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Commuting Conjugacy Class Graph of G

when % = Do,

Mohammad Ali Salahshour *

Abstract

Suppose G is a finite non-abelian group and I'(G) is a simple graph with
the non-central conjugacy classes of G as its vertex set. Two different non-
central conjugacy classes C' and B are assumed to be adjacent in I'(GQ) if
and only if there are elements a € A and b € B such that ab = ba. This
graph is called the commuting conjugacy class graph of G. In this paper,
the structure of the commuting conjugacy class graph of a group G with this
property that % 2 Dy, will be determined.
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Centralizer, Normalizer, CA-Group.
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1. Introduction

Throughout this paper all groups are finite and graphs are assumed to be simple
and undirected. We refer to [6] for our group theory notations and [4] for graph
theory notions. Suppose X = {Aj,...,A;} is a set of undirected graphs with
mutually disjoint vertex sets. The notation A; U---U A is used for a graph with
the vertex set V(A1) U---UV(Ay) and edge set E(A1) U---U E(A;). In the case
that all members of X are isomorphic, we use the notation sA; as A; U---UA,.

Suppose G is a non-abelian finite group. The commuting conjugacy class
graph, I'(G), of G is a simple and undirected graph with non-central conjugacy
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classes of G as its vertex set and two distinct vertices C' and D are adjacent if
and only if there are @ € C and b € D such that ab = ba [5]. In the mentioned
paper, the authors classified all finite groups G with this property that I'(G) is
triangle-free.

Set Cent(G) = {Cq(z) | © € G}, where C(x) denotes the centralizer of x in G.
The group G is said to be n—centralizer if n = |Cent(G)|. The finite groups with
small number of element centralizers are characterized by Belcastro and Sherman
in 1994 [3]. The group G is called a C A—group if for each non-central element
x € G, Cg(z) is abelian [8]. The following theorem is crucial throughout this

paper:
Theorem 1.1. Let G be a finite group. Then the following are hold:

1. Let % be non-abelian, n be an integer and p be a prime. If% 2 Lip X Ly,
then G is a C A-group (See Baishya |2, Lemma 2.10]).

2. Let n > 2 be an integer and let G be a finite group such that % = Doy,

Then |Cent(G)] = n + 2 and there are r,s € G such that Cent(G) =
{G, Cg(r), Cg(ris) : 1 < i < n} (See Abdollahi et al. |1, Proposition
2.2]).

3. Let G be a CA-Group. The non-central conjugacy classes & and y© of G
are adjacent in T'(G) if and only if Ca(x) and Ca(y) are conjugate in G (See
Salahshour et al. [7, Lemma 3.1]).

4. If G is a CA-group then I'(G) = UCGN(”)GA(G) KnCGN(”—') , where Negw =
%, AG) = w and ~ is an equivalence relation on
Cent(G) \ {G} by Cg(x) ~ Caly) if and only if Ca(z) and Ca(y) are
conjugate in G (See Salahshour et al. [7, Theorem 3.3]).

5. The commuting conjugacy class graph of dihedral group Da, is as follows:

Kanl U Ky, n is odd,
I'(Dgy,) = Kz 1 U2K,, nand % are even,

Kz 1 UKy, niseven and 5 is odd,
(See Salahshour et al. [7, Proposition 2.1]).
6. The commuting conjugacy class graph of dicyclic group Ty, is as follows:

| K,1U2K;, niseven,
P(Tan) = { K,_1UKs, nisodd,

(See Salahshour et al. |7, Proposition 2.2]).
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7. The commuting conjugacy class graph of the group Vg, is as follows:

K2n—2 U 2K27 2 | n,

T(Vay) =
( s ) {KQn—1U2K17 2*”7

(See Salahshour et al. [7, Proposition 2.4]).

Suppose Ds,, denotes the dihedral group of order 2n. The aim of this paper is
to calculate the commuting conjugacy class graph of a group G with this property
that % = Dy,,. Our calculations are done with the aid of GAP [9]. The following
theorem is the main result of this paper.

Theorem 1.2. Let G be a finite group with center Z such that $ = Dsy,,. Then

Knoz U2K |z, n is even,
F(G) — 2 2
K1)z UK|Z‘, n s odd.
2

2. Proof of the Main Theorem

The aim of this section is to obtain the structure of the commuting conjugacy class

graph of G when % 2 Dy,. To explain our result, an example is also presented.

Note that Ds,, = Z, X Zs. Since % >~ Dy, by Theorem 1.1(1.1), G is a
C A-group. By Theorem 1.1(1.1),

Pe = U Kugge )

e e A(@)

where TLCGN@ = % and A(G) = w such that ~ is an

equivalence relation on Cent(G) \ {G} defined by Cg(x) ~ Cg(y) if and only if
Ca(x) and Cg(y) are conjugate in G. We need the structure of the centralizers in
G. Since % & Doy, there are a,b € G\ Z such that

g = (aZ,bZ | (aZ)" = (b2)*> = Z, (bZ) Y (aZ)(bZ) = (aZ)™).

For every g € G, gZ € % Hence, there are 0 < i <mn—1and 0 < j <1 such that
9Z = (aZ)'(bZ) = (a'Z)(V' Z) = 'V Z.
Therefore,

G:{aibjz | 0<i<n—1,0<j<1, b ltab=a""'z, a”,bz,z,zTEZ}.
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Assume Z = {1, 21, 29,...,2|z|—1} and the elements of G are as follows:
a a” 1 b ab a™ b
az1 S a1z bz abz1 S a™ bz
azo S a" lzy bz abzo S a™ lbzg

-1 -1
2| z|-1 azjzj—1 -+ a"lzzj—1 bzigzj—1 abzizi—1 - a"Tlbziza

By Theorem 1.1(1.1) and the fact that & 2 Dy, |Cent(G)| = n + 2 and
Cent(G) = {G,Cg(a),Cq(a®b) : 0<s<n-—1}.

Also, G is a C'A-group and by Theorem 1.1(1.1), two non-central conjugacy classes
of G are adjacent in I'(G) if and only if their centralizers are conjugate in G. Hence,
we investigate the conjugation of centralizers of G. By definition of G, it is easy
to see that Cg(a) = {a'z | 0 <i<n—1, 2 € Z}. Therefore, |Cg(a)| = n|Z|.
On the other hand, |G| = 2n|Z|. Hence [G : Cg(a)] = 2 and Cg(a) < G. Also, by
definition b~tab = a~ 'z, and so ba = a~'bz,. Thus, for each 4

ba' = a" bzt

. and b la' =a b2l (2)

Since b? € Z, by Equation 2,
(a*b)? = (a*b)(a®b) = a*(ba®)b = a®(a~*bz)b = b*2: € Z,
where 0 < s < n — 1. Therefore,
Ca(a®b) = {(a*b)*z | 0<k<1,2€ Z}=ZUa’bZ (3)
and |Cg(a®b)| = 2|Z]|. Also, by Equation 2,
(a’z) 1 (a®b)(a'z) = a “(a*b)a’ = a “a®(ba") = a* bz’ (4)
0<t1<n-—1,and
(a’bz) M (a®b)(a'bz) = b [a " (a®b)a’]b = b (a**bzl)b
(b ra* 20?2t = a®ohai (5)
We now assume that Cg(a®bh) and Cg(a’b) are conjugate in G. There exists
r € G such that 27'Cg(a®b)z = Cg(ab). By Equations 4 and 5, a*~2bzl €
Cc(a'b) or a?=%bz5~" € Cg(a'b). Without loss of generality, we consider the
case that a?=*bz5~" € Cg(a'd). By Equation 3, there exists z,, € Z such that
a*=%b257" = a'bz,,. So a* =7t € Z. Since o(aZ) =n, n | 2i — s —t. Hence there

exists k € Z such that s +t = nk + 2.

Suppose n is even. Then s + ¢ is even. Therefore, Cg(a®*b) and Cg(a'b) are

Ca(b)

conjugate in G if and only if s and ¢ are both even or both odd. Then and
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Colab) are two distinct classes in A(G). Thus A(G) = {CG(”’), Ce(t) Celab) } We

now assume that n is odd. In this case, we show all Cg(a®b) are conjugate with
Cg(b) for 1 < s < n —1. If s is even, then set * = a2. By Equations 3 and 4,
2Cq(b)x~1 = Cg(a®h). But s is odd, then set x = a™5" . Because n is odd number,
by Equations 3 and 4, 2Cq(b)xz~! = Cg(ab). Accordingly, for 0 < s <n — 1, all
C¢(a®b) are conjugate with Cg(b). Thus A(G) = {C%@, C%(b)} Therefore,

e, S SE n is even,
A(G) = (6)
{LGN(Q) , Ge®) }, n is odd.

{ Ca(a) Ca(b) Cg(ab) }

Since Cg(a) <9 G, Ng(Cg(a)) = G and [Ng(Cg(a)) : Cg(a)] = 2. Then

__ |Cela)—12]  _nlZz|—|Z] _ (n—1)[Z]
Ncga) = = = .

~ [NG(CG(G)) : Cg(a)] 2 2 (7)

Suppose 0 < s <n — 1 is constant. We know that Cg(a®b) < N(Cq(a®b)). Hence
for every x € N(Cg(a®h)), 271Cg(a*b)r = Cg(a®h). By Equations 4 and 5,
a7zl € Cg(a®h) or a®~*bz:~" € Cg(a®h). If a*~%bzl € Cg(a®h), then by
Equation 3, there exists z,, € Z such that a®~2%z! = a®bz,, and so a2 € Z.
Since o(aZ) = n, n | —2i. Hence there exists k € Z such that 2i = —nk. Since
0<i<n-—1,
) {0 or 3z, n is even,
i= (8)
0, n is odd.
If a?=%b257%" € Cg(a®b), then by Equation 3, there exists z,, € Z such that
a*=%b257" = a®bzy, and hence a* =2 € Z. Since o(aZ) = n, n | 2i — 2s. Hence
there exists k € Z such that 2i = nk + 2s. Since 0 <i,s <n —1,

(9)

s or g +s, n is even,
1 =
S?

n is odd.

By Equations 8 and 9,

Ca(a®b) UaZCg(a®h), n is even,

N(Cg(a®b)) = { Ca(a®h), n is odd,

and
2|Cq(a®b)|, n is even,

IN(Cg(a’b))| = { |C(a®b)], n is odd.
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Since |Ca(a®b)| = 2|Z],

Nogab) = Ncogk) = |CG(b)| — |Z‘
Calat) = [NG(Ca(b)) : Ca(b)]
2zi-12] _ 12] n is even,
_ { T =7 (10)
w:wL n is odd.

We now apply Equations 1, 6, 7 and 10 to prove that
Km-1z) U2K |z, n is even,
I(G) = ’ : :
Km-1z U K|Z‘, n is odd.
2

This completes the proof of our main result.
Example 2.1. By GAP, Z(D21) = Z(Toa) = Z(Vaa) = Lo and 5{jty = 5ty &
722/‘2};‘4) 2 Djy. By Theorem 1.2, I'(Day) = I'(T24) = K5 U2K;. Also, Z(Dsg) =

Z(Ty) = Zsy, % = % >~ Dy and by Theorem 1.2, T'(Dgg) = I'(Thg) =
K, U K3. On the other hand, By Theorems 1.1(1.1), 1.1(1.1) and 1.1(1.1), it is
easy to see that T'(Daoyg) = I'(Thy) = K5 U2K; and I'(Dyg) = I'(Tyo) = K4 U K.
Therefore, this confirms the correctness of Theorem 1.2, see Figure 1. Furthermore,

Z(V48) = 7o X Lo, Z(ZQ4 X ZQ) =~ 7,4 and Zg/éig) = Z(ZZ2§4><><12222) 2 Dy5. By Theorem

1.2, F(‘Qg) = F<Z24 Dl Zg) = KlO @] 2K2 See Figure 1.

2

K5 U 2K, Ky UK,

Ko U2K,

Figure 1: F(D24):F(TQ4):F(‘/Q4):K5 U 2K1, F(Dgo):F(Tgo):K4 U KQ and
F(V48) = F(Z24 X Zz) = K19 U2K,.
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