacian spectral theories see [5]. Some interesting results on Laplacian (signless
Laplacian and distance) integral graphs have been found in [5, 7, 10, 11, 14, 15,
16, 17].

Similarly, if we consider a matrix S(G) = Juxn — In — 2A(G), where J,,x,, is
the n x n matrix with all entries equal to 1, we get the Seidel eigenvalues, the
Seidel spectrum and the Seidel characteristic polynomial Ps(G,z) = |zI, — S(G)]
of the Seidel matrix of G. Although the Seidel matrix has been investigated in a
number of books and papers, the Seidel integral graphs had been studied in a few
papers so far [12, 13, 15, 18, 20, 21|, dealing mostly with complete multipartite
graphs. Throughout the paper the corresponding characteristic polynomials are
denoted by Ps(G, ) = |xI, — S(G)|. We denote the Seidel spectrum (multiset of
eigenvalues) of a square matrix S by {)\gsl), ceey Algm) }, where (s;) is the multiplicity
of the eigenvalue A; for 1 < ¢ < m. A graph G is S-integral, if all the eigenvalues
of its S—polynomial are integers.

Let G; = (V4,Eq) and Gy = (Vi, E3) be undirected graphs without loops or
multiple edges. The union G U G of graphs G and G is the graph G = (V, E)
for which V = VUV, and E = E1UFE,. The notation nG is short for GUGU...UG.
The complete product G; V G5 of graphs G; and G» is the graph obtained from
G1 UG> by joining every vertex of G; with every vertex of G3. The sum G + G»
of graphs G and G is the graph with the vertex set V(G1) x V(G3) in which two
vertices (u1,uz) and (v1,v9) are adjacent if and only if uy = vy and (ug,v2) € Es
or ug = vy and (ug,v1) € Ej. Further, let K,, denote the complete graph on n

vertices, and let K,, denote the graph with n vertices and no edges.

In 2002, Hansen et al. [8] characterized integral graphs in the classes of split
complete graphs, whose definitions are recalled below. Note that he used G1 VG,
instead of G1 V Gs.

For a,b,n € N, we have the following classes of graphs:
e the complete split graph CSf = K, V K;
e the multiple complete split-like graph MCSy', = K,V nKy;
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e the extended complete split-like graph EC'S¢ = K, V (K}, + @;
e the multiple extended complete split-like graph MECSY, = K,V n(Kp + Ks).

In 2010 Freitas et al. [7] gave the characterization of signless Laplacian inte-
grality of those classes of graphs. From [11, 14] it follows that every graph of those
classes is Laplacian integral. In [17] the characterization of distance integrality of
those classes of graphs is given.

The reminder of this paper is organized as follows. In part 3 we determine the
S-spectrum of the H-join of regular graphs and some results on S-integrality of
these graphs. In part 4 we apply these results to S-spectrum and S-integrality of
the families of complete split graphs, multiple complete split-like graphs, extended
complete split-like graphs and multiple extended complete split-like graphs. These
results allow us to exhibit many infinite families of Seidel-integral graphs.

2. Preliminaries

In [6] the following result, which is known as the Fiedler’s lemma, was obtained.

Lemma 2.1. ([6]) Let A and B be symmetric matrices of orders m and n,
respectively, with corresponding eigenpairs (ai,ﬁz), 1 =1,2,...,m and (Bi,ﬂ),

i =1,2,...,n, respectively. Suppose that ||ui]| = ||o1]| = 1. Then, for any p, the
matrix
o (A puivi”
~ \ poiwi?T B

has eigenvalues «aaq, ..., um, B2, ---, Bns V1, Y2, Where 71, v2 are the eigenvalues of the

matrix
- o p
C = .
( p B )

Note that the results based on Lemma 2.1 were applied for computation of
graph energy.

In [19] H-join of graphs G4, G, ..., Gk, where H is an arbitrary graph of order
k, is defined as follows.

Definition 2.2. [19] Let H be a graph with V(H) = {1,2,...,k}, and G; be
disjoint graphs of order n; (i = 1,2,...,k). Then the graph Vy{G1,Ga,...,Gy} is
formed by taking the graphs G1, G, ..., Gi and joining every vertex of G; to every
vertex of G; whenever ¢ is adjacent to j in H.

Note that if H = P, then the Ps-join of graphs G; and G is Vp,{G1,G2} =
Gl V GQ.
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In [3] the following generalization of the Fiedler’s lemma was given.

Definition 2.3. ([3]) For j € {1,2,...,k}, let M; be an m; X m,; symmetric
matrix, with corresponding eigenpairs (arj,@), 1 < r < mj. Moreover, for
ge{l,...,k—1}and ! € {g+1,...,k}, let py; be arbitrary constants. Let & be
the k-tuple

a= (aihl?"'?aimk)v (1)
where «;; ; is chosen from the elements of {av j, ..., m, 5}, With j € {1,...,k}.

k(k—1)
2

Then, considering an arbitrary -tuple of reals

p= (p1,27p1,3a vy Plks P2,35 -++5 P2,k --~>Pk71,k)7

we define the symmetric matrices

— —
M,y P1,2U5, 1 Uiy 5 e P1EWG 1 UGy
——T T
R P1,2Uip 205 1 Mo o P2, kWi Uiy f;
Ca(p)=1] . . ) (2)
— s — s
P1kWig Wiy 10 P2,kWig Wiy 2" ... My
and
Qi1 P1,2 e PLE
~ P12 Q2 ... P2k
Calp)=1| . : (3)
P1.k P2,k ce Oy ke

Theorem 2.4. [3| For j € {1,2,...,k}, let M; be an m; x m; symmetric matrix,
with corresponding eigenpairs (a;, u_T;) Vr e I; ={1,2,...,m;} and suppose that
for each j the system of eigenvectors {u—r;},r € 1I;, is orthonormal. Consider

k(k—1) ~
a —5—-tuple of scalars p = (p1,2,01,3, -, P1,k+ 02,3, -+, P2,k - Pk—1,k) and the
k-tuple & = (a4, 1., 4, k) defined in (1). Then the matrix Cz(p) in (2) has

the multiset of eigenvalues (U?Zl{am, ooy Qi b — ;1) U A1, i}, Where

Y1, ...,k are eigenvalues of the matrix Cx(p) in (3).

The following Lemma is given in [4].

(A A
(0 a)
be 2 x 2 block symmetric matrix. Then the eigenvalues of A are those of Ag + A
together with those of Ag — A;.

Lemma 2.5. [4] Let
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3. Seidel-Spectra of H-Join of Regular Graphs

For arbitrary graph H with V(H) = {1,2, ..., k} , considering the H-join of regular
graphs, Vg {G1,Ga,...,G}, where G; is a r;-regular graph of order n;, we define

ni—2r;—1, i=7j;

Cs(H) = —/nang, ij € E(H);
VTing, otherwise.

(4)

Theorem 3.1. Let H be a graph with V(H) = {1,2,...,k}, and G, be an r;-
regular graph of order n;(i = 1,2,...,k). If G = Vg{G1,Ga,...,Gi} then

k

Specs(G) = (U(SpecS(Gi) —{n; —2r; — 1})) U Spec(Cs(H)), (5)
i=1
k
Pa(G.a) = P(Cs() [[ 2050 )

=1
Proof. Let M; = S; be the Seidel matrix of tﬁm—regular graph G; of order n; for
i€{1,2,...,k}. Each pair (n; — 2r; — 1, \/%17,1) is an eigenpair of M; = S;. Let

(/Jé\ = (ail,la ...,Oéi,mk) = (nl — 27“1 — 1, ey N — 2’/“1C — 1)

and
p= (01,27171,37 vy PLks P2,35 -+ P2,k ---,Pk—l,k-)
such that for ¢ € {1,..,k—1} and l € {¢+ 1, ..., k},

_ o _ [ —ymgu, dl€E(H);
Pql = Plg = Narae otherwise.

(7)
Then using (3)
Q1 P1,2 - PLE
~ p172 ai2,2 pg,k
Ca(p) = . o =Cs(H). (8)
PLk P2k - Qipk

_>
From definition of p,; and eigenpairs (n; — 2r; — 1, \/%71,”) of S; follows that

Ca(p) = (Cij)rxr, with 9)
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Si i = j;
Ci; = _Jnanj, ij € E(H);
Jnixngs otherwise.

Hence C5(p) = S(G). Now, using Theorem 2.4, the matrix S(G) has eigenvalues
consisting of those of Cs(H) and those of S;, except for n; — 2r; — 1 for ¢ €
{1,2,...,k}. a

The following corollaries of the Theorem 3.1 are useful for the S-spectra of
complete split graphs.

Corollary 3.2. Let H = K1, be a graph with V(K7 ,,) = {1,2,...,n+1}, and G;
be an 7;-regular graph of order n; (i = 1,2, ...,n+1). If G = Vg, , {G1,G2, ...,Gri1}
then

n+1
Spees(G) = (| (Spees(Gi) = {ni — 2r; — 1})) U Spee(Cs (K1,0)), (10)
i=1
ie.
n+1
Ps(Gi,Jﬁ)
P, =P K _— 11
(G, x) = P(Cs( 1,,1)>24]=I1 P R (11)
where
ny — 27"1 —1 —4/M1M2 e /MM 41
—4/MN2M71 ng — 27’2 -1 .. A/ 2Mp 41
Co(Kin) = | . : . . (12)
=M1l /M1 oo Mpy1 —2rpy1 — 1

Corollary 3.3. Let H = P, be a graph with V(P2) = {1,2}, and G; be an
ri-regular graph of order n;(i = 1,2). It G = Vp,{G1,G2} then

Specs(G) = U2, (Specs(Gy) — {n; — 2r; — 1})) U Spec(Cs(Py)), (13)

Ps(Gl, x)Ps(GQ, .1‘)

Ps(G,z) = P(Cs(P)) ( —n1+2r1 +1)(x —n2 +2rp + 1)

(14)

where

o ny — 27"1 -1 —4/M1M2
CS(PQ) o ( —4/MN2MN1 Ng — 27’2 —1 ) ’ (15)
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Corollary 3.4. Let G; be a S-integral r;-regular graph of order n;. Let G =
Vi, ,1G1,Ga,...,Gni1}. Then G = Vi, {G1,Ga,...,Gny1} is S-integral if and
only if Cs(K ) has only integral eigenvalues.

Corollary 3.5. Let G; be a S-integral r;-regular graph of order n;(i = 1,2). Let
G =Vp,{G1,G2}. Then G = Vp,{G1, G2} is S-integral if and only if

22+ [2(r1 +ro4+1) = (ny4no)]z+ (ra —n2) (2r1 +1) + (r1 —n1) (2ra + 1)+ (r1 +ro +1)
(16)

has only integral roots.

Proof. From S-integrality of G; , (i = 1,2) it follows that G = Vp,{G1,G2} is

S-integral if and only if (14) has integral eigenvalues. Hence

r—ny+2ri+1 /nins

24 [2(r1 +ro+1) = (ng+ng)]z+ (rg —n2) (2r1 +1) 4 (r1 —n1 ) (2rg + 1)+ (r1 +r2 4+ 1).
O

4. Application to Seidel Integral
Complete Split Graphs

Let CS¢ = K, V K}, be a complete split graph. The following theorem gives the
S-polynomial of this graph.

Theorem 4.1. Let CSy = K, V K, be a complete split graph. Then, the S-
polynomial of C'S¢ is Ps(CS¢, ) = (v +1)" Yz — 1)1 (22 + (b—a)z — 2ab+a+
b—1).

Proof. From (14) of Corollary 3.3 we have Ps(CSy, z) = W P(Cs(P)),

where

Cs(Py) = < e :;/fbl >

Because of Ps(K,,r) = (z+1)*" Yz —a+1), Ps(Kp,z) = (z—1)°"Y(x+b-1)
and P(Cs(P),r) = (22 + 2(b—a) — 2ab+ a + b — 1), we have the proof. O

Corollary 4.2. Let CS¢ = K, V K}, be a complete split graph. Then CS{ is S-
integral if and only if (a+b)2+4(a—1)(b—1) is a perfect square and its S-spectrum

a— a—bt4/(a+b)2+4(a—1)(b—1)
is {( )( 1) 1(b 1) \/ 3 }
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Proof. Using Theorem 4.1, C'S# is S-integral if and only if 22 +z(b—a)—2ab+a+b—
a—bxy/(b—a)2—4(—2ab+a+b—1)
2

1 = 0 has integer zeros, from which follows that z; 2 =
_a—bty/(a+b)2+4(a—1)(b—1)
= 2

are integers. So (a + b)? +4(a — 1)(b— 1) has to be a
perfect square. O

The following Corollary gives sufficient conditions for a complete split graph
CS} to be S-integral.

Corollary 4.3.

1. Leta=t,b=2t>—5t+3 or b=t,a = 2t> — 5t + 3. Then CS¢ is S-integral
for any t € N,t > 1.

2. Leta=t,b=(t—2)> or b=1t,a = (t —2)%. Then CS{ is S-integral for any
te N,t>2.

3. Let a=14+2t,b =343t or b=1+2t,a =3+ 3t. Then C'S} is S-integral
for any t € N.

4. Let a=2+2t,b=1+3tor b=2+2t,a =1+ 3t. Then CS} is S-integral
for any t € N.

Proof. For case 1, it is easy to verify that (a + b)? + 4(a — 1)(b — 1) = s? for
s = 2t2 — 2t — 1. Similarly, for case 2, s = (t + 1)(t — 2), for case 3, s = 7t + 4, for
case 4, s = Tt + 3. 0

Let ECSy = K,V (Kp + K3) be an extended complete split-like graph. The
following theorem gives the S-polynomial of this graph.

Theorem 4.4. Let ECS? = K, V (K, + K») be an extended complete split-like
graph. Then, the S-polynomial of ECS? is Ps(ECS¢,x) = (x + 1)*T0=2(x —
3Nz +2b—3)(z* + z(2—a) — 2ab— a + 1).

Proof. From (14) of Corollary 3.3 we have Ps(ECS}, z) = PS(%’—zzsz)((liﬁf(zm) '
P(Cg(P2)), where

Cs(P) = < (i?/;E :1/% ) :

We know that Ps(K,,z) = (v +1)* 1(x — a + 1). Using Lemma 2.5 for the
matrix

S(Ky+ K3) = ( Ky K= )

Ky—1, —K,

we have Ps(Kp + Ko, z) = (2 + 1)(x — 3)>7! (2 + 2b — 3). Since P(Cs(P2),z) =
(2% + (2 — a) — 2ab — a + 1), we have the proof. O

Corollary 4.5. The graph ECS¢ is S-integral if and only if a® + 8ab is a perfect
square and its S-spectrum is {(—1)(@+b=2) 3(b=1) 3 _ 9p a=2EVa?+8ab V2‘12+8“b}.
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Proof. From Theorem 4.4 follows that EC'S{ is S-integral if and only if P(C's(P»), x)
=224+ 2(2 — a) — 2ab — a + 1 has only integral eigenvalues, which is if and only
if 19 = a=2+va*+8ab V2‘12+8“b are integers, from which follows that a? + 8ab has to be a
perfect square. O

Corollary 4.6. The graph ECS¢ = K, V (Kp + K») is S-integral if and only
if there exist integers k,p and ¢ such that either (a,b) = (2kq?, k(p*> — ¢°)/4) or
(a,b) = (k(p — ¢)* kpq/2).

Proof. From Corollary 4.5, the necessary and sufficient condition for ECS}y to
be S-integral is that, for some integer r, a? + 8ab = r2. This is equivalent to
(a + 4b)% = r? 4 (4b)? showing that r,4b,a + 4b form a Pythagorean triple. By
Euclid’s formula there exist integers k, p, ¢ such that either r = 2kpq, 4b = k(p? —
q®),a+4b = k(p? + ¢®) or v = k(p? — ¢%),4b = 2kpq,a + 4b = k(p* + ¢?), from
which either (a,b) = (2kq?, k(p* — ¢*)/4) or (a,b) = (k(p — q)?, kpq/2). O

Let MCSy,, = K,VnKj be a multiple complete split-like graph. The following
theorem gives the S-polynomial of this graph.

Theorem 4.7. Let MCSy,, be a multiple complete split-like graph. Then, the
S-polynomial of MCSy, is Ps(MCSy,,z) = (z 4+ 1)* ! (z — )= (g + 2b —
1) Y(2? — 2(a +nb — 2b) + a — 2ab — nb + 2b — 1).

Proof. From Corollary 3.2 Ps(MCS¢, ,x) = W~P(CS(KL”), where

b,n? (z—a+1)(z+b—1)"
a—1 —Vab ... —Vab
—Vab —b+1 .. b
Cs(Kin) = : : s
—Vab b o —b+1
Hence
r—a+1 b .. b
a r+b—-1 ... —=b
P(Cs(Kin)) = : : Co -
a —b .. z+b—-1

=(x+2b—1)"" 2? — 2(a +nb—2b) +a —2ab—nb+2b—1).
Because of Ps(K,,z) = (x 4+ 1) Y(z —a +1) and Ps(Kp,z) = (x — 1)>"}(z
+b— 1), we have the proof. O
Corollary 4.8. The graph M C'Sy,, is S-integral if and only if (a+bn)?+4(ab—a—

b2n+b%+bn—2b+1) is a perfect square and its S-spectrum is {(—1)(e=1) 1(nb=n),

(1 _ 2b)(n_1), a+b(n72)i\/(a+bn)2+4(2abfa7b2n+b2+bn72b+l) }
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Proof. Using Theorem 4.7, Ps(MCSy,,, x) have integer zeros if and only if % —
z(a 4+ nb — 2b) + a — 2ab — nb + 2b — 1 = 0 has integer roots. Since the roots are

T = a+b(n72):|:\/(a+bn)2+4(2ab7a7b2n+b2+bn72b+1)7 (a+bn)? + 4(ab — a — b*n +

b2 4+ bn — 2b + 1) has to be a perfect square. O

The following Corollary gives sufficient conditions for M CSy,, to be S-integral.

Corollary 4.9. 1. Let a = (n — 1)t,b =t + 2. Then MCS}, is S-integral for
any n,t € N,n > 1.

2. Let a= (n— 1)t +1,b=t. Then MCSy,, is S-integral for any n,t € N.

3. Let a =n+(n—1)tb=1t+1 Then MCSy, is S-integral for any
n,t € N,n > 1.

4. Let a=(n—1)+ (n—1)t,b =t +3. Then MCSy, is S-integral for any
n,t € N,n > 1.

5 Leta=1+(n—1)t,b=1+ (n+ 1)t. Then MCSy,, is S-integral for any
n,t € N.

6. Leta=(n—1)+(n—1)tb=2n+2+ (n+1)t. Then MCS{, is S-integral
for any n,t € N,n > 1. 7

7. Let a = 2+2nt,b = 14+ (n+2)t. Then MCSy  is S-integral for any n,t € N.

8. Let a=n+2nt,b=n+2+ (n+2)t. Then MCSy , is S-integral for any
n,t € N.

Proof. For case 1, it is easy to verify that (a+bn)?+4(ab—a—b*n+b?+bn—2b+1) =
(2nt +2n —t —2)2. Similarly, in case 2, (2nt —t+1)2, in case 3, (2nt +2n —1)2, in
case 4, (2nt+4n—t—3)2, in case 5, (n*t+n+t+1)2, in case 6, (n?*t+2n%—n+t+1)2,
in case 7, (n®t + 2nt +n + 4t + 2)?, in case 8, (n?t +n? +2nt +n+ 4t +2)%2. O

Let MECS), = K,V n(Ky, + Ks) be a multiple extended complete split-like
graph. The following theorem gives the S-polynomial of this graph.

Theorem 4.10. Let M ECS;}W be a multiple extended complete split-like graph.
Then, the S-polynomial of MECSy,, is Ps(MECSy,,,x) = (x4 1)@tnb—n=1(y
3)M=D (2 4-2b—3)"(x+2b+1)" 1 (2® — x(a+2nb—2b—2) — 2ab—a —2nb+2b+1).

Proof. From Corollary 3.2, Ps(MECS}, ,z) = PS(Ki‘zfjgf%(éitfi%x))” -P(Cs(K1,n)),

where

a—1 —V2ab ... —+v2ab

—v2ab -1 .. 2b
Cs(Kin) = : : Co
—v2ab 2b oo =1

Hence
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r—a+1 2b .. 2b

a z+1 ... —=2b
P<CS(K1,n)) = . . . =

a —2b . x+1

=(x+20+1)" 1 (a? —2(a +2nb—2b—2) — 2ab —a — 2nb+ 2b + 1).

Because of Ps(Kq,7) = (x +1)* Y2z —a+ 1) and Ps(Ky + Ko, 7) = (z +
1)°(x — 3)>~1(z + 2b — 3), we have the proof. O

Corollary 4.11. The graph MECS), is S-integral if and only if (a + 2bn —
20)% 4 8ab is a perfect square and its S-spectrum is {(—1)(@+nb=n=1) 3(nb=n) (3 _

n e +2bn—2b—2++/(a+2bn—2b)2+8ab
20)(") | (=1 — 2p)(n—1) =2 — 2.

Proof. From Theorem 4.10 follows that Ps(MECSy,,, x) has integral eigenvalues
if and only if 2% — z(a + 2nb — 2b — 2) — 2ab — a — 2nb + 2b + 1 = 0 has integer
roots. The roots of the equation are z1 5 = at2bn—2b7 2%y éa+2bn72b)2+8ab. Hence

(a + 2bn — 2b)? + 8ab has to be a perfect square. O

The following Corollary gives sufficient conditions for M EC'Sy,, to be S-integral.

Corollary 4.12.

L. Leta=(2n—1)+ (2n—1)t,b = 1+t. Then MECS},, is S-integral for any
n,t € N.

2. Let a = (3n —2) + (3n — 2)t,b = 3 + 3t. Then MECS},, is S-integral for
any n,t € N.

3. Leta=(2n—1)+ (2n —1)t,b = (2n + 1) + (2n + 1)t. Then MECS},, is
S-integral for any n,t € N.

4. Let a =2n+2nt,b=n+1+ (n+1)t. Then MECSy , is S-integral for any
n,t € N.

Proof. For case 1, it is easy to verify that (a + 2bn — 2b)? 4 8ab = (¢ + 1)?(4n —
1)2. Similarly, for case 2, (a + 2bn — 2b)? + 8ab = (t + 1)%(9n — 4)2, for case 3,
(@ + 2bn — 2b)? + 8ab = (t + 1)?(4n? + 1), for case 4, (a + 2bn — 2b)? + 8ab =
At +1)2(n? +n+1)2 O

5. Conclusions

In the paper we studied Seidel spectra of H-join of regular graphs and applied
the obtained results to Seidel integrality of complete split graphs, extended com-
plete split-like graphs, multiple complete split-like graphs and multiple extended
complete split-like graphs.
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In Corollary 4.6 we gave necessary and sufficient conditions for Seidel integrality
of extended complete split-like graphs. However, for complete split graphs, multi-
ple complete split-like graphs and multiple extended complete split-like graphs we
found only sufficient conditions.
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