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Abstract

In this paper, by applying analytic combinatorics, we obtain an asymp-
totics for the ¢-th moment of the number of phrases of length ¢ in the
Lempel-Ziv parsing algorithms built over a string generated by an asym-
metric Bernoulli model. We show that the ¢-th moment is approximated by
its Poisson transform.
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1. Introduction

The Lempel-Ziv (LZ) algorithm is an algorithm for lossless data compression.
These algorithms are used in compression utilities such as GIF image compression
and gzip [1, 15].

The idea of the LZ parsing algorithm is to partition a sequence over a finite
alphabet (here ¥ = {0,1}) into phrases (or blocks) of variable sizes such that a
new phrase is the shortest substring not seen in the past as a phrase. For example,
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Figure 1: A digital tree representation of string 110010100010001000.

the string 110010100010001000 is parsed into
1-10-0-101 - 00— 01 — 000 — 100.

See Figure 1 for the digital tree representation of LZ’s parsing for the above string.

These algorithms play a crucial role in a universal data compression scheme
[4, 5, 8, 9, 10, 12, 13, 14, 15]. Here, we discuss on the ¢-th moment of the number
of phrases in this algorithm. Let X, ; be the random number of phrases of length
¢ in the LZ algorithm built over n phrases for an asymmetric Bernoulli model
(each string is a binary i.i.d. sequence with p being the probability of a "1"
(0 < p < q < 1)). First, we show the Poisson generating function of E(X? )
(namely, Dy 2(x)) satisfies the following functional-differential equation

Dy o(x) + Dy a(x) = Dy_12(pzr) + De—1,2(qz) + 2Dg—11(px) Dp—1,1(qz), (1)

with Dy 2(z) =1 —e~®. The equation (1) translates into a new equation that we
solve it by introducing two appropriate operators. Then we prove Theorem 2.1 that
is crucial for the solution of our problem. Finally, we show that u, ¢+ = E(X! ,)
is asymptotically equal to Dy (n) for t =2,3,.... 7

2. The Main Results

Because it is not possible to determine the probability function of the random
variable X,, ; by probabilistic method, we use the combinatorial method. As it
is natural in enumeration problems related to labelled structures, we define the
exponential generating functions

fri(x) = Z]E( fl,g)%:t, i>1.

n>0



Lempel-Ziv Parsing Algorithm 217

and their Poisson transforms, i.e., Dy ;(z) = e " fyi(z). By the same method of
[2, 7, 11] and the relation introduced in Section 1, for P, ¢(u) = E(u*X*) we have

n

Pry1,e(v) = Z (?)piqn_i i 0—1 (V) Pr—i—1(v),

=0

with initial conditions Pge(v) =1 for £ > 1, Py o(v) = v, Ppo(v) =1 for n > 1.
First, we focus on the case ¢ = 2. The function G,(x,v) as

Go(w,0) = Y Paslv) =y
n>0 ’

fulfills the following functional recurrence
0
%gf(‘r7’l}) :gffl(Pl'aU)ngl(qxa”)v l 2 17

with initial conditions Go(z,v) = v+ €® — 1 and G,(0,v) =1 (¢ > 1). By taking
second derivatives with respect to v (and setting v = 1) we obtain for f o(z) fulfills
the following functional recurrence

Fro(x) = €9 fo_1 2(px) + €7 fo_12(qx) + 2fe—1.1(p2) fr—1,1(g2). (2)

Also, the Poisson transform of Dy o(z) translates recurrence (2) into

Dé,g(x) + Dy o(x) = Dy—12(px) + Dy—1,2(qr) + 2Dg_11(px)De—1,1(qx),  (3)

with initial conditions Dy o(x) = 1 —e™® and D;2(0) = 0 (¢ > 1). For n < ¢,
X, = 0 (as it is for the internal profiles). Thus fro(z) = O(z**1) as © — 0.
Then, the Mellin transform Dj ,(s) actually exists for s with —¢ —1 < R(s) < 0.
By the structure of function of Dy (), we can express Dj,(s) as —I'(s)Fu(s)
where I'(s) is the gamma function. Thus F(s) is the finite linear combinations
of functions ¢~ with certain values of a and one can be considered as an entire
function. Furthermore (3) translates into

Fio(s) = Fe(s — 1) = S(8)Fe—1(s) + He(s), ¢>0, (4)

where
Hg(s):/ (F(s))_12Dg_171(px)Dg_Ll(qac)xs_ldx,
0

and Fp(s) = 1. The equation (4) holds for all s, since F(s) continues analytically
to an entire function, [6].
In order to use of Cauchy residue theorem [3] we define

fs,w) =37 Fals)u.

>0
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Let us introduce functional operators A and C as follows

Crs = [+ fls=D+fls=2)+f(s=3)+-,

Aps = [(8)S(s)+ f(s —1)S(s = 1)+ f(s =2)S(s = 2) + -,
where S(s) = p~° + ¢~ °. Also suppose g(s,w) = >/ Aﬁ;swf and

r -~ _ 0 14
ff;s = Cfe_us - Cfe—u*l’ 9t = Aﬁz_e;s - Aﬁz—e;*l'

In the following theorem we find an explicit representation of f(s,w) in terms of
the operators A and C.

Theorem 2.1. The power series f(s,w) satisfies
f(s,w) = H(s,w) + Z A?V(_’w);swé — H(s,w) Z A‘]*V(_@);,lwf,
£>0 £>0
where

H(s,w) = 9(s,w) N(s,w) = Zﬁz;swé.
>0

Proof. 1t is obvious. Similar considerations are done in [2] in proof of Theorem 3
where the (somewhat simpler) recurrences appearing there are treated analogously.
O

We now show asymptotic behavior of the second moment of the our random
variable because by studying the second moment, we can guess the behavior of the
t-th moment. First we show that N(s,w) is analytic for |w| < (S(R(s)) — v)~*
for some v > 0 and can derive f(s,w) ~ H(s,w). Finally we prove F(s) behave
asymptotically as S(s)¢ and show that IE(XZ’Z) ~ Dy 2(n). Since for complex s [2],
Dy, (s) < C'T(s)S8(s)", by the Mellin transform property

1D ()] = | = (s = D)Df1 (s = 1) < C'|s|[D(s = DIS(R(s) — 1),
for constant C’. Thus by convolution of Mellin transform:

1 e _
[He(s)| = ‘@/@ 2Dé17)1(pa:)Dﬁ)l(qa:)ar;S 1dsc’

1 c+ioo . '
/ D, m(u)Dz (1)(8 —u)du

27i

1
Nl
"t Julls — w||T(w)||T(s — u— 1)
P emioe () — 1)S(R(s —u) - 1))74

CS(c—1)* R(u) =c=RN(s — u),

- S §R<S>—1>% o= 26

—100

IN

du

IN

=

IA

Q
/%/—\
=2

=

I
<
=
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for constant C and for some v > 0.

Lemma 2.2. There exists v > 0 such that N (s, w) is analytic for |w| < (S(R(s))—
v)~L

Proof. Tt is obvious |S(s — j)| < |S(s)| max(pg)? for j > 0. By definition of Hy,,
if [w| < (SR(s) —v))~", then N(s,w) = 3,5, Hy.sw* converges absolutely and

represents an analytic function. O

For a real number § with (log %)_1 < 6 < (log %)_17 let

B B 1 1 —0log(1/p)
A=A0) = log(p/q) o (910g(1/q) - 1)'

Equivalently,

Theorem 2.3. F,(s) behave asymptotically as S(s)* and E(X} ;) = Dya(n).

Proof. For some v > 0, N(s,w) is analytic for |w| < (S(R(s)) —v)~1. Then Fy(s)
behave asymptotically as S(s)¢ as was the case of the first moment of the internal
profile in [2]. By applying the saddle point method for inverse Mellin transform
(in case x = n) for

1 Atioco B
Deat) = 5 [ Dilm)(s)n~ds,

we can obtain a similar Theorem 2.1 in [2] for E(X7 ,) (see [2] for details and
calculations). O

Let pin ot = IE(XfM) be the ¢-th moment of the X, . By the similar manner,
for

t ™
Eé )(1‘) = Zﬂn,é,tma
n>0
we obtain
B0 (@) = e BV, (pr) + e B, (ga)

t—1 t—1

+ 373 Blm,n) B (p2) B (g0), (5)

m=1n=1
where 8(m,n) € Z and E(()t) (x) =€ —1]2, 11].

Theorem 2.4. The asymptotics of fin e is of the same order of magnitude as for
the average value.
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Proof. Let Agt)(x) = e’””Eét)(x) be the Poisson transform Eét) (z). Then
(@) =B, (@) - AP ()
Thus recurrence (5) translates into

A (@) + AP (2) = AP, (pr) + AP (qa)
t—1 t—1

+ 303 Bm, A (p2) A (g2), £>1, (6)

m=1n=1

with initial conditions Aét) (0)=0(>1)and A((]t) (x)=1—e"", since p+q=1.
It is easy to show that

AP@) = 3D 0 ) exp { - )3 Zg(@j)pziqe_jx}?

b1 o

with £;,¢; > 0 and 6(¢1,¢2),£(i,j) € Z. We express Az(t) (x) as
Az(t) (x) = / Aét)(x)xs_ldac = —F(s)}'ét)(s),
0

where

F =323 9@1»52){ Z Z f(ivj)_sp_‘“sq“"s}.

01 la

Thus, ]—'g(t)(s) can be assumed an entire function and (6) translates into
Fh(s) = Fihs 1) = S@F () + 1 (). 020, F(s)=1, (1)

where for p < g,

t—1 t—1

2Oy = Blmsn) (% ) v A (w514
0 (8) mz::l; T(s) /0 0 (px) A (qr)x X
t—1 t—1 o
t—1 t—1 etico
= XY gt [ A @Ay
m=1n=1 c—100

With the same consideration of [2], Az(t)(x) < KT(5)S(s)" for some constant K.
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Thus

t—1 t—1

ERCIET S 33|

m=1n=1

c+ioco B(ma 7’L)
2 T'(s)

T(z = DI (s —z = 1)

x (S(R(2) — DSR(s — 2) — 1))Zdz
(5,p)S(z — 1)%, R(z)=2z=R(s—2)
(5.0)S (R(s)/2 = 1)

Thus Hét) (5) = O(S(R(s))/2—1)%. Similar to [11], one can see the inhomogeneous
part in (7) is relatively small and proof is completed. O

4. Conclusion

We obtained an asymptotics for the pi, ¢+ built over a string generated by an
asymmetric Bernoulli model through the relation between this algorithm and dig-
ital search tree. This result was derived by applying analytic combinatorics.
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