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Abstract

Let G = (V, E) be a finite and simple graph of order n and maximum
degree A(G). A strong Roman dominating function on a graph G is a func-
tion f: V(G) — {0,1,..., (#] + 1} satisfying the condition that every
vertex v for which f(v) = 0 is adjacent to at least one vertex u for which
f(u) > 1+ [5|N(u)NVol], where Vo = {v € V | f(v) = 0}. The minimum of
the values > ., f(v), taken over all strong Roman dominating functions f
of G, is called the strong Roman domination number of G and is denoted by
vs¢r(G). In this paper we continue the study of strong Roman domination
number in graphs. In particular, we present some sharp bounds for ys:r(G)
and we determine the strong Roman domination number of some graphs.
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1. Introduction

Throughout this paper, G is a simple graph with vertex set V(G) and edge set
E(G) (briefly V, E). The order |V] of G is denoted by n = n(G). For every vertex
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v € V(G), the open neighborhood of v is the set Ng(v) = N(v) = {u € V(G) |
wv € E(G)} and its closed neighborhood is the set Ng[v] = N[v] = N(v) U {v}.
The degree of a vertex v € V is degn(v) = deg(v) = |N(v)|. The minimum
and mazimum degree of a graph G are denoted by ¢ = §(G) and A = A(G),
respectively. A leaf of G is a vertex with degree one in G, the set of all leaves
of G is denoted by £ = £(G). A graph G is regular if the degrees of all vertices
of G are the same. We write K, for the complete graph and C, for a cycle of
order n. We also denote the complete bipartite graph with two parts of sizes m
and n, by K, ,. The complement of a graph G is denoted by G. A graph G is
called self-complementary if G = G. The double star DS, ,, where ¢ > p > 1,
is the graph consisting of the union of two stars K; , and K, together with an
edge joining their centers. The distance dg(u,v) between two vertices u and v in
a connected graph G is the length of a shortest u — v path in G. The diameter of
a graph G, denoted by diam(G), is the greatest distance between two vertices of
G. For a vertex v in a rooted tree T, let D(v) denote the set of descendants of v
and D[v] = D(v) U {v}. The mazimal subtree at v is the subtree of T induced by
DJv], and is denoted by T,,.

A subset X of the vertices of G is called a clique if the induced subgraph on
X is a complete graph. The clique number of a graph G is the number of vertices
in a maximum clique of G and denoted by cl(G). A subdivision of an edge uv is
obtained by replacing the edge uv with a path uwv, where w is a new vertex. A
unicyclic graph is a connected graph containing exactly one cycle. An edge of G
is said to be contracted if it is deleted and its ends are identified. The resulting
graph has one less edge than G. The corona GoK; of a graph G is obtained by
attaching one pendant edge at each vertex of G.

A subset S of vertices is called a 2-packing if N[u] N N[v] = 0 for every pair of
vertices u,v € S. The 2-packing number p := p2(G) of a graph G is the maximum
cardinality of a 2-packing in G. More notation and terminology not explicitly
given here are conformed with [2].

A subset S of vertices of G is a dominating set if N[S] = V. The domination
number v(G) is the minimum cardinality of a dominating set of G. A dominating
set of minimum cardinality of G is called a v(G)-set.

A Roman dominating function (RDF for short) on a graph G = (V, E) was
defined in [4] and [5] as a function f : V — {0, 1,2} satisfying the condition that
every vertex v for which f(v) = 0 is adjacent to at least one vertex u for which
f(u) = 2. The weight of an RDF f is the value w(f) = >, . f(v). The Roman
domination number of a graph G, denoted by vr(G), equals the minimum weight
of an RDF on G. A «r(G)-function is a Roman dominating function of G with
weight vr(G).

Consider a graph G of order n and maximum degree A(G). Suppose that
f:V(G) = {0,1,..., f#l + 1} is a function that labels the vertices of G.

Then, f is a strong Roman dominating function (StRDF for short) for G if
every v € V; has a neighbor u such that f(u) > 1+ [$|N(u)NV;|]. The minimum
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weight, w(f) = f(V) = >_,cy f(v), over all the strong Roman dominating func-
tions for G, is called the strong Roman domination number of G and we denote
it by vs¢r(G). A StRDF of minimum weight is called a vs:r(G)-function. This
concept was announced in [1]. A strong Roman dominating function f can be
represented by the ordered partition (Vp, V4, ..., V(%]H) of V(G).

Motivated by [1], we are interested to study the strong Roman domination
number in graphs. The outline of paper is as follows. In Section 2, we present some
bounds for the strong Roman domination number. In Section 3, we investigate
the operations on graphs and the strong Roman domination number. In Section
4, it is shown that ys:r(G) < 67" + 1, where G is a unicyclic graph of order n.
Then, among other results, the strong Roman domination number is determined
for some classes of graphs.

We make use of the following results in this paper.

Proposition A. ([1]) Let G be a connected graph of order n. Then vs:r(G) = n
if and only if G = K; or Kos.

Proposition B. ([1]) If T is a tree of order n > 3, then yg;r(T) < 2.

Let S(K1,3) (the star K 3 with all its edges subdivided) be rooted in its center
v and let FP? consist of all the rooted product graphs T o, S(K7 3), where T is any
tree on m vertices.

Proposition C. ([1]) Let T be an n-vertex tree. Then vg;r(T) = %2 if and only
if T € FP.

Proposition D. ([1])Let G be a graph of order n. Then ys:r(G) < n — LA(2G)J.

Proposition E. ([1]) Let G be a graph of order n. Then vygr(G) > [2H].
Moreover, if n is odd, then the equality holds if and only if A(G) =n — 1.

Proposition F. ([3]) For paths P, and cycles Cy, Yr(Pn) = 7r(Cn) = [2].

Proposition G. ([1]) For any connected graph G with A(G) < 2, ys:r(G) =
Vr(G).

2. Bounds on the Strong Roman Domination
Number

The authors in [1] gave several bounds for the strong Roman domination number.
Our goal in this section is to provide some new bounds. Our bounds are not
comparable with bounds in [1] in general.

In the following we provide an upper bound on the strong Roman domination
number of a tree 7" in terms of its order n and the number of leaves £.



262 A. Mahmoodi, S. Nazari-Moghaddam and A. Behmaram
I —

Lemma 2.1. Let T be a double star of order n > 5. Then ys:r(T) > 3.

Proof. If n <6, then T'= DS, 5 or DS, 3 or DS5 5 and it is not hard to see that
vstr(T) =4 > 3. If n > 7, then Proposition E shows that vs:r(T)) > 4 > 3, as
desired. O

Theorem 2.2. Let T be a tree of order n > 2. Then

vstr(T) > fW]

This bound is sharp for paths.

Proof. We proceed by induction on n. The statement holds for all trees of order
n < 4. Suppose n > 5 and let the result hold for all non-trivial tree T' of order
less than n. Let T be a tree of order n > 5. If diam(T") = 2, then T is a star,
which yields ys;g(T) = [241] > [204270] = 2. If diam(T) = 3, then T is a
double star and by Lemma 2.1 we have yg:r(T) > 3 = [M] In this case,
the inequality holds. Henceforth we assume that diam(T") > 4. Let v1vs...v; be
a diametral path in T and root T in vg. Let f be a ys:r(T)-function. We consider
the following cases.

Case 1. degy(v2) =t > 3.
Let T = T — To,. Clearly vser(T) = vser(T') + [51, (T) — (¢ = 1) < (T") <
£(T) — (t — 2) and we conclude from the induction hypothesis that

Ystr(T) > vser(T") + f%}
(20T +32 “r), | [%1
> {2((n_t)+z_€+t 2)1 N (3]
> 2020y 4
N [2(n—|—2—£)]7

as desired.

Case 2. degp(va) = 2.
If degp(vs) > 3, then let T/ = T — {v1,v2}. Clearly vs:r(T) > vser(T') + 1,
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L(T") = 4(T) — 1 and we conclude from the induction hypothesis that

Ystr(T) > vser(T') + 1
2(n(T"y+2 —4(T")

> 3 1+1
zf“”_”gz_g+n]+1

S (2((71—1—32—6)1,

as desired.
If degy(v3) = 2, then let T" = T — {vy,v9,v3}. Clearly ys:r(T) > vsir(T') +2,
LT)—1<T") <{T) and we conclude from the induction hypothesis that

Yser(T) > vysir(T') + 2
(n(T") +2 — £(T"))

2
> 2
> 3 1+
> [2((n—3;+2—€)] i
2(n+2—¢
This completes the proof. O

The following proposition bounds the strong Roman domination number in
terms of the clique number.

Proposition 2.3. Let G be a graph of order n. Then vs:r(G) <n — L%J

Proof. Suppose that vi,...,v.q) are the vertices in the maximum clique of G.

Define f : V(G) — {0,1,...,(A(2G)] + 1} by f(vy) = (%L f(v;) = 0 for

i =2,...,c(G@) and f(v) = 1 otherwise. Clearly f is a StRDF of G and so we
have

cd(G)+1
2

(G) -1

Y5tr(G) S w(f) = (n—cl(@) + 1=n—|=5—]

O

The next result gives an upper bound for the strong Roman domination number
using 2-packing number.

Proposition 2.4. Let G be a graph of order n with minimum degree §. Then

15er(G) < n—pl3).
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Proof. Suppose that S = {v1,...,v,} is a 2-packing set of G. Define f as follows:

1+ [28e@) zeg
fa)=1{ o re U, N(v)
+1 otherwise.

It is easily seen that f is a strong Roman dominating function for G. Since S is a
2-packing set, one has

Ysir(G) Sw(f) =D f@)+ (=18 = || N(v)l)

25 et
:(1+fdegGT(vl)1+---+1+[degGT@P)1)
+(n —p—degg(v1) — -+ — deg(v,))
:n—LdegGT(vl)J_..._L(k’gGT@p)J
Sn—pLgJ

as desired. -

Next we present a bound for strong Roman domination number with regard
to the diameter. When 6 > 2 this bound is better than the bound given in [1,
Proposition 11].

Proposition 2.5. Let G be a graph of order n with minimum degree §. Then

@) < n = (14 HEE 15

Proof. Suppose that S = vy, vy, ...,vq is a diametral path, d = 3t+r with integers
t>0and 0 <r <2. It is easy to see that A = {vg,vs,...,vs:} is a 2-packing set

of G such that |A| =1+ L%(G)J Then we have p > |A|. So by Proposition 2.4,

one has
diam(G) |, ¢

D5

1sen(@) < - pl2) <n— (14| 2D y 2

For graphs with diameter 2, one can find bounds in terms of § and A(G).

Proposition 2.6. Let G be a graph of order n and diam(G) = diam(G) = 2.

Then
A(G) — n+1+4+46

5 1), vsr(G) <[ > 1.
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Proof. For every vertex € V, N(x) dominates all vertices of G. Choose v € V
such that deg.(v) = § and define f : V(G) — {0,1,...,1+ f%]} by f(t) =
1+ [A(G)W for every t € N(v) and f(z) = 0 otherwise. It is clear that f is a strong

2
Roman dominating function which in turn implies that

15n(@) < (14 T2 v < (14 725

Now we show that ys¢r(G) < [®H=97. Let Ng(v) = {vi,...,v;}. It follows
from diam(G) = 2 that dz(v,v;) = 2 and so v and v; have a common neighbor
u; € X = V(G) — Ng[v] for each 1 < ¢ < k. Thus the function f : V(G) —
{0,1,...,[2%)] 4 1} defined by f(v) = 1+ [29] and f(u) = 1 if u € Ng(v)
and f(r) = 0 otherwise, is a StRDF of G, and so

1@ <w(f) = 1+ T2 o< 14 12 4= RF 120

Applying the proposition above on regular graphs, we can bound the strong
Roman domination number with regard to the order and regularity.

Corollary 2.7. Let G be an r-regular graph of order n. Then

r

vstr(G) < max{n +1—rr(1+ f2])}-

Proof. Suppose first that there exist non-adjacent vertices u and v of G with
N(u)(\N(v) = 0. Define f: V(G) = {0,1,...,1+ [&DN by f(u) = f(v) =
1+ [5], f(x) = 0 for x € N(u)|JN(v) and f(t) = 1 otherwise. Clearly f
is a strong Roman dominating function; so that we have vs:r(G) < w(f) =
20+ [5])+n—2—-2r < n—r+1 Suppose now that N(u)(\N(v) # 0 for
all non-adjacent vertices u and v of G. One can see that diam(G) = 2. So by
Proposition 2.6, one has ys;r(G) < r(1 + [5]) and this completes the proof.  [J

Alvarez-Ruiz et al. [1] established the following relationship between the dom-
ination number and the strong Roman domination number of a graph: For every
graph G,

A(G)

YG) <vser(G) < (1+ [TD’Y(G)~ (1)

Now, we present next a trivial necessary and sufficient condition for a graph G
such that ysir(G) = 7(G) and 7ser(G) = (14 [252)4(G).

Proposition 2.8. Let G be a connected graph of order n. Then vs:r(G) = v(G)
if and only if G = K;.
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Proof. One side is clear. Let f = (Vo,V4,..., VFMWH) be a vs¢r(G)-function.
2

Then Ur 14 Vi is a dominating set of G and so we have

(2521 +1 (2521 +1 (452141
WG < DL WS Y Wil+ Y (- DIVl =7si(G) = (6.
i=1 i=1 =2

Then one has Z H_1( 1)|V;| = 0, implying that U Hl Vi = 0 and so
vstr(G) = n. Hence by Proposition A we have G = K; or Kg. If G = K>, then
vstr(G) = 2v(G) which is a contradiction. Hence G = K, as desired. O

Proposition 2.9. Let G be a graph of order n. Then vs:r(G) = (f#} +1)v(G)

if and only if there exists a ys:z(G)-function f = (Vy, Vi,.. ., V1+[A(G) ) such that
2
(S)
Ui

Proof. Let vstr(G) = ([A(G)] +1)y(G) and S be an arbitrary v(G)-set. Then the
function f = (Vp, V4,... V’—A(G)]J’_l) that assigns a weight of | (G)l + 1 to each

vertex of S and a weight of 0 to all remaining vertices of G is a StRD-function on
G, and so

]V—(Z)

15(6) < FV(@) = (2 L 1) Vs
< (B nis = (139 4 15(0) = sl

Hence, we have equality throughout this inequality chain. In particular,

15r(@) = F(V(@) = (12

T+ DVa@

A®G)
implying that f is a vs:r(G)-function satisfying Ul-r:f 1 Vi=0.
Conversely, suppose there exists a 'yStR(G)—function =M, V,..., V(A(G)]_H)
2

such that UI 12 d V; = 0. Since U[ 51+ Vv, = V|—A(G)-|+1 is a dominating set of
2
G, we have

1
Y(G) £ Viae | = xe——5tr(G)
(888741 [A(QG” 1
A(G) _ (TAG)
and so ys:r(G) > ([=521+1)7(G). Hence by (1), we have vs:r(G) = ([=5=] +
Dy(G). B
Proposition 2.10. Let G be a graph with diam(G) > 3. Then vs:r(G) <

21+ [252]).
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Proof. Let P = vivz...vq, ¢ = diam(G) + 1, be a diametral path in G where
g > 4. Since diam(G) > 3, {v1,v4} is a dominating set for G. Hence by (1), we
have

vser(G) < (1+ f%G)M(@) <201+ [%G)}).

O

Proposition 2.11. Let G be a graph with at least one cut-edge and minimum
degree 6. Then vyg:r(G) <n+2— 4.

Proof. Let e = xy be a cut-edge of G. Suppose that G; and G5 are two components
of G'\ e with minimum degree ¢; and 09, respectively. Define f; and f, as follows:

degcl (z)

I+[—3—] u==z
fitu) =14 0 u € N(x)
+1 otherwise.
1_~_[degc22(y)1 w=y
fa(u) =< 0 u € N(y)
+1 otherwise.

Obviously, f; and f, are strong Roman dominating functions for G; and Ga,
respectively. Now define g as follows:

o fl(u) u € G1
g(u) B { fg(u) (IS GQ.

It follows immediately that g is a strong Roman dominating function for G which
yields that:

15u(@) < o) =1+ 1B 1~ dog ()
14 1B, 1 deg, (1)
=y (B0, BBy, B
<nj+ng — Lé_TlJ - Lé_?lj <n+2-9¢
as desired. .

Concluding this section, we prepare a lower and upper bound for the strong
Roman domination number of a self-complementary graph. To this end, we need
the next proposition.

Proposition 2.12. Let G be a graph of order n. Then n + 1 < vs:r(G) +
vstr(G) < [%1 Moreover, If G is a r-regular graph such that vs:r(G) +

Ystr(G) = [3%55], then v5r(G) = n — | 5] and ys¢r(G) = n — [2=5=1].
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Proof. Using Propositions D and E, we have:

n+1 n+1

n+1<][ 1+7 5 1 < vstr(G) +vstr(G)
<m- 129 - 29
— - B 20

3n+1 A(G) )
-2
3n+1

2 I

<[

Suppose that G is a r-regular graph such that vs;r(G) +7s:r(G) = [2%5E]. Since
there is no r-regular n-vertex graph such that r, n are odd, by above inequality we
have vs:r(G) =n — [ 5] and vs¢r(G) = n — | 2=2=1].

O

Proposition 2.12 yields the following corollary.

Corollary 2.13. Let G be a self-complementary graph. Then 25 < ygz(G) <

g

3. Strong Roman Domination Number under some
Graph Operations

This section is devoted to verify the behaviour of the strong Roman domination
number of a graph whenever a vertex or an edge was omitted. We also investigate
the strong Roman domination number under contraction and subdivision of an
edge.

We begin our investigation with removing a vertex of a graph.

Proposition 3.1. Let G be a graph and v be a vertex of G. Then vg;r(G) —1 <
vstr(G'), where G’ = G — v.

Proof. Suppose that f is a ys:r(G’)-function. Define g on graph G as follows:

1 T =
9(z) = { f(z) otherwise.

It is obvious that g is a strong Roman dominating function over G. So we have
vstr(G) < w(g) = w(f) + 1. Hence v5¢r(G) — 1 < v5er(G). O

Iterating the removing, one can derive the next corollary.
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Corollary 3.2. Let G be a graph and suppose that vy,..., v, are vertices of G.
Then ’YStR(G) —k S ’}/StR(Gk), where Gk =G - {’Ul, ‘e ,Uk-}.

Proposition 3.1 yields the following corollary.

Corollary 3.3. Let G be a graph with a vertex v of degree n—1. Then vys;r(G’) >

[21], where G' = G — v.

Proof. Since v(G) = 1, using [1, Proposition 8] and Proposition E, we have
vstr(G) = f""‘l] The result is therefore immediate from Proposition 3.1. O

The strong Roman domination number of a graph when removing an edge
changes as follows.

Proposition 3.4. Let G be a graph with an edge e = zy. Then
—1 < ys¢r(G) —vs:r(G') < 1,
where G/ = G —e.

Proof. Suppose that [/ = (Vp,Vi,..., V(A(cqw_l
{f'(x), f'(y)} € VolUVi, then define g : V(G) — {0,1,2,...,(¥] + 1} by

g(t) = f'(t). Obviously g is a strong Roman dominating function over G. In the

) is a vstr(G')-function. If

AGH
case {f'(x), f'(y)} C UZ-LQQ 1+ V;, we can define a new function on G similarly.

Assume now that f/(x) =0 and f'(y) € UE:Q?G)HI Vi. Without lose of generality,
define h : V(G) — {0,1,2,..., (#] +1} by h(z) =1 and h(t) = f'(¢t) otherwise.
It is clear that h is a strong Roman dominating function over G. Therefore we
have vs:r(G) < vstr(G') + 1.

Now, let f = (VO’Vl""’V[#Hl) be a vs:r(G)-function. If {f(u), f(v)} C

VoUW, the function g : V(G') — {0,1,...,1+ fA(G ]} defined by g(x) = f(z) for

v € V(G') is a SCRDF of G Tt {f(u), f(v)} U5 "' Vi, then we can define a

new function on G’ similarly. Assume now that f(u) =0 and f(v) € U( 3 Hl

The function h : V(G') — {0,1,2,..., f%cl)] + 1} defined by h(u) = 1 and
h(z) = f(x) otherwise. It is clear that h is a StRDF of G’. Therefore we have
Vstr(G') = vser(G) < 1. O

We shall now describe the behaviour of the strong Roman domination number
under the contracting an edge of a graph.

Proposition 3.5. Let G be a graph with edge e = uwv. Then vs5;r(G') <

vstr(G) + fA(G 17, where G’ obtained from G by contracting e.
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Proof. Suppose that f = (Vp, V4, .. "%%Hl) is a strong Roman dominating
function over G. If f(u) = f(v) =0 (f(u) = f(v) = 1), then define f; : V(G') —
{0,1,2,...,1+ f%@)}} by filu=v) = f(u) =0 (fi(u =v) = f(v) = 1) and
fi(z) = f(z) otherwise. Obviously f; is a strong Roman dominating function over
G’. Assume now that f(u) = 0 and f(v) = 1. Define fo : V(G') — {0,1,2,...,1+
(%G,)H by fo(u =v) = f(v) = 1 and fa(x) = f(z) otherwise. It is easy to see that
f2 is a strong Roman dominating function over G’. Next suppose that f(u) =0
and f(v) € U!:;TG)HIVQ and define f5 : V(G') — {0,1,2,...,1 + [%G/)]} by
faslu=v) = f(v)+ [%] and f3(x) = f(x) otherwise. It is easy to see that f3

is a strong Roman dominating function over G’. Without lose of generality, assume
A(G)

that f(u) < f(v) € U " Vi Define £y : V(G) — {0,1,2,...,1 + [AE0}
< i=9 - 4 - s, 2,000, 5
by fa(lu =v) = f(v) + [%] and fq(x) = f(x) otherwise. Again it is easy
to see that f4 is a strong Roman dominating function over G’. Therefore, for
1=1,2,3,4, we have
A(G) -1
2

A(G) -1

Ysir(G') < w(fi) Sw(f)+ .

1 =75r(G) + [

‘We now deal with the subdivision.

Proposition 3.6. Let G be a graph of order n > 3. If G’ is obtained from G by
subdividing the edge e = zy, then vs:r(G) < vsir(G).

Proof. Let us to subdivide the edge e = zy with z. Suppose that f' = (Vy, V4, ...,
V(%G/’Hl) is a vstr(G')-function. If f'(z) € Vo U VA, then f[ is a strong Roman
AG!
dominating function of G. Assume that f'(z) € ULQ(T)Hl Vi. Tt is easy to see
that f'(z) =0 or f'(y) = 0. We also have f’(z) = 2. Suppose first that f'(z) =
f'(y) = 0. Define f : V(G) — {0,1,...,1+ [AgG)]} by f(z) = f(y) = 1 and
f() = f'(t) for each t € V(G) \ {z,y}. Clearly, f is a strong Roman dominating
function of G and w(f) = w(f’). Suppose now that f/'(x) = 0 and f’(y) # 0.
Define g : V(G) — {0,1,...,1 + [#]} by g(z) = 1 and g¢(t) = f'(t) for each
t € V(G)\ {z}. Clearly, g is a strong Roman dominating function of G and
w(g) =w(f’) — 1. Therefore we conclude that ys:r(G) < vs:r(G"). O

4. Strong Roman Domination Number for some
Classes of Graphs

The authors in [1] gave an upper bound for vs:r(7T'), where T is a tree of order
n > 3. They conjectured that, for any graph of order n > 3, y5:r(G) < 67”. In this
section we give an upper bound for unicyclic graph. Also, we determine strong
Roman domination number for some classes of graphs.
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Lemma 4.1. Let G = F?. Then

Vstr(G +€) — vstr(G) <0
where e = uv is a new edge which is added to G.

Proof. Let D3 be the vertices of degree at least 3 in G and Dy be the vertices
of degree 2 in G and D; be the leaves of G. Then the function f : V(G) —
{0,1,...,1+ f%G)]} defined by f(z) = 3 for € D3, f(z) = 1 for € Dy and
f(z) = 0 for © € Dy, is a StRDF of G of weight 2(3m) = 2. We show that
fis a StRDF of G +e. If u,v € D3 U Dy or u,v € Dy U Dy, then clearly f is
a StRDF of G + e. Without lose of generality, let u € D3 and v € Ds. Since
1+ HW| =3 and 1+ HM| = 3, then f is a StRDF of G + e.
Therefore, vs:r(G + €) — vs1r(G) < 0. O

Theorem 4.2. Let G be a unicyclic graph. Then

< 6n if n =0 (mod 7
StR(G){ <1 oW e ¥

Proof. Consider C as a cycle of G and e € E(C). Note that G’ = G—e is a tree. If
G’ € F?,, then by Lemma 4.1 and Proposition C, we have vs;r(G) < 5. Suppose

m)

G' ¢ FP . By Proposition 3.4, we have vs5:r(G) < y5:r(G') + 1. If n =0 (mod 7),
then using Proposition B, vs:r(G) < vsir(G') +1 < % — 1+ 1 = %, otherwise

we have 6
n
Ys:r(G) < vser(G) +1 < -+ 1.

Proposition 4.3. For m > 3, v5:r(Cp, 0 K7) < [%1, where n = 2m.

Proof. Suppose that f is a ys:r(Chy,)-function. Define g : V(Cp,0K;) — {0,1,2,3}
by g(z) = f(z) for x € V(Cy,) and g(x) = 1 otherwise. Clearly g is a strong
Roman dominating function for C,, o K7 and, hence, we have vsir(Cyn, 0 K1) <
w(g) < w(f) + m. Using this in conjunction with Propositions F, one obtains
Ystr(Cm 0 K1) < [227] + 2 = [32]. O

Noting to the proof of Corollary 3.3, one has the following result.
Corollary 4.4. For n > 1, vsr(K,) = [2£].

The following auxiliary lemma which is interesting in itself is of fundamental
importance in finding ygir(¥,m). It’s simple proof is omitted.
Lemma 4.5. Let G be a graph of order n and f = (‘/—07‘/17"‘7‘/"&]4'_1) be a

strong Roman dominating function. Then |V| < n — 1. Moreover, if the equality
holds, then A =n — 1.
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Proposition 4.6. For 2 < n <m,

(2 4 (2] ifm is odd
StR(Kpm) =4 ["]+ 2] ifm is even and n>3
2+ 7 if m is even and n =2.
Proof. Let (X,Y) be two parts of the complete bipartite graph K, ,, and X =
{uy,...,up} and Y = {vy,..., v }. Using Proposition E, we have
n+m-+1

’YStR(Kn,m) Z [ —I

2

Define f as follows:

1+ [WT_I] T =u
fl@)y=9 1+[%51] z=wu
0 otherwise.

It is clear that f is a strong Roman dominating function for K, ,, which yields

n+m+1 n+1 m—+1

[ 9 ]SVStR(Kn,m)gw(f):[ 9 ]+[ 2

1.
Now consider two following cases:

Case 1. m is odd. Suppose first that n is even. So in this case we have

P = P T2 1 < (o) < ] 4 T

We claim that vs¢ir(Kn,m) = [%52] + [2]. Suppose, on the contrary, that
Yoir(Knm) = f”THW + [%] —1 and let g be a vsir(Ky, m)-function for K, ,,.
It is straightforward to see that |[Vo| > n — 1. Without lose of generality, assume
that g(u;) =0 for i =1,...,t and g(v;) =0 for i = 1,...,s. By Lemma 4.5, we
have t + s < m+n — 2. So we have 15| < |™£2] — 1. In this case, there is a
vertex u; € X, for some 1 < j < n such that g(u;) > 1+[5] and a vertex v; € Y,

for some 1 < j < m such that g(v;) > 1+ [§]. Therefore

n—+1 m t S

[+l -t=w@) 21+ G+ 1[5+ (m+n—2)—t—s
> [t;s]+m+n—t—s
Zernth—;SJ
2m+n—Lm;"J+1
=1 4,
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So we get a contradiction. Suppose now that n is odd. Hence we have

n+1
2

n—&—m—}—l] _ (n—l—l
2 )

m m
[ 1+ (51 <ystr(Knm) <[ 1+ [51
as desired.
Case 2. m is even. Let us consider two subcases:

Subcase 2.1. Suppose first that n > 3. One has

n+m-+1 n+1 m n+1 m—+1
2

P = P+ 151 < sen(Knm) < [T+ [0,

We claim that vsir(Kpm) = f”TH] + fmTH] Suppose, on contrary, that
Ystr(Knm) = [231] + [2] and let g be a ysir(Kn,m)-function. Without lose
of generality, assume that g(u;) =0fori=1,...,t and g(v;) =0for i =1,...,s.
By Lemma 4.5, we have t+s < m+n—2. At first, suppose that t+s = m+n—2.
Since n > 3, there is exactly a vertex z € X and y € Y such that g(z) # 0
and g(y) # 0. Also by definition of strong dominating function g, one can see
g(x) > 14+ 2717 =1+ [2] and g(y) > 1+ [251] = [25L]. Hence we have

n+1 m n+1 m

TV 120 =wl9) 2 9@) + gy = 1+ [Fa—T+ 5]

[

which is a contradiction. Assume that ¢ +s = m +n — 3. Choose a vertex u; € X
and vy,ve2 € Y such that g(ui) # 0, g(v1) # 0 and g(ve) # 0. By definition of
strong dominating function g, without lose of generality, one can suppose that
g(ur) > 1+ [252] = [2], g(v1) > 1+ [251] = [21] and g(vz) > 1. Hence we
have

n+1 m n+1 m

5| 51 =wlg) 2 9(w) +9(vr) +g(uz) = [——T+ 5] +1

] 2 2 2

which is a contradiction. Suppose now that t + s < m + n — 4. So we have
[52] < [™f2] — 1. In this case, there is a vertex u; € X, for some 1 < j < n
such that g(u;) > 1+ [J] and a vertex v; € Y, for some 1 < j < m such that
g(v;) > 1+ [£]. Therefore

(n;rl%%%W :w(g)z1+f§]+1+[%]+(m+n—2>—t—s
> ft—’_s]—l—m—i—n—t—s
Zm-i-n—Lt—;SJ
>m+n—[m;_nj+1
:[m+n]+1.

2
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So we get a contradiction.

Subcase 2.2. Suppose now that n = 2. Define h : V(Ks3,,) — {0,1,...,1+
(%]} by h(u1) = 14 %, h(uz) = 1 and h(v;) = 0 for all 1 <4 < m. It is easy
to see that h is a strong Roman dominating function of Kj ,,,. This together with
Proposition E gives

m m
2 -+ 5 S ’YStR(KQ,m) S w(h) =2 + 5

and the proof has been completed. O
As an immedate consequence one has the following.

n+1 ifn is odd

Corollary 4.7. ystr(Knn) = { n+2 ifn is even.

The Cartesian product of graphs G and H is the graph GOH with the vertex set
V(G)OV(H) and (z1,22)(y1,y2) € E(GOH) whenever z1y1 € E(G) and 2 = ya,
or xays € E(H) and 1 = y;. In the follow we determine the strong Roman
domination number of P,[1P,. We assume the vertices of the i-th copy of P» in

P0OP, are ul,u? for i =1,2,...,n.

Proposition 4.8. For n > 1,

4 if n=0(mod 3)
vsir(POP,) = { 4282 if pn =1 (mod 3)
dntl if  pn =2 (mod 3).

Proof. Define f: V(P0P,) — {0,1,2,3} by f(u3; o) = f(u3;;5) =2for 0 <i <
| 252 ] and f(u) = 0 otherwise if n = 0 (mod 3), by f(up) = f(u2) =1, f(ul;,,) =
fu ) =2 for 0 <i < [232] and f(u) = 0 otherwise if n = 1 (mod 3) and by
f(“ylz) = f(uéi-&-Q) = f(“%i-u) =2for 0<i< VLT_4J> f(uifl) =1land f(u) =0
otherwise if n = 2 (mod 3). Clearly f is a StRDF of P,OP, with desired weight
and so
in if n=0 (mod 3)
vsir(POP,) < % if n=1(mod 3)

It if n=2 (mod 3).

Now we prove the inverse inequality by induction on n. The results is trivial for
n =1,2,3. Assume that n > 4 and the result is true for P,(0P,  for each n’ < n.
Let

G = PUP, — {u;7ui7u’}7,—l7ui—lﬂ u;—zaui—Q}'

Clearly G' = P,OP,_3. Assume f = (V07V1,...,V[%H1) is a vsir(POP,)-

AN
function such that U£:22H1 V; is as small as possible. We consider following cases.

Case 1. f(ul) = f(u2)=0.
We have f(ul ;)= f(u2_;)=2. If f(ul_5) > 1or f(u2_5) > 1, then the function

n—1
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g : V(ROP,) — {0,1,2,3} defined by g(us,_;) = g(uy) = 1 and g(u) = f(u)
otherwise, is a fyStR(PQDP )- functlon which contradicts the choice of f. Thus
flul o) = f(u2_5) = 0. If f(ul_5) = 3 (the case f(uZ_5) = 3 is similar), then the
function g : V(P0OP,) — {0,1,2,3} defined by g(ul_3) = g(ul_4) = g(u2_3) =
1 and g(u) = f(u) otherwise, is a VStR(PgﬂPn)—function which contradicts the
choice of f. Then the function f, restricted to G’ is a StRDF of G’ of weight
vstr(P20OP,) — 4 and the result follows by the induction hypothesis.

Case 2. f(ul) =0 and f(u ) =1 (the case f(ul) =1 and f(u2) = 0 is similar).
We have f(ul 1) > 2. 1f f(ul,_,) = 3, then f(u2 ) = f(ud ) = 0. T f(u2_y) =
1, then the function g : V(G) — {0,1,2 3} defined by g(ul_;) = g(u3_;) =
2, g(ul) = gu2) = glul_) = g(u 5) = 0 and g(u) = f(u) otherwise, is a
vstr(POP, )-function of weight less than f which is a contradiction. If f(u?_5) >
2, then the function g : V(G) — {0,1,2,3} deﬁned by g(ul_1) = g(u?_;) = 2,
902 _3) = 1, g(ul) = g(u2) = g(ub_s) = 9(12_3) = 0 and g(u) = f(u) otherwise,
is a vsir(P20OP,)-function of weight less than f which is a contradiction. Hence
f(u2_,) = 0 and so the function f; : V(G) — {0,1,2,3} defined by fi(ul_;) =
1) = 2, filuh_g) = f1(25) = fi(ub) = fi(u2) = 0 and fi(u) = f(u)
otherwise, is a StRDF of P,[0P, such that fi(ul) = fi1(u2) = 0 and similar above
case, we are done.

Letf( Ugp— 1)_2 Thenf( Ugp— 1)>1OI‘f( 71L 2)>1 Supposethatf( n 1)>
1. If f(u2_,) = 2, the function g : V(P0OP,) — {0,1,2,3} defined by g(u2) =0
and g(u) = f(u) otherwise, is a ys¢r (P20P,,)-function of weight less than f which
is a contradiction. Hence, f( 2 ) = 1. Then the function h : V(G) — {0, 1,2, 3}
defined by h(ul ;) = h(u2_,) = 2, h(ul ;) = h(u2_,) = h(up) = h(u;) =0
and h(u) = f(u) otherwise, is a SSRDF of PQDPn of with h(u ) h(u2) = 0 and

similar above case, we are done. Now let f(ul o) > 1. If f(ul ) = 1, then the
function h defined in above, is a StRDF of PQDP of with h( y="hu2) =0
and similar above case, We are done. If f(ul_,) = 2, the function fo : V(G) —

{0,1,2,3} defined by fa(ul_5) =1, and fo(u) = fi(u) otherwise, is a StRDF of
PQDP of with fi(ul) = f1(u2) = O and similar above case, we are done.

Case 3. f(ul) = f(u?) =1.

If f(ul_;) = f(u?2_;) = 0, then to strong Roman dominate u}_;,u2_; we must
have f(ul_,) = f(u?_,) = 2. It follows from the choice of f that f(ul_j) =
f(u fl 3) = 0. Now the function f3 : V(G') — {0,1,2,3} defined by f3(ul_5) =
f3(u2_5) = 1and f3(u) = f(u) otherwise, is a StRDF of G’ of weight v,z (P200P,)—
4 and the result follows by the induction hypothesis. Hence, we assume without

loss of generality that f(ul_ ;) > 1. Consider the following subcases.
Subcase 3.1. f(ul_;) = 2.

By the choice of f, we must have f(ul_,) = f(u2_;) = 0. If f(u2_,) = 0, then the
function f restricted to G’ is a StRDF of G of Welght vir (PP, )—4 and the result
follows by the induction hypothesis. Suppose f(u2_,) > 1. If f( 2 ) =1, then

the function ¢ : V(G) — {0,1,2,3} defined by g( ul ) =gZ_)) = (u}L) =
g(u?) = g(ul_5) = g(u3_,) = 0 and g(u) = f(u) otherwise, is a WStR(PQDPn)—
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function of weight less than f which is a contradiction. If f(u2_,) > 2, then the
function g : V(G) — {0,1,2,3} defined by g(ul_;) = g(u2_;) = 2, g(u?_3) =
1, g(ul) = g(u2) = glul_q) = g(uZ_5) = 0 and g(u) = f(u) otherwise, is a
~vstr(P20P,)-function of weight less than f which is a contradiction.

Subcase 3.2. f(ul ;)= 1
By choise of f we have fw2_ ) < 1. If f(ul_,) # 2, then the function g :
V(G) — {0,1,2,3} defined by g(u,,) = 2,9(u;) = g(us,_1) = 0 and g(u) = f(u)
otherwise is a ystr(P20P, )-function of weight less than f which is a contradiction.
If f(ul_ 2) = 2, then we must have f(u2_,) = f(ul_3) =0and f(u2_;) = 1. Then
the function g : V(G) — {0,1,2,3} deﬁned by g(u?) = 2,9(ul) = g(u?_;) =0
and g(u) = f(u) otherwise, is a VStR(PgDPn)—function of weight less than f which
is a contradiction.

Case 4. f(ul) =2 (the case f(u2) = 2 is similar).

Then we must have f(ul_;) = f(u2) = 0. If f(u2_;) > 2, then the function
g : V(G) — {0,1,2,3} defined by g(ul) = 1 and g(u) = f(u) otherwise, is
a 'yStR(PQDPn)—function of weight less than f which is a contradiction. Hence
fu2_ ) <1.If f(u2_;) =0, then f(u?_ 2) > 2. If f(u2_,) = 3, then the function
fa: V(@) — {0,1, ,3} defined by fy(u?_5) =1 and f4( ) = f(u) otherwise, is
a StRDF of G’ of Welght Yt R(PQDP ) — 4 and the result follows by the induction
hypothesis. If f(u2_,) = 2 and f(ul_,) = 0, then the function f, restricted to G’ is
a StRDF of G’ of Welght vstr(POP, ) 4 and the result follows by the induction
hypothesis. If f(u2_,) = 2 and f(ul_,) = 1, then the function f5 : V(G') —
{0,1,2,3} defined by fs(uZ_3) =1 and f5(u) = f(u) otherwise, is a StRDF of G’
of welght Vst R(PQDP ) — 4 and the result follows by the induction hypothesis. If
fu?_ 2) =2 and f(ul n ) = 2, then the function fs : V(G') — {0,1,2,3} defined
by fe(ul_3) = fe(u2_3) = 1 and fs(u) = f(u) otherwise, is a StRDF of G’ of
weight vsir(P20P,) — 4 and the result follows by the induction hypothesis. Let
fw2_ ) =1.1If f(ul_5) = f(u?_,) = 1, then the function g : V(G) — {0,1,2,3}
defined by g(ul ) = g(u2_,) = 2, glul) = g(u2) = glul_y) = g(u?_,) — 0 and
g(u) = f(u) otherwise, is a ysir(P20OP,)-function of weight less than f which
is a contradiction. If f(ul ,) = 3 (similarly f(u2_,) = 3), then the function
9:V(G) = {0,1,2,3} defined by g(uy,_;) = g(u;_1) =2, g(u,_3) = 1, g(u,,) =
9(2) = glul_) = g(u2_,) = 0 and g(u) = f(u) otherwise, is & Ysin(Pa0IPy)-
function of weight less than f which is a contradiction.

If f(ul_,) = 2 (similarly f(u2_5) = 2), then f(u2_,) > 1 or f(ul_5) > 1.
Without generality, let f(u?_,) > 1. Then the function g : V(G) — { 1,2,3}
defined by g(u,_1) = g(up_1) = 2, glun_3) = 1, glun) = g(u7) = g(uy_5) =
g(u2_5) =0 and g(u) = f(u) otherwise, is a vg;r(P20P,)-function of weight less
than f which is a contradiction.

This completes the proof. O
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