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Abstract

Here, the existence of fixed points for weakly compatible maps is studied.
The results are new generalization of the results of [5]. Finally, we study the
new common fixed point theorems.
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1. Introduction
Huang et. al [5] extended the concept of the metric space (see [2, 10, 11, 12, 13]
and References therein). They introduced the cone metric space. After then many
authors studied some fixed point theorems in this setting (see [3, 4, 7, 8] and
references therein).

Here, we extend the recent results [1, 5]. In order to do this, we recall some
facts (see [1, 2, 4, 5]).

Definition 1.1. [5] Assume H is a real Bancah space. A subset C ⊂ H is called
cone if

(I) C ̸= ϕ, C ̸= 0 and C is closed.

(II) If u,−u ∈ C, then u = 0.

(III) For every real positive α, β and u, v ∈ C, then αu+ βv ∈ C.
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A partial order ≤ on c can be defined by

u ≤ v iff v − u ∈ C.

One can write
u < v if u ≤ v and u ̸= v
u ≪ v if v − u ∈ intC,

where intC is the interior of C.

Definition 1.2. [6] The cone C is said to be normal if

∃ M > 0 such that 0 ≤ u ≤ v ⇒ ∥u∥ ≤ M∥v∥ (1)

for all u, v ∈ H.

Definition 1.3. [6] One says the cone C is regular, if every bounded (from below)
decreasing sequence {zn} (in C) is convergent.

The above definition implies that if C is a regular cone, then it is a normal
cone.

Definition 1.4. [6] A cone metric on a set Y , is a function ρ : Y × Y → H,
satisfies

• for all u, v ∈ Y, ρ(u, v) ≥ 0 and ρ(u, v) = 0 iff u = v.

• for all u, v ∈ Y ρ(u, v) = ρ(v, u).

• for all u, v, w ∈ Y ρ(u, v) ≤ ρ(u,w) + ρ(v, w).

then (Y, ρ) is called a cone metric space.

Next we introduce the concept of the convergence of a sequence and then one
can write about Cauchy sequence.

Definition 1.5. [2] The sequence {un} is called a convergent sequence,

∀α ≫ 0 ∈ H ∃ M ∈ N such that ∀ n > M ρ(un, u) ≪ α,

for some fixed u ∈ Y . The sequence {un} is called a Cauchy sequence, if

∀α ≫ 0 ∈ H ∃ M ∈ N such that ∀ m,n > M ρ(un, um) ≪ α.

Notice that a complete cone metric space is a space where every Cauchy se-
quence is convergent. Also, It is necessary to mention that in a normal cone,

{un} is a Cauchy sequence ⇐⇒ ρ(un, um) → 0,

when (n,m → ∞) (see [1]).
About the uniqueness of the limit, the following Remark from [6] is recalled.
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Remark 1.

• Let C be a normal cone, the limit of a convergent sequence is unique.

• If u ≤ v, where u, v ∈ Y , and α ≥ 0, then αu ≤ αv.

• If for each n ∈ N , un ≤ vn, where {un}, {vn} are two sequences in Y and
limun = u, lim vn = v, then u ≤ v.

• If any sequence un → u0 implies T (un) → T (u0), the function T : Y → Y is
continuous at u0 ∈ Y .

In the next definition we recall the concept of R-weakly commuting mapps.

Definition 1.6. Assume T, S : Y → Y , if

∃ R ∈ R+ such that ∀ u ∈ Y, ρ(TS(u), ST (u)) ≤ Rρ(T (u), S(u))

the mappings T and S are called R-weakly commuting maps on metric space (Y, ρ).

There is another concept which is called compatible and it can be as follows.

Definition 1.7. Assume T, S : Y → Y , if limn→∞ρ(TS(un), ST (un)) = 0, where
{un} ∈ Y and there exists u in Y such that

limn→∞T (un) = limn→∞S(un) = u,

the mappings T and S are called compatible maps on (Y, ρ).

Remark 2. Notice that compatible maps aren’t weakly commuting mappings (see
[8]).

Jungck et. al. [9] in 1998 introduced the coincidentally commuting mappings
(this concept is recalled as weakly compatible mappings, too).

Definition 1.8. Suppose T, S : Y → Y , if

∃ u ∈ Y, T (u) = S(u) then TS(u) = ST (u),

then the mappings T and S are called weakly compatible.

Notice that

weakly commuting → compatible → weakly compatible

but the reverse of the above fact is not true.
Now, we recall a Theorem of [1], which will be used in the next section.

Theorem 1.9. Suppose T, S : Y → Y are weakly compatible maps and z = S(u) =
T (u) (i.e. T and S have a unique coincidence point). Then T and S have a unique
common fixed point z.
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2. Weakly Compatible Maps
Here, two new generalization results of [5] will be presented.

Theorem 2.1. Assume (Y, ρ) is a complete cone metric space, T : Y → Y , C is
a normal cone and χ : (0,∞) → (0, 1) is a monotonically decreasing function. If

ρ(T (u), T (v)) ≤ χ(∥ρ(u, v)∥)ρ(u, v), ∀ u, v ∈ Y,

then T has a unique fixed point in Y .

Proof. Due to prove the theorem, fixed u0 ∈ Y and define a sequence by

un+1 = Tn(u0).

This implies

ρ(un+1, un) ≤ χ(∥ρ(un, un−1)∥)ρ(un, un−1)
≤ χ(∥ρ(un, un−1)∥)χ(∥ρ(un−1, un−2)∥)ρ(un−1, un−2)
≤ . . .

≤ Πk=n−1
k=0 χ(∥ρ(uk, uk+1)∥)ρ(u0, u1).

By χ(s) < 1, for r > t we can conclude that

∥ρ(ur, ut)∥ ≤ K∥ρ(ur, ur−1) + ρ(ur−1, ur−2) + · · ·+ ρ(ut+1, ut)∥
≤ M(∥ρ(ur, ur−1)∥+ ∥ρ(ur−1, ur−2)∥+ · · ·+ ∥ρ(ut+1, ut)∥)
≤ M2∥ρ(u0, u1)∥ = N,

(2)

and

∥ρ(un, un+p)∥ ≤ MΠk=n−1
k=0 χ(∥ρ(uk, uk+p)∥)∥ρ(u0, up)∥ for all p > 0. (3)

Now we show that {un} is a Cauchy sequence or

∀ϵ > 0,∃N such that ∥ρ(uN , uN+p)∥ <
ϵ

2M
,

for every p > 0.
If ∥ρ(uk, uk+p)∥ ≥ ϵ for k = 0, 1, . . . , n− 1, then from monotonicity of χ(s) we

have χ(∥ρ(uk, uk+p)∥) ≤ χ(ϵ), and (2) and (3) will imply

∥ρ(un, un+p)∥ ≤ MN (χ(ϵ))
n
.

We have χ(ϵ) < 1, thus
limn→∞χn(ϵ) = 0,

so there exists an integer N (independent of p) such that ∥ρ(xN , xN+p)∥ < ϵ/2M
for every p > 0.
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Thus by triangle property for n = N + p and m = N + q

∥ρ(un, um)∥ ≤ M(∥ρ(uN , uN+p)∥+ ∥ρ(uN , uN+q)∥)
< M( ϵ

2M + ϵ
2M )

= ϵ.

thus there exists u ∈ Y such that

lim
n→∞

un → u.

Also u is a fixed point of T , because

∥ρ(T (u), u)∥ ≤ M2∥ρ(un, u)∥+M∥ρ(un+1, u)∥.

Suppose v ̸= u are distinct fixed points of T . Since χ(u, v) = k < 1, then

ρ(u, v) ≤ χ(∥ρ(u, v)∥)ρ(u, v) ≤ kρ(u, v).

Thus the uniqueness is proved.

In the next theorem, we study the existence of a fixed point in the sequentially
compact cone metric space.

Theorem 2.2. Suppose (Y, ρ) is a cone metric space and sequentially compact,
T : Y → Y , C is a regular cone, ϑ : H → H is a continuous, ϑ(t) < t for all t ̸= 0
and ϑ(0) = 0. Suppose

ρ(Tu, Tv) ≤ ϑ(ρ(u, v)) for all u ̸= v ∈ Y,

then T has a unique fixed point in Y .

Proof. Fixed u0 ∈ Y and define a sequence by

un+1 := Tn(u0).

The assumption ϑ(t) < t shows

ρ(T (un−1), T (un)) ≤ ρ(un−1, un).

And since {ρ(un+1, un)} is bounded from below, there is a ∈ H such that

limn→∞ρ(un+1, un) = a.

Notice that the condition ϑ(t) < t implies that a = 0.
On the other hand, there exists a subsequence {uri} of {un} (Y is sequentially

compactness) such that
uri → u.
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The contractive condition implies ρ(T (uri), T (u)) ≤ ϑ(ρ(uri , u)), so

∥ρ(T (uri), T (u))∥ ≤ M∥ϑ(ρ(uri , u))∥.

By the continuity of ϑ, when i → ∞∥ρ(T (uri), T (u))∥ → 0. Hence T (xri),→ T (u).
Now [5, Lemma 5] implies ρ(T (uri), uri) → ρ(T (u), u) when i → ∞, therefore

ρ(uri+1, uri) → ρ(T (u), u). Hence ∥ρ(T (u), u)∥ = 0 and u is a fixed point of T .
The uniqueness of u is obvious.

The two next Theorem 2.3 and Theorem 2.4 are new generalizations of the
results of [1].

Theorem 2.3. Suppose (Y, ρ) is a cone metric space, T, S : Y → Y , C is a
normal cone, θ : R+ → (0, 1) is a monotonically decreasing function. Assume
ρ(T (u), T (v)) ≤ θ(∥ρ(S(u), S(v))∥)ρ(S(u), S(v)). Let S(Y ) be a sequentially com-
pact subspace of Y , T (Y ) ⊂ S(Y ), then T and S have a unique coincidence point
in Y . In addition, S and T have a (unique) common fixed point if they are weakly
compatible.

Proof. First, we define a sequence in S(Y ). Fixed u0 ∈ Y , since the range of S
contains the range of T , one takes u1 ∈ Y such that T (u0) = S(u1). By induction,
assume {un} ∈ Y is obtained. One chooses un+1 ∈ Y such that T (un) = S(un+1).
Then

ρ(S(un+1), S(un)) ≤ θ(∥ρ(un, un−1)∥)ρ(S(un), S(un−1))
≤ θ(∥ρ(un, un−1)∥)θ(∥ρ(un−1, un−2)∥)ρ(S(un−1), S(un−2))
≤ · · ·
≤ Πk=n−1

k=0 θ(∥ρ(uk, uk+1)∥)ρ(S(u0), S(u1)).

Since θ(s) < 1 for all s ≥ 0, then for r > t

∥ρ(S(ur), S(ut))∥ ≤ M∥ρ(S(ur), S(ur−1)) + ρ(S(ur−1), S(ur−2))
+ · · ·+ ρ(S(ut+1), S(ut))∥

≤ M(∥ρ(S(ur), S(ur−1))∥+ ∥ρ(S(ur−1), S(ur−2))∥
+ · · ·+ ∥ρ(S(ut+1), S(ut))∥)

≤ M2∥ρ(S(u0), S(u1))∥
= N.

(4)

Then

ρ(S(un), S(un+p)) ≤ Πk=n−1
k=0 θ(∥ρ(uk, uk+p)∥)ρ(S(u0), S(up)) for all p > 0. (5)

Notice that {S(un)} is a Cauchy sequence. Due to prove this, for every ϵ > 0 there
exists number N , dependent on ϵ such that ∥ρ(S(uN ), S(uN+p))∥ < ϵ

2M for every
p > 0. If ∥ρ(S(uk), S(uk+p))∥ ≥ ϵ for k = 0, 1, . . . , n−1, then from monotonicity of
θ(s) we have θ(∥ρ(uk, uk+p∥)) ≤ θ(ϵ), and by (4) and (5), ∥ρ(S(un), S(un+p))∥ ≤
MN (θ(ϵ))

n. Notice that θn(ϵ) → 0, so there exists an integer N independent of p
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such that ∥ρ(S(uN ), S(uN+p))∥ < ϵ
2M for every p > 0, and for n := N + p,m :=

N + q

∥ρ(S(un), S(um))∥ ≤ M(∥ρ(S(uN ), S(uN+p))∥+ ∥ρ(S(uN ), S(uN+q)))∥
< M( ϵ

2M + ϵ
2M )

= ϵ.

This shows {S(un)} is Cauchy (see [1]) and there exists a u in S(Y ) such that

lim
n→∞

S(un) = u.

Thus one can find v in Y such that S(v) = u. Also

ρ(S(un), T (v)) = ρ(T (un−1), T (v)) ≤ θ(∥ρ((un−1, v))∥)ρ(S(un−1), S(v)).

The relation (1) implies

∥ρ(S(un), T (v))∥ ≤ Mθ(∥ρ(un−1, v)∥)∥ρ(S(un−1), u(v))∥ → 0.

Since S(un) converges to S(v) then ρ(S(un), T (v)) → 0 as n → ∞. In adition
ρ(S(un), S(v)) → 0 as n → ∞. Thus T (v) = S(v).

Notice that T and S have a unique point of coincidence. Suppose there exists
a point v′( ̸= v) in Y such that T (v′) = S(v′). Since θ(∥ρ(v′, v)∥) = b < 1,
ρ(S(v′), S(v)) = ρ(T (v′), T (v)) ≤ θ(∥ρ(v′, v)∥)ρ(S(v′), S(v)) ≤ bρ(S(v′), S(v)),
which implies ∥ρ(S(v′), S(v))∥ = 0 and S(v′) = S(v). Thus T and S (by Theorem
1.9) have a unique common fixed point.

Remark 3. Theorem 2.3 remains true if one consider R-weakly commuting maps.

Theorem 2.4. Suppose (Y, ρ) is a cone metric space, T, S : Y → Y , C is a regular
cone, θ is a continuous selfmap on H, θ(t) < t for all t ̸= 0 and θ(0) = 0. Assume

ρ(T (u), T (v)) ≤ θ(ρ(S(u), S(v))) for all u, v ∈ Y, S(u) ̸= S(v).

If S(Y ) is a sequentially compact subspace of Y and T (Y ) ⊂ S(Y ), then T and
S have a unique coincidence point in Y . In addition, S and T have a (unique)
common fixed point if they are weakly compatible.

Proof. Fixed u0 ∈ Y . Set u1 ∈ Y such that T (u0) = S(u1). By induction, we have
{un} in Y . Define un+1 in Y such that T (un) = S(un+1). Since θ(t) < t,

ρ(T (un), T (un+1)) ≤ ρ(S(un), S(un+1)).

Notice that {ρ(S(un+1), S(un))} is bounded from below and is a decreasing se-
quence. Thus there exists a ∈ E such that ρ(S(un+1), S(un)) → a as n → ∞ (P
is regular). The condition θ(t) < t implies a = 0.
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On the other hand, there exists subsequence {S(uri)} of {S(un)} (S(Y ) is
sequentially compactness) such that S(uri) → v when i → ∞ such that v ∈ S(Y ).
Consequently, there is u in Y such that S(u) = v. Thus

ρ(S(uri), T (u)) = ρ(T (uri−1), T (u))
≤ θ(ρ(S(uri−1), S(u))),

so
∥ρ(S(uri), T (u))∥ ≤ M∥θ(ρ(S(uri−1), S(u)))∥.

Then S(uri) → S(u) and continuity of θ imply

∥ρ(S(uri), T (u))∥ → 0(i → ∞).

Hence S(uri) → T (u). Also

ρ(S(uri), S(u)) → 0 as i → ∞.

Finally, T (u) = S(u) (the uniqueness of the limit). The uniqueness of the coinci-
dence point is obvious. In fact, T and S (by Theorem 1.9) have a common fixed
point which is unique.

Remark 4. Theorem 2.4 remains true if one consider R-weakly commuting maps.
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[6] D. Ilić and V. Rakočević, Common fixed points for maps on cone metric space,
J. Math. Anal. Appl. 341 (2008) 876− 882.



Weakly Compatible Maps and Fixed Points 105

[7] G. Jungck, Commuting mappings and fixed point, Amer. Math. Monthly 83
(1976) 261− 263.

[8] G. Jungck, Compatible mappings and common fixed point, Internat. J. Math.
Math. Sci. 9 (1986) 771− 779.

[9] G. Jungck and B. E. Rhoades, Fixed points for set valued functions without
continuity, Indian J. Pure Appl. Math. 29 (1998) 227− 238.

[10] F. Khojasteh, Z. Goodarzi and A. Razani, Some fixed point theorems of
integral type contraction in cone metric spaces, Fixed Point Theory Appl.
2010 (2010) 189684.

[11] F. Khojasteh, A. Razani and S. Moradi, A Fixed point of generalized
TF−contraction mappings in cone metric spaces, Fixed Point Theory Appl.
2011 (2011) 14.

[12] A. Razani, Results in Fixed Point Theory, Andisheh Zarin Publisher, Qazvin,
2010.

[13] A. Razani, V. Rakočević and Z. Goodarzi, Generalized ϕ-contraction for a
pair of mappings on cone metric spaces, Appl. Math. Comput. 217 (22) (2011)
8899− 8906.

Mosa Shahsavari
Department of Mathematics,
Qazvin Branch,
Islamic Azad University,
Qazvin, I. R. Iran
e-mail: shahsavarim1350@gmail.com

Abdolrahman Razani
Department of Pure Mathematics,
Imam Khomeini International University,
Qazvin, I. R. Iran
e-mail: razani@sci.ikiu.ac.ir

Ghasem Abbasi
Department of Mathematics,
Qazvin Branch,
Islamic Azad University,
Qazvin, I. R. Iran
e-mail: g.abbasi@qiau.ac.ir


