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Abstract

Many graphs are constructed from simpler ones by the use of operations
on graphs, and as a consequence, the properties of the resulting constructions
are strongly related to the properties of their constituents. This paper is
concerned with computing some distance-based graph invariants for three
constructions on graphs namely double graph, extended double cover, and
strong double graph.
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1. Introduction

Topological indices are numerical parameters of a graph that characterize its topol-
ogy and are invariant under graph isomorphism. They are used in the develop-
ment of quantitative structure-activity relationships (QSARs) and quantitative
structure-property relationships (QSPRs) in which the biological activity or other
properties of molecules are correlated with their chemical structure [10]. A large
number of topological indices have been introduced so far with different levels
of success in QSAR/QSPR researches. They are divided into different categories,
two of the most famous of which are distance-based and degree-based indices. One
of the important subcategory of distance-based topological indices is introduced
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based on the graph theoretical notion of eccentricity, most of which have been rec-
ognized as effective tools for predicting pharmaceutical and biological properties
of diverse nature.

Many graphs are formed from simpler ones which serve as their fundamental
building blocks, and as a consequence, the properties of these composite graphs
are strongly related to the properties of their components. Three of them which
have attracted much attention in recent years are double graph, extended double
cover, and strong double graph (see [1, 2, 4, 5, 11, 13, 14, 17]). The purpose of this
paper is to describe the connections between some distance-based graph invariants
of these constructions with the corresponding invariants of their constituents.

2. Definitions and Preliminaries

All over the paper, G is considered to be a simple connected graph with n vertices
and m edges, the vertex and edge sets of which are denoted by V(G) and E(G),
respectively. The notations dg(u), e¢(u), and dg(u) related to a vertex u € V(G),
represent the degree of u, eccentricity of u, and sum of degrees of all neighbors of
u in G, respectively. For the edge e = uwv € E(G), n,(e|G) represents the number
of vertices of G which are closer to u than to v and similarly for n,(e|G).

Here, we give the definitions and some mathematical properties of double
graph, extended double cover, and strong double graph. Let V(G) = {v1,va, ..., v, }.

Definition 2.1. The double graph D[G] of G is made from two distinct copies
X ={x1,x9,...,x,} and Y = {y1,y2,...,yn} of G by keeping the primary edge
set of each copy and adding the edges x;y; and x;y; for every edge v,v; € E(G).

Evidently, D[G] has 2n vertices and 4m edges. The following results follow
easily from definition 2.1.

Lemma 2.2. The following relations hold.
(i) dpigy(zi) = dp(c)(yi) = 2dc(vi).

(ii) epfe)(i) = epfe)(vi) = { iG(Ui) 11ff EC;((Z:)) ; 127.

(iil) dpie)(wi) = dpia)(yi) = 46G(vi)-

(iv) If vv; € E(G), then
1 (18 DIG) = 1 (lDIED = e DIG) = i aulDIE) =
e, (@55 D[G]) = ny, (i3 DIG)) = ny (2395 DIG]) = (20 DIG]) =
21, (v;05]G).

Remark 1. From part (ii) of Lemma 2.2, it can be easily seen that, if G contains
a vertex of eccentricity 1, then each vertex of D[G] has eccentricity 2.
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Definition 2.3. The extended double cover ED[G] of G is a bipartite graph with
bipartition X = {z1,22,...,z,} and Y = {y1,¥2,...,Yn}, in which z; is adjacent
with y; if and only if ¢ = j or v;v; € E(G).

It is obvious that, ED[G] has 2n vertices and n + 2m edges. The following
results follow directly from Definition 2.3.

Lemma 2.4. The following relations hold.

(i) depie)(zi) = depie)(y:) = da(vi) + 1.

(ii) eepia)(z:i) = eppia)(¥i) = ea(vi) + 1.
(iil) dgpie)(w:) = dppie)(¥i) = da(vi) + 2dg(vi) + 1.

Definition 2.5. The strong double graph SD[G] of G is made by taking two
distinct copies X = {z1,22,...,2,} and Y = {y1,y2,...,yn} of G by keeping the
primary edge set of each copy and by joining with an edge the vertex x; with the
closed neighborhood of the vertex y; for all 1 < ¢ < n.

It is clear that, SD[G] has 2n vertices and 4m +n edges. The following results
follow directly from definition 2.5.

Lemma 2.6. The following relations hold.
(i) dspie)(®i) = dspia)(yi) = 2dg(vi) + 1.
(i) espia)(®i) = espia)(¥i) = ec (vi).
(il) dspie)(xi) = dspia)(yi) = 406 (vi) + 4da(vi) + 1.
(iv) If viv; € E(G), then
N, (275 |SD[GI) = ny, (yiy;|SDIG]) = na, (2iy;]SDIG]) = ny, (x;3:|SDIG])
= 2n,, (v;v;|G) — 1,
N, (€325|SD(G]) = ny, (4:1y;1SDIG]) = ny, (2iy;|SDIG]) = na, (x;y:| SD[G])
= 2n,, (viv|G) — 1.
(v) For each 1 <1 <n, ng,(z;y;|SD[G]) = ny, (x;y:|SD[G]) = 1.
We end this section with the following simple lemma.
Lemma 2.7. For positive real numbers p and q,

(

1
— <
ptq

+

);

N
SR

1
q

with equality if and only if p=q.
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3. Main Results

In this section, we introduce some distance-based invariants of graph G and study
them for double graph, extended double cover, and strong double graph of G. Fol-
lowing the notations introduced in the previous section, let V(G) = {vi,ve,...,v,}
and V(D[G]) = V(ED|G]) = V(SD|[G]) = {z1,%2, .-, TnsY1,Y2, - - -, Yn }. We de-
note by n’ the number of vertices with eccentricity 1 in G.

3.1 Zagreb Eccentricity Indices

Vukidevié and Graovac [19] introduced the first and second Zagreb eccentricity
indices of G as

B(G) =Y co) Ba@)= Y ealv)ealvy),
i=1 viv; EE(G)

and Xu et al. [20] proposed the third Zagreb eccentricity index of G as

Es(G)= > |ea(v)—eal(v))-

ViV GE(G)

3.1.1 First Zagreb Eccentricity Index
Theorem 3.1. The first Zagreb eccentricity index of D[G] is given by

Ey(D[G]) = 2(E1(G) +3n/). (1)
Proof. By Definition 2.1 and Lemma 2.2,

E(D[G]) ZZé‘D[G} (i) + Z5D[G] (y:)? = 2{ o2+ > €G(Ui)2}

EG(vi):l EG(Ui)ZQ

=2[ > o@-1)+ Zec(vi)ﬂ =2(3n" + E1(Q)),

ea(vi)=1
from which Equation (1) follows. O
From Remark 1 and Theorem 3.1, we conclude that:

Corollary 3.2.

8n if n’ #£0,
E\(D[6)) = { 2E,(G) if n/ =0.

The invariant ((G) = 3_,cv (g €c(u) is known as the total eccentricity of G.
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Theorem 3.3. The first Zagreb eccentricity index of ED[G] is given by
E\(EDIG)) = 2(Ey(G) + 2(G) + ). @)

Proof. By Definition 2.3 and Lemma 2.4,

ZEED[G] () +ZEED[G (yi)® Z ea(vi)

-2 Z (ec(v:)? + 2ec(v;) + 1) = 2(E1(G) + 2((G) + n),

i=1

from which Equation (2) follows. O

Theorem 3.4. The first Zagreb eccentricity index of SDI[G| is given by
Ey(SDIG)) = 2E4(G). (3)

Proof. By Definition 2.5 and Lemma 2.6,

D:ZESD[G] +Z€SD (vi) —QZ€G v;)? = 2E,(G),
=1

i=1

and Equation (3) follows. O

3.1.2 Second Zagreb Eccentricity Index
Theorem 3.5. The second Zagreb eccentricity index of D[G] is given by

E»(D[G]) = 4(E2(G) +3 (Z) +on/(n— n')). (4)

Proof. By Definition 2.1 and Lemma 2.2,

ExDIG))= > epadepa(@)+ > epia(wi)epia) (i)
z;2;€E(D[G]) yiy; EE(DIG])
+ Y. ep@@epa)+ Y. epa(T)epe i)
z;y; €EE(D[G]) z;y;€E(D[G])
:4[ S @ex2+ 3 (2 x 2)
v;v; €EE(G): viv; EE(G):
EG(vi):EG(vj):l EG(’Ui):Lag(U]‘):Q
+ Z 5G('Ui)EG(Uj)}
v;v; EE(G):

ec(vi)ea(vy)>2
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=) > (d-ax)+ 3 (4—(1x2)

v;v; EE(G): v;v; EE(G):
eq(vi)=eq(vj)=1 ec(vi)=l,ec(v;)=2
!
v X eotalw)] =a[3(7 ) + 200w+ B6),
’Ui’UjGE(G)
hence Equation (4) holds. O

From Remark 1 and Theorem 3.5, it can be verified that:

Corollary 3.6.
16m if n' #0,

Ex(DIG]) _{ AE(G) i n' = 0.

The eccentric connectivity index [18] is defined for G as
€(G) =D dawea(vi) = > (ea(vi) +ea(v;)).
i=1 viv; €E(G)
Theorem 3.7. The second Zagreb eccentricity index of EDI[G] is given by
E;(ED[G]) = 2E2(G) + E1(G) + 26°(G) + 2¢(G) + n + 2m. (5)

Proof. From Definition 2.3 and Lemma 2.4,

E5(ED[G]) = Z £ep(c)(Zi)eED(G)(Y;)
zy; €E(ED[G])

+ Z epp(a)(%j)eep(a) (Vi) + Z eep(a)(Ti)eepia) (Vi)
z;y;€E(ED[G)) i=1

=2y (f‘:G(Ui)‘i‘l)(f‘:G(Uj)-i-l)+§:(EG(7}¢)+1)2

v;v; EE(G) i=1

=2 (eG(vi)sG(m + (ea(vi) +ec(v))) + 1)

v;v; EE(G)

+ Z (ec(vi)® + 2ec(v;) + 1)

i=1

=2(E2(G) + £°(G) + m) + E1(G) + 2¢(G) +n,
that can be simplified to Equation (5). O
Theorem 3.8. The second Zagreb eccentricity index of SD|G] is given by

E5(SD[G]) = 4E>(G) + Er(G). (6)
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Proof. From Definition 2.3 and Lemma 2.4,
By (SDIG) = > espe(®iespia) ()

+ Z espia)(Wi)espia)(y;)
yiy; €EE(SD[G])

+ Y. espe@iespia)(vi)
z;y; EE(SD[G])

n

+ Z espia)(r5)espia) (¥i) + Z espia)(Ti)espia (¥i)
z;y: €E(SD[G]) i=1

=4 Z ea(vi)ea(vj) + iag(vif =4F5(G) + E1(G),

’L),;’UjEE(G) =1

from which Equation (6) follows. O

3.1.3 Third Zagreb Eccentricity Index

In what follows, the third Zagreb eccentricity index of D[G], ED|[G], and SD[G]
are computed. The proofs are similar to those given in Theorems 3.5, 3.7, and 3.8
and are not presented here.

Theorem 3.9. The third Zagreb eccentricity index of D[G], ED[G], and SD|G]
18 given by

(i) Es(DIG]) = 4(Es(G) —n'(n —n')).
(ii) E5(ED[G]) = 2E3(G).
(iii) E3(SDI[G]) = 4E5(G).
From Remark 1 and part (i) of Theorem 3.9, we reach the following corollary.

Corollary 3.10.
[0 if n’ #£0,
Es(D[G]) = { AB(G) i n/ =0,

3.2 Eccentric Adjacency Index
The eccentric adjacency index of G was put forward by Gupta et al. [8] as

gty =y el

= cclvi

~

~
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Theorem 3.11. The eccentric adjacency index of D[G] is given by
&UDIG) = 4(26UG) = Y da(w). (7)
ea(vi)=1
Proof. By Definition 2.1 and Lemma 2.2,

n n

e (D[G) =3 dpe) (@) 3 9pic)(v:)

— epic)(wi) = epie)(vi)

of 5 sl 5

ea(vi)=1 ea(vi)>2 ca(vi)
45@(’07;) 45@(’[),;) - 45@(’07;)
:2 —
[ Z ( 2 1 ) + Z 6g(vi) }
ec(vi)=1 i=1
=2(-2 3 do(n) +467(@)),
ea(vi)=1
from which Equation (7) follows. O

The first Zagreb index [9] is defined for G as

n

Ml(G) = Z dc(’Ui)z = Z(SG(’UZ) = Z (dG(’UZ) + dG(’UZ))

i=1 v;v; EE(G)
Application of Remark 1 and Theorem 3.11 yields:
Corollary 3.12.

o -{ 50 120

The inverse total eccentricity index [16] and connective eccentricity index [7] of
G are respectively defined as

N =Y s @)=Y

= cc(vi)

Theorem 3.13. The eccentric adjacency index of ED|G] satisfies the following
inequality:

EU(EDIG)) < 5(6°UG) +26°°(G) + ¢(THG) + My(G) +n+4m),  (8)

DN | =

with equality if and only if G = K.
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Proof. By Definition 2.3 and Lemma 2.4,

e (mpic)) =3 2RI | 5~ TeniaW) _ o g do(vi) + 2dalv) +1

“~ eppie)(vi) = eppiaiWi) = ea(vi) +1

Application of Lemma 2.7 yields:

1 <= /6q(vi) +2da(v) +1  g(v) + 2da(v;) + 1
ad < - G G G
eU(ED(G) <2x 33 (TR )

(€UG) +26°°(G) + ¢HG) + My (G) + 4m + n)

from which the inequality in Equation (8) holds. By Lemma 2.7, the equality
holds in Equation (8) if and only if for each 1 <4 <, eg(v;) = 1, which implies
that G = K,,. O

Theorem 3.14. The eccentric adjacency index of SD[G] is given by
§4(SD[G]) = 2(46"4(G) +4€7(G) + (TH(Q)). (9)

Proof. By Definition 2.5 and Lemma 2.6,

ad <= 9spia) (i) dspic)(yi) 46c(vi) +4dg(v;) + 1
SDLE) _; esp(a)(Ti) * Z espia)(¥i) B 2; ec(vi)

=2(4¢"1(G) + 4¢(G ) +CH@)),
from which Equation (9) holds. O

3.3 Modified Eccentric Connectivity Index
The modified eccentric connectivity index of G was proposed by Ashrafi and Ghor-

bani [3] as
n
Z Ul 6(; 1)Z

In the following theorem, exact expressions for the modified eccentric connec-
tivity index of D[G], ED|G], and SD[G] are presented. The proofs are analogous
to those presented in Subsection 3.2 and are therefore omitted.

Theorem 3.15. The modified eccentric connectivity index of D|G], ED|G], and
SDI[G] is given by

(i) £(DIG]) = 8(8(C) + X vy1 96(vi) )

(il) &(ED[G)) = 2(&(G) + 26°4(G) + ¢(G) + M1 (G) +n + 4m).
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(iii) & (SDIG]) = 2(46c(G) + 4£°(G) + ((G)).

As a direct consequence of Remark 1 and part (i) of Theorem 3.15, we get the
following corollary.

Corollary 3.16.
[ 16My(G) if 0’ £0,
3.4 FEccentric Harmonic Index

The eccentric version of harmonic index (also called eccentric harmonic index) of
G was introduced by Ediz et al. [6] as
H.(G) = Z I
‘ c(vi) +ec(vy)

3
v;v; EE(G)

Theorem 3.17. The eccentric harmonic index of D[G] is given by

’ Il ol
H,(D[G]) = 2(2H.(G) - (’;) ) (10)
Proof. By Definition 2.1 and Lemma 2.2,
2 2
H.(D[G]) =4 2 2
ey =1l X gmt Y 5
v;v; EE(G): v;v; EE(G):
eq(vi)=eg(v;)=1 ea(vi)=lec(v;)=2
2
I S —
vit; EB(E): ea(vi) +ea(v;)
Eg(’ui),ig(vj)ZQ
2 2 2 2
4 Y Ghrt X Gy
|: v;v; EE(G): 2+2 1+1 v;v; EE(G): 2+2 142

ea(vi)=eg(v;)=1 ea(vi)=leg(v;)=2

T D :4<_;<Z> _M+He<c)),

v;v; EE(G) 6G(vi) + €G(Uj)

from which Equation (10) follows. O
As a direct consequence of Remark 1 and Theorem 3.17, we arrive at:

Corollary 3.18.
2m if n’ #£0,

He(D[G]){ AH,(G) it n/ =0.
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Theorem 3.19. The eccentric harmonic index of EDI[G| satisfies the following
inequality:

1
H.(ED|[G]) < Z(21*{e(c:)+§—1(c:)+n+2m), (11)
with equality if and only if G =2 K,,.
Proof. By Definition 2.3 and Lemma 2.4,
2 - 2
+ .
(ec(vi) +1) + (ec(v;) + 1) Z 2(ec(vi) + 1)

=1

H.(ED[G]) =2
ViV GE(G)

Now from Lemma 2.7, we get

He(ED[G])§2Xi Z (M+;)+i2( 1‘ Jr%)

Vv EE(G)

(H(@) +m) + 7(¢7(@) +n),

N | =

hence the inequality in Equation (11) holds. The equality occurs in Equation (11)
if and only if for each v;v; € E(G), eq(v;) + ea(v;) = 2 and for each 1 < i < n,
e (v;) = 1, which implies G = K. O

Theorem 3.20. The eccentric harmonic index of SD[G] is given by
H.(SD[G]) = 4H.(G) + ¢ (G). (12)

Proof. From Definition 2.5 and Lemma 2.6,

n

H.(SD[G]) =4 ) _ M+Z 2 =4H.(G) + ¢ 1(q),

v, CB(G) € P 2ec(vs)

and Equation (12) follows. O

3.5 Vertex PI index
The vertex PI index of G was introduced by Khadikar [15] as

PL(G)= > (n(elG) +ny,(elG)).

e=v;v; EE(G)
Theorem 3.21. The vertex PI index of D|G] is given by

PI,(D[G]) = 8PL,(G). (13)
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Proof. From Definition 2.1 and Lemma 2.2,

PL,(D[G]) =4 Y  (2n,(€|G) + 2n,,(e|G)) = 8PL,(G),
e=v;v; €EE(G)

and Equation (13) holds. O
Theorem 3.22. The vertex PI index of ED|G] is given by
PI,(ED|[G]) = 2n(n + 2m). (14)

Proof. From bipartiteness of ED|[G], for each edge e = uwv € E(ED[G]), we have
ny(e| ED[G]) 4+ ny,(e| ED[G]) = 2n. Hence

PI(EDIG))= > (nu(e|EDI[G]) + ny(e| ED[G])) = 2n(n + 2m),
wveE(ED[G])

and Equation (14) follows. O
Theorem 3.23. The vertex PI index of SDI|G| is given by

PI,(SD[G]) = 2(4PI1,(G) +n — 4m). (15)
Proof. By Definition 2.5 and Lemma 2.6,

n

PL(SD[G) =4 Y ((2nw(e|G)—1)+(2nv_7.(e\G)—1))+Z(1+1)

e=v;v;€E(G) i=1
=4(2PI,(G) — 2m) + 2n,

from which Equation (15) holds. O

3.6 Weighted Vertex PI Index
The weighted vertex PI index of G was introduced by Ili¢ and Milosavljeli¢ [12] as

PL(G)= > (da(vi)+dg(v;)) (nu,(e|G) + no, (€| G)).

e=v;0,€E(G)
Theorem 3.24. The weighted vertex PI index of D|G] is given by

PI,(D[G]) = 16PI,(G). (16)
Proof. From Definition 2.1 and Lemma 2.2,

PI,(D[G]) =4 Z (2dc(vi) + 2dc (v))) (2n, (e|G) + 21y, (€| G))
e=v;v; €E(G)
=16PL,(G),

and Equation (16) follows. O
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Theorem 3.25. The weighted vertex PI index of ED[G] is given by
PI,(ED[G]) = 4n(M;(G) + n + 4m). (17)

Proof. By Lemma 2.4 and bipartiteness of ED[G],

PI,(EDIG) =2n Y  (dpp(w) + dppe(v))
wv€eFE(ED[G])

n

:2n(2 Y ([e(v) + 1)+ (da(vy) + 1) +2 3 (de(vi) + 1))

viv; EE(G) 1=1
=4n(M;(G) + 4m +n),

hence Equation (17) holds. O

Theorem 3.26. The weighted vertex PI index of SD|G] is given by
PI1,,(SD[G]) = 4(4PI,(G) + 4PI,(G) — 4M;(G) + n). (18)

Proof. From Definition 2.5 and Lemma 2.6,

PI(SDIG) =1 Y ((2da(v) +1) + (2da(v;) + 1))

e=v;v; EE(G)

X ((2nvi(e|G) —1) + (2n,,(e|G) — )

+Z((2dg(vi)+1) + (2dg(vi) +1) ) (1 +1)

)¢
4y ((dc(vz)-l-d(; +2)

(1
e=v;v; EE(G)
X (Z(nvi(e|G)+nvj( 1G)) — )+ Z (2dg(vi) + 1)
i=1
=4(4PI,(G) — AM;(G) + 4PI1,(G) — 4m) + 4(4m + n),
which can be simplified to Equation (18). O
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