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Abstract

The fixed point theorem of Nadler (1966) was extended by Mizoguchi
and Takahashi in 1989 and then for multi-valued contraction mappings, the
existence of fixed point was demonstrated by Daffer and Kaneko (1995).
Their results generalized the Nadler’s theorem. In 2009 Kamran generalized
Mizoguchi-Takahashi’s theorem. His theorem improve Klim and Wadowski
results (2007), and extended Hicks and Rhoades (1979) fixed point theorem.
Recently Rouhani and Moradi (2010) generalized Daffer and Kaneko’s results
for two mappings. The results of the current work, extend the previous
results given by Kamram (2009), as well as by Rouhani and Moradi (2010),
Nadler (1969), Daffer and Kaneko (1995), and Mizoguchi and Takahashi
(1986) for tow multi-valued mappings. We also give a positive answer to the
Rouhani-Moradi’s open problem.
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1. Introduction

Let (Y, d) be a metric space. Given a nonempty set A CY and y € Y, the distance
between a point y and set A is displayed with d(y,.A). Let

CLY):={ACY : A isnonempty and closed},

CB(Y):={ACY : A is nonempty bounded and closed},

and
K(Y):={ACY : A is nonempty and compact}.

For Ay, Ay € CL(Y), we define H (A1, Az) (generalized Hausdorfl metric induced
by d) by

max { sup,c 4, d(x, Ag),sup,c 4, d(y, A1)} ;if max < oo
+0o0 ;0.W.

H(A;, Ay) = {

Notice that #H is a metric on CB(Y), and if (Y, d) is complete, then (CB(Y), H) and
(K(Y), H) are complete too. An element u € Y is a fixed point of T : Y — CL(Y)
if u € Tu. Throughout this paper, the set of all fixed points of T" denotes by Fix(7T').
For ug € Y, the set O(T, up) = {uo, u1, uz, ...} is called an orbit of T if u,, € Tup_1,
for all n € N. Recall that a map g : ¥ — R is called T-orbitally lower semi-
continuous (T — o.l.s.c) at ug [5] if for every sequence {u,} in O(T,ug) converging
to k, then g(k) < llrlrggfg(un)

Attention, a mapping T : Y — CB(Y") is weak contraction if
H(Tu, Tv) < BN (u,v),

for some 0 < 8 < 1 and all u,v € Y where

d(u, Tv) + d(v, Tu) }

N (u,v) := max {d(u, v), d(u, Tu),d(v, Tv), 5

Fixed points of multi-valued maps have been studied by several authors. We
encourage readers to see [1]-[4], [8], [10]-[12] and [15], as well as the references
therein, among many more.

The Banach’s theorem was extended by Nadler [12] to multi-valued mappings.
In 1972 Reich [13] extended the Nadler’s theorem. He proved that if T : Y —
K(Y) satisfies the condition

H(Tu, Tv) < B(d(u,v))d(u,v)

for each u,v € Y, where (Y, d) is complete, and where 8 : RT — [0,1) is a map
such that limsupfB(s) < 1 for all t € R*, then T has a fixed point.

s—tt
After that, Mizoguchi and Takahashi [9] generalized the Nadler and Reich’s
theorems for multi-valued function T': Y — CB(Y"). In 2009, Kamran extended
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the Mizoguchi and Takahashi’s theorem. His result improved a result by Klim
and Wadowski [7], and extended Hicks and Rhoades [5] fixed point theorem for
multivaled mappings. After that, Daffer and Kaneko [4] studied the existence of a
fixed point for multi-valued weak contraction mapping of a complete metric space
Y into CB(Y'). Their result extended the Nadler’s theorem. Recently, Rouhani and
Moradi [14] extended the Daffer-Kaneko and Nadler’s theorems on the common
fixed point for two multi-valued generalized weak contraction mappings. Also,
they extended the Zhang and Song’s theorem [16]. They considered the case that,
one of the functions is multi-valued. But for the case where both mappings in
Zhang and Song’s theorem are multi-valued did not proved. In this paper we
prove this open problem under the condition limsup,_, (1 — @) <L

We will recall some definitions and preliminaries in the next section about gen-
eralized weak contractions and generalized S-weak contractions mappings. Section
3 contains the main results of this paper and positive answer to the Rouhani-
Moradi’s open problem. The results extend previous results by Nadler, as well
as by Mizoguchi and Takahashi, Daffer and Kaneko, Kamran, Zhang-Song and
Rouhani-Moradi.

2. Generalized Contractions

Throughout the paper, (Y,d) is a complete metric space and H is generalized
Hausdorft metric induced by d on CL(Y).

Two multi-valued functions 71,72 : Y — CB(Y) are called generalized weak
contractions if

H(Tluv TQU) § 5./\/1(’&,’0) V’UJ,’U € Y;

for some 0 < 8 < 1, where

d(u, Tov) + d(v, Tyu) }

M(u,v) ;= max {d(u, v), d(u, Thu), d(v, Tov), 5

The following definition extends the concept of weak contraction for tow multi-
valued functions.

Definition 2.1. Two multi-valued functions 71,72 : Y — CB(Y) are called
generalized S-weak contractions if there exists a mapping 8 : R™ — [0,1) such
that

H(Tru, Tov) < B(d(u,v))M(u,v),
for each u,v € Y.

For uy € Y and sequence {u,} with us,—1 € Thug,—o and ug, € Toug,—1
(Vn € N), the set O(Ty, To;ug) = {ug,u1,us, ...} is called an orbit of T} : ¥ —
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CLY) and Tp : Y — CL(Y). Recall that a map g : ¥ — R is called
Ty — Ty — ol.s.c at wg, if for every sequence {u,} in O(Ty,Ts;up) converging
to k, then g(k) < liminfg(u,,).

n—oo

The following well-known lemma will be used in the main results of this article.
We refer to Kamran [6] for its proof.

Lemma 2.2. Let (Y,d) be a metric space and B € CL(Y). Then for each g > 1
and each uw € Y, there exists b € B such that

d(u,b) < qd(u, B).

3. Main Results

In the following theorem, by the same method in [6] we extends Kamran theo-
rem. Using this theorem we extend Nadler, Mizoguchi and Takahashi, Daffer and
Kaneko, and Rouhani and Moradi’s theorems.

Theorem 3.1. Let T1,T5 : Y — CL(Y) be multi-valued mappings such that,
d(v, Thv) < B(d(u,v))d(u,v) VYu €Y,V € Thu, (1)
and
d(v, Tev) < B(d(u,v))d(u,v) Yu €Y,Vv € Thu, (2)

where B : RT — [0,1) is a mapping with limsupB(s) < 1 for all t € R*. Then,

s—tt

(i) For every ug € Y, there exists an orbit {u,} of Th and Ty and k € Y such
that lim,, o Uy, = K;

(il) k € Fix(Th) N Fix(T2) if and only if the function f(u) := d(u,Tiu) or the
function g(u) := d(u, Tou) is Ty — Ty — o.l.s.c at k.

Proof. Let ug € Y and uy € Tyug. If ug = uq, then by using (2), we conclude that
ug € Fix(T1) N Fix(T%). Suppose ug # uy. If B(d(ug,u1)) = 0, then by using (2),
u1 € Touy and then from (1), ug € Thu;. Hence u; € Fix(T1) N Fix(Tk). Suppose
B(d(up,u1)) # 0. By taking ¢ = m and by using Lemma 2.2, there
exists ug € Touq such that

1

d(u1,uz) < B(d(uo, u1))

d(ul, Tgul).
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By the same method if u; = ug (8(d(u1,usz)) = 0) we conclude that u; € Fix(Ty)N
Fix(T2) (u2 € Fix(T1) N Fix(T%)). Suppose u; # ug and S(d(u1,uz2)) # 0. Again
from Lemma 2.2 there exists us € Tius such that

1
B(d(uq,uz))
By using Lemma 2.2 and using the mathematical induction, there exists a se-

quence {u,} in Y such that u, # u,—1 (for otherwise, u,_1 € Fix(T1) N Fix(Tz) ),
B(d(tn—1,u,)) # 0 (for otherwise, u, € Fix(Th) N Fix(T3) ), uam € Totam—1 and

d(UQ,U3) S d(UQ,T1UQ).

1
d(Ugm—1,Uzm) < \/ﬁ(d(uQm27u2m1))d(u2m_1’T2u2m_1)7

and ugm+t1 € Thug,, and

1

B(d(UQm—la U2m

d(UQm,UQm+1) < \/ ))d(UmeTIUZm)- (3)

Using (1) and (3), for all m € N

1
< T
d(“Qm; u27n+1) =~ \/5(d(U2m1, U2m)) d(”?nu 1u27n)
< \/ﬂ(d(u2m—17 UQm))d(UZm—la u2m) (4)
< d(ugm—1,U2m)-

Similarly,

d(uam—1,u2m) < /B(d(uzm—2,u2m—1))d(Uam—2, Uzm—1)
< d(uzm—2,U2m—1)- (5)

Using (4) and (5), for alln € N
d(unaun+1) S V B(d(unflvun))d(unflvun)
< d(up—1,un)- (6)
Thus the sequence {d(un+1,un)} is decreasing. Therefore

lim d(tpi1,un) = a. (7)

n— oo

for some a > 0. Now we prove that a = 0.
For otherwise, by limiting in (7) we get

n—oo

a< wim sup B(d(un 11, un))a < a,
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and this is a contradiction. So a = 0.
From (6) we get

At tng1) < v/ B(d(tn—1,un))...5(d(uo, u1))d(uo, us). (8)

Since lim supf3(r) < 1, then there exists an € > 0 and A € (0, 1) such that 3(t) < \?
r—0t

for all t € (0,¢). Also from (7), there exists N € N such that d(u,_1,u,) < € for

all n > N. So from (8)

A(tn, 1) < AV Bld(un 2, un—1)).-B(d(ug, ur))d(uo, ur)
< NNV (ug, uy), (9)

for all n > N. Since A < 1 and (9) holds, then the sequence {u,} is Cauchy and
hence lim,_, o 4, = & for some £ € Y. Suppose the function f(u) = d(u, Tyu) is
Ty —To — o.d.s.c at k. Since ugp11 € Tugy, for all m € N

d(uam, Tiuom) < d(ugm, Uzm+1)- (10)

From lim,, oo d(t, un41) = 0 and (10) we conclude that lim,, 0o d(tgm, Titom) =
0. Since f is Ty — To — o.l.s.c at k,

d(k,Tik) = f(r) < liminf f(ugy,) = iminf d(uzm, Thuzm) = 0.
m—r oo

m—r o0
Hence d(k,T1k) = 0. Since T« is closed, k € T1k. From (2) and x € Tk
d(k,Tor) < B(d(k, k))d(k, k) = 0,
and so k € Tyk, since Tak is closed. Therefore x € Fix(Th) N Fix(T3).

Conversely, if k € Fix(T1) N Fix(T) then f(k) =0 < lirginff(un) and g(k) =
0 < liminfg(u,) and the proof is completed. O
n—oo

Remark 1. By taking 77 = 15 in Theorem 3.1, we conclude the Kamran theorem
[6].

Now we extend the Nadler, Mizoguchi and Takahashi, Daffer and Kaneko, and
Rouhani-Moradi’s theorems.

Corollary 3.2. Let T1,T> : Y — CL(Y) be multi-valued mappings such that,
H(Tyu, Tov) < B(d(u,v))M(u,v)  Yu,v €Y,

where 8 : RY — [0,1) 4s a function such that limsupfB(s) < 1 for all t € RT.
s—tt

Then there exists a point k € Y such that k € Fix(T1) NFix(T3). Moreover, if T1k
or Tar is a singleton, then the Fix(Th) NFix(Tz) = {x}.
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Proof. For every u € Y and v € Thu

d(v, Tov) < H(Thu, Tov)

d(u, Tov) + d(v, Thu) }
5 .
(11)

Since v € Tyu, d(v,Thu) = 0 and d(v, Thu) < d(u,v). Also d(u,Thv) < d(u,v) +
d(v,Tyv). Hence from (11)

d(v, Tov) < B(d(u,v))d(u,v).
Similarly, for every v € Y and v € Thu
d(v, Tyv) < B(d(u,v))d(u,v).

Now we prove that the function g(u) := d(u, Teu) is Ty — Ty — 0.l.s.c. Suppose
Ug € Y, Uop—1 € ThUspm_o and Uy € ToUop_1 for all n € N and hmn_mo Up = Y.
We need to show that g(u) < liminf, . g(u,). We have

< Ald(u,v)) max {d(u, v), d(u, Tyw), d(v, T30),

g(u) = du,Tou) < d(u,us,) + d(uan, Truz,) + H(T1uzn, Tou)
< d(u, ugy) + d(ugn, Thuz,) + B(d(u2,, u)) max{d Uap, ), d(Uzn, T1Uzy ),

(
(
i T, d(ugn,Tzu)‘;d(“’Tlu%)} (12)
(
(u,

IN

d(u, u2p) + d(uzn, uzni1) + B(d(uzn, u)) max {d(u2n» u), d(Ugn, Uzny1),
) d(u2n7 ) + d(’Z,L, TQU) + d(u7 u271,+1) }

5 )
From lim,, o u, = u and (12),

g(u) < limsup B(r)g(u),

r—0+

d

and this shows that g(u) = 0. Hence g(u) = 0 < liminf,,_ o g(u,). So g is
T, — Ty — o.l.s.c. Therefore, by Theorem 3.1, T} and T5 have a common fixed
point.

Furthermore, if k € Fix(T1) N Fix(T2) and T1x = {x}, then the common fixed
point is unique. In fact, if u € Fix(Ty) N Fix(T») is arbitrary, then

d(k,u) < H{kK}, Tou) = H(Tik, Tou) < B(d(k,u)) M (k,u)

= Bd(k,u)) max {d(r, u),d(r, Tix), d(u, Tyu), dir, Tou) ;d(“leﬁ)}

d(k,u) + d(u, k)

 Rm—

< B(d(k,u)) max {d(k,u),0,0,
= Bld(s,u))d(r,u).
Since f(d(k,u)) < 1, d(k,u) =0 and so k = u. O
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Remark 2. By using the last part of the proof of Corollary 3.2, we conclude that,
if one of the functions 77 and 7% is single valued, then the common fixed point is

unique.
The following theorem give a positive answer to the Rouhani-Moradi’s open
e()

problem under the condition limsup, ,,(1 — 5~) < 1.

Theorem 3.3. Let 71,15 : Y — CL(Y) be multi-valued mappings such that,
H(Thu, Tov) < M(u,v) — o(M(u,v)) Yu,v €Y,

where ¢ : RT — RT is l.s.c with p(0) =0, ¢(t) > 0 for all t > 0 and satisfies the

condition lim suptﬁo(l—@) < 1. Then Fix(T1)NFix(Ty) # 0. Moreover, for some
k € Fix(Th) N Fix(T), if Thk or Tak is a singleton, then Fix(Ty) N Fix(Tz) = {x}
(the common fized point is unique).

Proof. Let : Rt — [0,1) defined by 8(t) =1 — @ for all ¢ > 0 and (0) = 0.

Obviously, limsupB(s) < 1 for all t € RT. Also for every u € X and v € Tyu

d(v, Tov) < H(Tyu, Tov) < M(u,v) — o(M(u,v)), (13)

where

d(u,v) < max?d(u,v),d(u,Thu),d(v, Tov),

d(ua TQU) + d(’[}, Tlu)
T
d(u, v), d(u, v), d(v, Tyv), W}

d(u,v) + d(v, Tav) }

IN
=
I
"

IN
=
Q
i
= A
U
£
<
~
U
—~
<
o
<
~

< max d(u,v),d(v,Tgv)}. (14)

Using (13) and (14), we conclude that d(v,Thv) < d(u,v) and from (14), we get
M (u,v) = d(u,v). Hence from (13),
d(v, Tyv) < d(u,v) — o(d(u,v)) = B(d(u,v))d(u,v).
Similarly, for every u € Y and v € Ty,
d(v, Tyv) < B(d(u,v))d(u,v).

Therefore, by Theorem 3.1, Fix(T}) N Fix(T3) # 0.
Alike of Corollary 3.2 we can prove that if Thx or Tk is a singleton, then the
common fixed point of 77 and T is unique. O

In the following example, we shows the generality of our results. In particular
shows that Theorem 3.1 extends the Kamran’s theorem.
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Example 3.4. Let Y = {0, %, 1} and let d be the Euclidean metric. Let Ty : Y —

CB(Y) be defined by T30 = {0,%,1}, 714 = {0,4} and 711 = {0}. Obviously
1 € 710 and d(1,771) = 1 = d(0,1). So the mapping 77 does not satisfy the
hypothesis of Kamran theorem.

Let T : Y — CB(Y) be defined by Tox = {0,3} and 8 : Rt — [0,1) be

defined by 3(x) = 2. Obviously,

d(v,Thv) <

Wl N

d(u,v), Yu €Y, Vv e Thu,
and

d(v, Tov) <

[SVRN )

d(u,v), VYueY,Vve Tiu.

=

Therefore, all the conditions o
{o}.

Conflicts of Interest. The authors declare that there are no conflicts of interest
regarding the publication of this article.

Theorem 3.1 hold. Also we have Fix(T1)NFix(T3) =
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