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On Nilpotent Multipliers of Pairs of Groups
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Abstract

In this paper, we determine the structure of the nilpotent multipliers
of all pairs (G, N) of finitely generated abelian groups where N admits a
complement in G. Moreover, some inequalities for the nilpotent multipliers
of pairs of finite groups and their factor groups are given.
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1. Introduction

Let G be a group with a free presentation 1 - R — F — G — 1. Then the
c-nilpotent multiplier of G is defined to be

© ¢ — BN Yeq1(F)
MO TR

It is easy to see that M(?)(Q) is independent of the choice of the free presen-
tation of G. In particular, M) (G) is the well-known notion M (G), the Schur
multiplier of G, [4]. The structure of the Schur multiplier of a finitely generated
abelian group is obtained by I. Schur [4]. In 1997, M.R.R. Moghaddam and the
third author [6] gave an implicit formula for the c-nilpotent multiplier of a finite
abelian group.

The theory of the Schur multiplier was extended for pairs of groups by Ellis [1],
in 1998. By a pair of groups (G, N), we mean a group G with a normal subgroup
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N. The Schur multiplier of a pair (G, N) of groups is a functorial abelian group
M (G, N) whose principal feature is a natural exact sequence

G

G, G N
N

— M(G,N) = M(G) % M(5) — [N, G]

10

H3(G) 2 Hs( = (&) (%)‘“’ -0
in which H5(G) is the third homology of G with integer coefficients. In particular,
if N =G, then M(G,G) is the usual Schur multiplier M (G).

Let (G, N) be a pair of groups. Ellis [1] showed that if N admits a complement
in G, then
M(G,N) = ker(u: M(G) - M(G/N)). (1)

Let F/R be a free presentation of G and S be a subgroup of F with N = S/R.
If N admits a complement in G, then Equation 1 implies that

RNIS, F]

M(G,N) = ——F—,
N =7

(see [7]). This fact suggests the definition of the c-nilpotent multiplier of a pair

(G, N) of groups as follows:

() _ RNIS, . F]
M (G, N) 7[& ]
In particular, if G = N, then M(9)(G,G) = M(9(G) is the c-nilpotent multiplier
of G.

In this paper, we study the c-nilpotent multiplier of a pair of groups. In the
next section, we present a formula for the c-nilpotent multipliers (and consequently
for the Schur multipliers) of all pairs (G, N) of finitely generated abelian groups
where N has a complement in G. In the final section, we give some inequalities for
the order, the exponent and the minimal number of generators of the c-nilpotent
multipliers of pairs of finite groups and their factor groups.

2. Pair of Finitely Generated Abelian Groups

In this section, we intend to find the structure of the c-nilpotent multiplier of a
pair (G, N) of finitely generated abelian groups, where N has a complement in G.
The proof relies on basic commutators and their properties.

Definition 2.1. [2] Let X be an independent subset of a free group, and select an
arbitrary total order for X. We define the basic commutators on X, their weight
wt, and the ordering among them as follows:

(1) The elements of X are basic commutators of weight one, ordered according
to the total order previously chosen.
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(2) Having defined the basic commutators of weight less than n, the basic
commutators of weight n are the ¢; = [¢;, ¢;], where

(a) ¢; and ¢; are basic commutators and wt(c;) + wt(c;) = n, and

(b) ¢ > ¢j, and if ¢; = [cs, ¢y), then ¢; > ¢4.

(3) The basic commutators of weight n follow those of weight less than n. The
basic commutators of weight n are ordered among themselves lexicographically;
that is, if [b1,a1] and [bg, as] are basic commutators of weight n, then [b1,a;1] <
[b2, as] if and only if by < by, or by = by and a1 < as.

M. Hall [2] proved that if F' is the free group on a finite set X, then the
basic commutators of weight n on X provide a basis for the free abelian group
Yn(F)/Yn+41(F). The number of these basic commutators is given by Witt formula.

Theorem 2.2. [2, The Witt formula| The number of basic commutators of weight
n on d generators is given by the following formula

1 n
n d)=— d;7

Xn(d) n};mm
where pw(m) is the Mobius function, which is defined to be

1 ym =1,

pim)=< 0 sm=pit .o oppt Jag > 1,

(=1)* sm=p1...ps,

where the p;’s are distinct prime numbers.

Hereafter, let G be a finitely generated abelian group with G = N @ K where
N=2zVgZ, &  -®Z, and K =7 ¢ Z, & DL, such that r;|r;q, for
alll1<i<n—-1. Putm=I+s,and G; =2Z,foralll1 <i<m,and Gpy; =Z
forall 1 < j <mn. Let

Tjo

be a free presentation of the infinite cyclic group Gy, for all 1 < i < m, and let
1— Rj = <.’E§]> — Fm+]‘ = <$J> — Gerj —1

be a free presentation of Gy, for all 1 < j <n.

Put Yl = {yluy27 v 7yl}7 }/2 = {yl+1>yl+23 v 73/m}7 Xl = {xh BRI amt}7 X2 =
{Zt41,..yxn} and ¥ = Y1 UY,, X = X; U Xy, Then it is easy to see that
G = N @ K has the following free presentation

15 R=Tyn(F) = F5G6->1,
where F is the free group on X UY, and T = (z]',...,2")F. Considering the

natural map 0 : F — G, we have §71(N) = SR with S = (Y; U X;)¥ and so
1—- R— SR — N — 1is a free presentation of N, which implies that
RN[RS, .F] [RS, .F]

MG, N) = [R, .F]  [R .F]’
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Hence we have

~ 1S, FNT, Flyetra(F)/ver2(F)
(T, Flyer2(F)/Yeqa(F)

To determine the structure of M(®)(G, N), we need suitable bases for the free
abelian groups [S, (FI[T, «Flyes2(F)/Aera(F) and [T, «Flyesa(F)/esa(F). The
authors have already obtained a basis for [T, .F|yci2(F)/Yer2(F) as follows.

M©(G,N) (2)

Lemma 2.3. [3, Lemma 3.2] Let C; be the set of all basic commutators of weight
ct+lon{x; ..., %0, y1,Y2, - Ym}. Then [T, .FlYer2(F)/Ver2(F) is a free abelian
group with a basis D = U}_, D;, where

D; = {b"vyeq2(F)| b € C; and x; does appear in b}.
Now we are ready to prove the main result of this section.

Theorem 2.4. With the previous notations and assumptions, the following iso-
morphism holds.

M(c)(G,N) o~ g(fo) ® ZEAJII) BB Z,(ﬂft) ® Z'E"{:—tl_gt+l) BB Z7(A]:Ln—gn)7

where fo = Xct1(m) —Xer1(m—1), fi = Xet1(m+n—i+1) = xcp1(m+n—1i), for
1<i<n,and g; = Xex1(m+n—I—i+1)—xer1(m+n—1—1), fort+1<i<n.

Proof. Tn order to determine the structure of M(°)(G, N), we need to find a suitable
basis for the free abelian group [S, F|[T, «F|vet2(F)/Ver2(F). Let E be the set
of all basic commutators of weight ¢+ 1 on X UY in which at least one of the
ZT1,..-,T¢,Y1,- .-,y does appear. Put

E= {b'70+2(F)|b € E}

Then DU E generates the free abelian group [S, F|[T, «F|yetr2(F)/Yer2(F). Re-
call that the distinct basic commutators are linearly independent (see [2]). Hence
E = D'UE is a basis for the mentioned free abelian group where D’ is the set
of all elements b"i7y.41(F') such that b is a basic commutator of weight ¢+ 1 on
X5 UY5 in which one of the elements of X5 does appear. In order to determine
the structure of the group M (9 (G, N), we present E as follows:

B = (A1 — A2) U (U1 By) U (U1 (Bi — Ni)) U (Upy g Ho)

where

A1 = {byer2(F)| bis a basic commutator of weight ¢+ 1 on Y},

As = {byer2(F)| bis a basic commutator of weight ¢+ 1 on Y3},

B; = {bvyet2(F)| b is a basic commutator of weight ¢+ 1 on
{zi,Tit1,..., 2o} UY such that x; does appear in b},

N; = {byer2(F)| b is a basic commutator of weight ¢+ 1 on
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{Zi, iy, ..., 20} UYs such that x; does appear in b},
Hi = {0"ver2(F)] byes2(F) € Ni},

On the other hand, Lemma 2.3 provides a basis for the free abelian group
[T, Flvet2(F)/Yer2(F) as follows.

D = (Uj_ B)) U (Ui, 1 (B — H;)) U (U Hy),

where B = {b"ivc12(F)| byetr2(F) € By}, forall 1 <4 < n. Now considering Equa-
tion 2 and the obtained bases for the free abelian groups [T, F|vet2(F)/Yer2(F)
and [S, F|[T, F]yer2(F)/vVer2(F), we can conclude that M(©) (G, N) is a finitely
generated abelian group in which the number of copies of Z is | 41| — | A2| and the
number of copies of Z,., is |B;|, for 1 <i <t and it is |B;| — |N;|, for t +1 <4 < m.
On the other hand,

|A1] = Xet1(m), [Az] = X1 (m = 1),

|B;| = Xer1(m4+n—i+1) — xer1(m+n—1i), for 1 <i<n,

IN;| = Xet1(m+n—1—i+1)—xcp1(im+n—1—4),fort+1<i<n.

Now putting fo = |A1] — |A2|, fi = |B;| and g; = |N;|, for all 1 < i < n, we have

c ~ r7(f f ft ft+1—9t fn—9n
MG N)=ZU) 020 ¢ ... ¢ ZY )@th:ll g+1) @ @ ZUn ),
Hence the result. O

Note that the extra condition r¢|r:4; in the above theorem is not essential in the
process of determining the structure of M) (G, N). In fact without this condition
the structure of M) (G,N) is too complicated to state. Also, the mentioned
condition helps us to state the proof of Theorem 2.4 more clear and understandable.
The following example shows that the mentioned condition is not essential and the
above theorem holds for all pairs (G, N) of finitely generated abelian groups such
that N admits a complement in G (without any extra condition).

Example 2.5. Let <x1\xf2> > Z,, <x2\x§4> > Zps, <x3\x§3> &~ Zys, (z4]a® ) =
Z,s, and (y;) = Z, for all 1 <i < m. Put G = N @ K, where N = (y1) ®--- &
(y1) @ (1) ® (22) and K = (yi41) & -+ & (ym) © (23) @ (w4). Put Xy = {21, 22},
Xy = {as, 24}, X = X1 U Xo, and Y1 = {y1,...,u}, Yo = {vit1,-- - Um}, ¥ =
Y1 UYs. Then 1 - R = Ty(F) - F—G — 1, is a free presentation of G and
1=+ R— SR — N — 1is a free presentation of N where F' is the free group on
XUY, T= (zfQ,a:f,zgd,xis)F and S = (Y7 U X;)f. Define
A1 = {bvyeqr2(F)| b is a basic commutator of weight ¢+ 1 on Y},
As = {byetr2(F)| b is a basic commutator of weight ¢+ 1 on Y3},
Cy = {byer2(F)| b is a basic commutator of weight ¢+ 1 on
X UY such that x1 does appear in b},

Cy = {byet2(F)| b is a basic commutator of weight ¢+ 1 on

{z9, 24} UY such that x4 does appear in b},
Cs = {byeq2(F)| b is a basic commutator of weight ¢+ 1 on
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{x2,23,24} UY such that xs does appear in b},
Cy = {byer2(F)| b is a basic commutator of weight ¢+ 1 on
{z4}UY such that x4 does appear in b},
N3 = {byeq2(F)| b is a basic commutator of weight ¢+ 1 on
{x3,24} UYy such that x3 does appear in b},
Ny = {byeq2(F)| b is a basic commutator of weight ¢+ 1 on
{z4} UY> such that x4 does appear in b},
D, = {pr'Ych?(F)l bYeta(F) € Ci},
Dy = {0” Yer2(F)| byer2(F) € Ca,
D3 = {b" Yes2(F)| byes2(F) € Cs},
Dy = {b” ver2(F)| byesa(F) € Cul,
Hg = {b” Yesa(F)| byes2(F) € N3},
Hy = {b" ve2(F)| byesa(F) € Na}.

Then using an argument similar to the proof of Theorem 2.4, one can obtain
that £ = (Al — AQ) U (Cl UuCsyU (Cg — Ng) U (04 — N4)) U (H3 U H4) is a basis for
[S, cF] [T, cF]'Yc-Q—Q(F)/'Yc-&-Q(F) and D = D1UDQU(D3—H3)U(D4—H4)U(H3UH4)
is a basis for [T, F]Yer2(F)/ver2(F). Therefore by Equation 2 we have

M(C)(G,N) o 7(lA1—Az2]) o ZSQDID @ ZI(JISDrHs\) ® Z]()LD2D ® ZI()\SDFHAll)7
and hence
_]\4(6)(@7 N) 7.(fo) a Z;ng) ® Zéﬁz—!]&) e Z;ﬂ%) ® Z](gJ;4_g4)’

where fo = Xct1(m) — Xer1(m — 1), fi = Xer1(m +4 —i4+1) — Xeq1(m +4 — 1),
for 1 <i<4,and g; = xex1(m—I14+4—i+1)— xer1(m—1+4—1), for 3 <i <4

3. Some Inequalities

In this section, we give some inequalities for the order, the exponent and the
minimal number of generators of the c-nilpotent multipliers of pairs of finite groups
and their factor groups. We recall the following lemmas that we need them in the
sequel.

Lemma 3.1. [8, Theorem 2.2| Let (G, N) be a pair of finite groups and, K be a
normal subgroup of G contained in N. Then

i) Bt MG, N)| = MO (G, 2)[MO(G, K);

it) d(M© (G, N)) < d(M© (&, X)) +d(M (G, K));

iii) exp(M©(G, V) < exp(MO(E, X)) exp(M (G, K)):;

d( Kﬂ[N, CG])

N
K
T AR )

)

iv) d(M©(E, X)) < d(ME(G, N))
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v) exp(M9 (£, X)) divides exp(M (G, N))exp(%)7

where d(X) is the minimal number of generators of the group X.

Lemma 3.2. [5, Lemma 22| Let F/R be a free presentation of a group G and B a
normal subgroup of G, with B = S/R. Then there exists the following epimorphism

[S, F]
R, cFIIS, crrFITIES vera (S, F)i]
in which for all 2 <i < ¢, Ye41(S, F); = [D1, Da, ..., Dcy1] such that Dy = D; =

S and Dj = F, forall j # 1,i, and @°T1(B,G/B) = B G/B®---®G/B involves
¢ copies of G/B.
Lemma 3.3. [8, Lemma 3.1|] Let H and N be subgroups of a group G and N =

No 2 Ny 2 -+ a chain of normal subgroups of N such that [N;,G] C N1, for
alli € N. Then [N;,[H,; G]] € Niyjt1, for all positive integers i, j.

®“"Y(B,G/B) —

Now we state the first result of this section that is an extension of Corollary
2.3 in [§].

Theorem 3.4. Let (G, N) be a pair of finite groups and K be a central subgroup
of G contained in N. Let F/R be a free presentation of G and T be a normal
subgroup of the free group F such that K =T/R. Then

. ¢ e R, FITIS et1(T,F); | .
i) W‘M()(GN”HM (f ?)||®+1(K )||[ ]F[IRMF]H( )’

.. c c c R, .F Al T,F
i) d(M©)(G,N)) <dM©E (L, X))+d(® “(K,%))—i-d([ ]1_[IR7 C;r (T.F): 0);

. . R, FITISH) veq1 (T F);
iii) exp(M @ (G, V) | exp(M@ (L, X)) exp(@°} (K, &) exp(reze e @)

Proof. (i) Since K is a central subgroup of G, we have [T, F] < R. Then Lemma
3.2 implies the epimorphism

[T, F]
R, FTLiL Yo (T, F);

G
UK, =) —
® ( 7K)
On the other hand, we have

(BN ([T, F1)/[R,c F]

| [T, F]
(R, FITIZ3 Yo (T, F)o)/[R, oF]

(R, .F] ;1_21 Yer1 (T, F);
(BO[T,c F])/[R,cF] ’ Vi Hl(g G
Therefore ’([R’ IS aens (T, F):) /R F] divides |®“*! (K, <)| and so
G| |[B, FITT5Es vera (T, )i
M(C)GK’ C“K,— ) ¢ i=2 )
(MO | e (K, ) TR

Hence the result holds by Lemma 3.1. The proof of (ii) and (iii) are similar. O
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The following theorem generalizes Theorem 3.2 in [8] and also Theorem C in [5].

Theorem 3.5. Let (G, N) be a pair of finite nilpotent groups of class t. Then

i) a) Ift>c—|—1 then |[N,_1 G]||M ) (G, N)| divides
M (e w8 (W1 Gl 2 G

b) Ift<c+1 then |[N,.G]||M ) (G, N)| divides
|M () (ﬁ m)||®c+ ([Nye-1 G, WN

i) d(M(G,N)) < dM)(x-%r, wgg))FA@ T (N1 G, 7= xay))s
iii) exp(M?(G, N)) < eXP(M(C)(W o) exp(@FH([Ne-1 G, 72— Frgy))-

Proof. Let G = F/R be a free presentation of G. Let N 2 S/R and Z;_;(N,G) &
T;/R, for all 0 < i < t. Consider the following chain

S=Tp2 2T, 22T 1 2T, =R2O[R,F] 2+ D[R, F].

Since [Ty, F] C Tg+1, we have [T;,[S,:—1 F]] C [R,; F] by Lemma 3.3. This inclu-

sion induces the following epimorphism.

[Syt—1 FIR F
R "Ty_q

[S¢-1 F]R,c F]

®c+1 ( [Rw F] ’

) —

S[R,C F] RrTi 1 Q- Qrd_ 1 — [s,xl, R ,l‘c][R,c F]

So we have
[[Syt—1 F]R,: F) | oo+ [Sy-1 FIR F 3)
[R.. F] R Ty
On the other hand, considering K = [N,;_; G] in Lemma 3.1, we have if t > ¢ +1,
then
, , G \ FIR,. F]
N1 G| |ME(G, N)| = ’M(C) H el
[y GG ) [N 1G] [V ,HG R, F]
and if t < ¢+ 1, then
G t—1 F]R c F]
N, G ‘M(C) G, N ’: ’M(C) H ’ !
e G MG, ) (e Wor || o
Now (i) follows by Equation 3. One can obtain (ii) and (iii) similarly. O

The next result gives another upper bound for the order, the exponent and
the minimal number of generators of the c-nilpotent multiplier of a pair of finite
groups. This theorem is an extension of Theorem 3.4 in [8] and also generalizes
Theorem B in [5]
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Theorem 3.6. Let (G,N) be a pair of finite nilpotent groups of class at most t
(t >2). Then

) [N, G| [M©(G, N)| divides | M) (8, )| TIZ) [@°7 (Vi G, 785

it) d(M)(G,N)) < d(M© (58, 12)) + SiZt d(@° (N G, 58);

9
B
9

iif) exp (M(©)(G,N)) divides

e (M (g ) Lo (67006 7 )

Proof. (i) Let F, S and R be as in Theorem 3.5. Considering K = [N,G] in
Lemma 3.1, we have

V.. G (@, V)] = \M@( )] MO (G, [N, G)[[N oo G-

[N,G]" [N, G]

On the other hand,

Syet1 FIR|(RN[S, F,c F))[R,. F
Nen @l M@ v, e = | = )[R, F]
R, F]
_ W
| [ReF)
_|[S+ PR F) | p S,, FIR,. F)|
B [R.. F) Si1 FIR.F]|

=1

By the assumption of theorem, 1 = [N,; G] = ([S, +F]R)/R and hence [[S, +F|R, .F]
= [R, .F]. Therefore

t—1

G = [[S, :F|R,. F)
N MG, N)| = |M© e
|[ I CG]H (G7 )| ([NG 111 7 l+1FR, CF]
On the other hand, for all 1 <i <t —1,
c+1
[T e (1S FIR, F1);[[S, iFIR, cxaF] <[[S, i1 FIR, oF).
j=2
Considering this inequality, Lemma 3.2 implies that
[[Sa lF]vaF ‘ ‘ +1 G
C N7’L G I
lcamraeeaill ECEE e
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and hence the assertion follows.
(ii) Let 7(G) be the special rank of G. Using 3.1 and 3.2, we obtain

AMOG,N)) < d(M(C)( G N ))+d(M<c>(G .a))

NG}
< d(M<c>( ) (Rm S[g:gm F])
< d(M(C)( >+r( SFWR,CF}
= d<M()( ) r( ,HlFR,CF])
< d(M(c)( >+Zd< @t ([N,; G, [NfG]))

The last inequality holds because r(A) = d(A) for any finite abelian group A.
(iii) It can be proved easily by an argument similar to the proof of (i). O
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