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Abstract

This article addresses the following biharmonic type of the Kirchhoft-
Schrédinger-Maxwell system;

A*w — (ar + b1 [ |Vw*)Aw + npw = g(w) in RY,
RN (bKSM)
— Ay = nu? in RV,

in which a1,b1 and 7 are fixed positive numbers and ¢ is a continuous real
valued function in R. We are going to prove the existence solution for this sys-
tem via variational methods, delicate cut-off technique and Pohozaev iden-
tity.
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1. Introduction

This note deals with the following system of nonlinear Kirchhoff-Schrodinger-
Maxwell equations of biharmonic type

A?w — (a1 + by [ |[Vw]?)Aw +mpw = g(w) in RY,
RN (bKSM)
— A = nuw? in RY,

where a1, b; and 7 are fixed positive real numbers, N > 5 and the operator A%w =
A(Aw) is biharmonic operator. We take that into account the nonlinear term ¢
has the following properties:

(q1) ¢ is a real valued continuous map on R.

(q2) —0 < 81_13%1+ inf% < Sl_i>ré1+ sup @ =—-m<0.

(¢3) But at infinity —co < lim sup SZES,)l <0.

s—+o00

(q4) For a suitable & > 0, Q(¢) := fé q(s)ds > 0.

Note that this type of properties for data ¢ during the study of a nonlinear scalar
field was first introduced by Berestyci and Lions [9]. using these properties and
minimizing arguments, they showed the existence of a ground state solution w €
HY(RY) for
where N > 3.

Regardless of the first term and when 7 = 0 and if RY is changes to a smooth

bounded domain 2, then the system of equations (bKSM) would reduced to the
following equation of Kirchhoff type

—(a1+ b /|Vw|2)Aw =q(w), €.
Q

This equation is relevant to the changeless analogue of

2 L 2 2
0" w <po E ow dx>8w07

oz

h 2L J,

P o 02
which was studied by Kirchhoff in [17], for the case that p, pg, h, E and L are
real constants, which it expands the classical D’Alembert’s wave equation for free
vibrations of elastic strings. In this model, it is considered the changes in length of
the string, where h is area of cross-section, E is the Young modules of the material,
p and pg are represented the mass density and the primary traction respectively.
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For example, from the application of Kirchhoff law, we can refer to the celebrated
paper by C. Tung and e.al [14] which represented the discrete nonlinear transmis-
sion is given through the modified Zakharov-Kuznetsov equation that is expressed
by Duan when he implemented the Kirchhoff law. Biharmonic equations have nu-
merous applications in solid and fluid mechanics, but they are hard to solve due to
the presence of fourth-order derivative terms, especially in complicated geometries.
Generally biharmonic equations are some kind of fourth-order partial differential
equations which arises in several branches of sciences for example in the study of
travelling wave, Stokes flows, static deflection of an elastic plate in a fluid, vertical
wavy wall, in suspension bridge and electrical engineering. Moreover, it is a math-
ematical model of some thin structures that react elastically to external forces(see
[1, 3]). C. Tung and et al. [13] studied about flow features and heat transport
inside enclosure which its principal objective is to examine the impacts of Grashof
number, aspect ratio, waviness on the thermal variation, and flow stream of free
convection inside a wavy compartment covered with Newtonian fluid. F. Wang
and et al. [20] studied the following biharmonic elliptic equations:

A?w—Aa+b [|[Vw|*)Aw = f(z,w) in Q,
Q
w=0, Aw=0, on 0f),

where ) is a positive parameter, a, b are positive constants,  C R is a bounded
smooth domain and the function f has the properties of a locally Lipschitz con-
tinuous. They showed existence of a non-trivial solution for this system via the
mountain pass techniques and trunction method.

Regardless of the first sentence and the case that a; = 1, by =0 and N = 3,
(bKSM) reduced to the following known as the nonlinear electrostatic Schrédinger-
Poisson system

(SM)

—Au+ qpw = g(u) in R3,
— A = qu? in R3,

where
g(u) = —u+ |u" " u.

(see [2, 5, 7]). Moreover, the linear case and asymptotic linear form of (SM) have
been investigated in [11, 12] but for a bounded domain and Neumann conditions.

A. Azzollini and e.al studied (SM) but for the same general hypothesis intro-
duced by Berestycki and Lions [6]. Under motivated by Azzollini celebrated article
we would show the existence of at least a nontrivial solution for (bKSM) by ap-
plying Pohozaev manifold combined with the monotone trick of L. Jeanjean [15]
(see Section 4).

Main result of this article under review and writing is as follows:

Theorem 1.1. If the typotheses (q1) — (qa) are correct, then there is a constant
1o > 0 such that for any 0 < n < ng, (bKSM) possesses a non-trivial positive
radial solution (w,) in H*(RN) x D*2(RN).



108 S. N. Ahmadi and M. Alimohammady
L

In order to reach our conclusion, we have to overcome two important prob-
lems. First one is that we do not propose some usual conditions, namely S§£5_)1
is increasing in (0,4o00) and existence of v > 2 such that 0 < vQ(s) < ¢(s)s
for all s € R (Ambrosetti-Rabinowitz type condition) which would lead us in
the discussion of geometric assumptions to standard mountain pass arguments for
its corresponding energy functional and improving the boundedness of its Palais-
Smale sequence ((PS) for short). Second one is that the effect of the competition
of the two nonlocal terms with the nonlinear item ¢ makes some difficulties, for

instance, nonlocal expressions ( [ |[Vw|?)? and [ v, w? are too obstacles for us-
RN RN
ing variational method, so by using the cut-off function we can achieve the goal,

where cut-off function is a technique inspired by L. Jeanjean [15] for controlling

the nonlocal nonlinear term [ Yww?.
N

The organization of the contents of this article is as follows. In Section 3.1,
we mention some of the concepts that are used to prove the main result. In
Section , some functional frameworks by a variational approach are given. Section 2
deal with a sequence the modified functional that provide us situation to use
the mountain pass theorem. In Section 3 we will prove the existence of radial
solutions for problem (bKSM). Section 4 contains proof of Pohozaev identity as a
powerful and fundamental tool in our arguments. In Section 5 we will prove main
Theorem 1.1. Finally, Section 6 is devoted to the conclusion.

2. Preliminaries

We briefly describe the natural framework to treat solution for the problem. In the
paper it is understood that all functions, unless otherwise stated, are real-valued,

but for simplicity we write L*(RY), H2(RY), ..., and for
e Given any 1 < s < 400, ||'||s is notation of norm for the Lebesgue space
L*(RM);

e H?(RY) is stand for usual Sobolev space endowed with the following norm:
w|? = /|Aw|2 +aq /|Vw|2 + / w?.
RN RN RN

e D%2(RY) is completion of C§°(RY) by the following norm

ool = / Al + ay / Vul?.
RN RN

It is easy to understand that system (bKSM) can be changed to a single
equation. In fact, for all w in H2(RY), considering on D?2(RY) by

Ly(v) := / w?v.

RN
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Then by applying the well- known Holder inequality and the applied theorem
of Sobolev embedding, we deduce the following relation

2" -1 1
oL o

2% *
L)< | [ SRk ) < Cluy ol

RN RN

for all v € D%2(RY).

Thanks to the Lax-Milgram theorem, there is only one v, in D%2?(R") such
that

/VdeVv =n / w?v, for any v in D*?(RY).
RN RN
In fact, 1, satisfies as a solution in the Maxwell equation
—A¢Y =nuw? inRY, (1)

in a weak sense. On the other hand, (1) has the following form:

’U}

47T \x—yI

e Throught this note we introduced Bp as the open ball with radius R and
centered at origin and also 0Bg denotes it’s boundary,

22™
2*—1"

e For simplicity, we set o :=

3. Functional Setting

Before starting the details about proving the Theorem 1.1, we state the following

famous facts that will be essential later to achieve the main result (see, for instance
[7, 8, 4, 18]).

Lemma 3.1. Given any w belongs to H*(RY), The following relationships are
hold:

(i) Yy > 0 and H¢w||2D2,2(RN) =0 f wwwz-
RN

(i) For any 6 > 0, tyo(z) = 0%y (%), where wo(x) = w(%).

(iii) There exist ¢,c’ > 0 independent of any choice w € H*(RYN) such that

1wl p22@yy < enllwllz,
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and /¢ww2 < njjwl||2.
]RN

(iv) %y is a radial function if w is radial.

(v) Converging weakly a sequence (w,,) to w in H2(RN) implies that converging

of Y, to thy, in DZ2(RN) and converging of [ by, w2 to [ ¢,w?.
RN RN

Inspired by [9], for given &, set sy := +oo if g(s) # 0 and if s > £ then
Sp :=min {s € [{, +00)|q(s) = 0}. Considering ¢ : R — R in which

q(s) [0, so],
0 R+\[O7 80]7
(g(—=8) —ms)t —q(—s) R_,

where m is a constant given by hypothesis (¢2). It is direct to verify that ¢ holds
too in conditions mentioned for q.

Remark 1. Consider non-trivial solution w € H2(RY) of (bKSM) but with ¢
instead of ¢. From the maximum principle and Lemma 3.1(i) we may assume that
w > 0 and so is an upper bound for w, which means precisely that w is in fact a
solution for (bKSM) but for q.

As already observed in Remark 1, we may assume ¢ instead of ¢ but for sim-
plicity we denote again by ¢. This substitution implies that ¢ satisfies the stronger
condition

lim 9(s)

s—+oo 32*_1

= 0. 2)

Furthermore, for s > 0, define

(5) = 0 if s <0,
N = (q(s) +ms)t ifs>0.

q2(s) = qi(s) — q(s), if s € R.

From the following limits

im 06—,
s—0 S
m 28 g (3)

and since
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for any € > 0 one can find ¢, > 0 in which
q1(s) < ces? 7Lt eqa(s), Vs>0. (5)

Set

then by (4) and (5),

Q2(s) > %52, Vs eR, (6)
and
Qi(s) < ;i;s?* +eQa(s), VseR. (7)

It is clear that the solutions (w,v) € H2(RYN) x D?2(RY) of (bKSM) are the
critical points for the following functional ¢, : H2(RY) x D*?(RY) — R, defined

/ Al / Vul?
2 /|v —f/\vw 2 [t [ Q)
RN RN

It is clear to see that €, is both from below and from above unbounded on infinite
dimensional subspace. We can change this indefiniteness behavior by using the
reduction method [7, 8] which it lead us to one variable functional.

Multiplying equation —A, = nw? by v, and using integration by parts we

deduce
/|V1/)w|2dx:n/¢ww2d:c
RN RN

Then, changes to the following reduced form

:%/|Aw /|v 24 b1/|v /% /Q(w

Therefore, it suffices to show that w is a solution of the desired function I, on
HZ2(RY), that is a critical point that leads us to the intended destination.

4. The Perturbed Functional

As previously mentioned in the beginning, because of the existence of two ex-

pressions ([ |[Vw|?)? and f Ypw? in I, in order to employ the mountain-pass
RN
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geometry and the boundedness of (PS) sequences for the functional I,,, following
[16] we consider the cut-off function y in C°°(R4, R) which satisfies in the following
conditions:

x(s) =1, for s € [0, 1],

0<x(s) <1, forse(l,2), ()
x(s) =0, for s € [2,4+00),

IX'llo0 <2

Define o]
w «
Kr(w):=x (Taa) ;

where T' > 0 and « was introduced in previous section. Here, we consider the
following modified form of I, as functional I : H2(RY) — R defined by

1 b
InT(w):i/\Aw\2+%/|Vw|2+zl(/\Vw\2)2+gKT(w)/www2—/Q(w).
RN RN RN RN RN

It is direct to see that any critical point w of I in which [wllo < T is a critical
point of I,, too. Since, ¢ does not satisfy in the (AR) type condition, so we may
not able to obtain directly that the (PS) sequences are bounded. To preponderate
of this difficultly, we recall and use the following result [15] of L. Jeanjean.

Theorem 4.1. Assume that X is a Banach space equipped with a norm ||-||x and
J C RT is an given interval. And {I,},cy is a family of C'-functionals on X of
the form

I (w) = A(w) —7B(w), YTe€d,

in which B(w) is nonnegative for all w in X, I.(0) = 0 and either A(w) — 400
or B(w) — +oo when |w||x — oco. For any T € J, set

Y. ={oeC(0,1],X)|I;(c(1)) < 0,0(0) = 0}. (9)
If for any T belongs to J, ¥+ is a nonempty set and

= inf I (o(t)),
R B R

is positive, then for almost every T € J there exists {v,},, C X satisfying in the
following:

(1) {vn} is a bounded sequence;
(i) I-(vn) approaches to c; as n — oo;

(iii) I’ (vy) approaches to 0 in X' the dual of X as n — oo.
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For space X := H2(RY), we consider the following functionals:

:%/Wm+%/wW+%quW+%ﬂm/mﬁ+/@w
RN RN RN RN RN
w) —R[ Q1 (w)

One can directly see that, A(w) approaches to +o00 as ||w| — 400 and B(w) >
0, for any w € H2(RY).
The perturbed functional is defined as follows

=5 [18uwp+ 2 [ vl + 2 [ e
RN RN RN
+2krw) [vunt + [ Qutw) -7 [ Quw)
RN RN RN

T, e CY(H*(R"),R) and for any
w,v € H?(RY), by the above functional and using Gateaux derivative, i.e., by
replacing w + tv instead of w and by taking the derivative of ¢t and putting ¢ = 0,
we obtain

((Ig:T)'( /Aw AUJral/Vw Vv+b1/|Vw|2/Vw Vv

RN

ke ( /%u+$1<wﬂ/% /m”m
+/Q2(w)U—T/Q1(U’)U-

RN RN

It can be seen easily and without difficulty I.

In order to exploit Theorem 1.1, we require an appropriate interval J, in fact
Y, #, for any 7 € J and (9) holds.
Based on [9], and (q4), there exists a function z in H2(RY) such that the

following relation
J@@- [ae=[aw>0
RN RN RN
holds. -
Then there is 0 < § < 1 in which

S/Qm@—/Qﬂd>0 (10)
RN RN
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We consider the interval J := [0, 1].
The following Lemma ensures that I% - satisfies in conditions of the mountain-
pass geometry.

Lemma 4.2. Suppose that conditions (q1) — (gs) hold. Then for any T € [5, 1},

(i) There are two constants p,¢ > 0 in which I _(w) > &> 0 for allw in H}(RN)
with |lwl| = p;

(ii) There is e in HZ(RN)\{0} such that I (e) < 0;

(iii) There is a positive constant ¢ > 0 in which

n,T renT
where

er += Inf, max I, (o(1),
and

Y :={oeC (0,1, H}(RY)) : 0(1) = e,0(0) =0} .
Proof. (i) For any w € H2(RY) and 7 € [§, 1], using (6) and (7) for € < 1,

Ir (w )zInTl w)

/ Al + / Vul + 2 [ [P+ D) [ v
RN RN
/ Qs(w / Q1 (w)
s
zé(/|Aw|2+a1/|Vw|2)+<1—e>n/w2—§—i|w

RN RN RN
>Bollw]® = Bal|w]|?"

This is positive for ||w|| small enough.
Moreover, thanks to Sobolev embedding, one can find p,¢ > 0 such that
IT (w) > &> 0 for ||w|]| = p and for small enough 7 € [4,1].

(ii) Fix 7 € J and 6 > 0 and z := 2(3). We define o : [0,1] = HZ(RY) as the

following
0 if ¢t =
o) =4
Z(5), if0o<t<1L
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This map is a continuous pass from 0 to Z. Since 7 > 6, by simple computa-
tion we have

I (o)) < I 5(0(1))

_ 9_]\;4/Az|2+ /\VZI
+2§N+2 <6NHZH°‘>/¢Z 4N /Q2 —5/@1

(8) and (10) imply that I (c(1)) < 0, provided we choose 6 sufficiently
large. Therefore, (ii) can be deduced for e = o(1).

(iii) Fix 7 € [6,1] and 0 € ¥. Then I _(0(1)) <0 and ¢(0) = 0, so [lo(1)[| > p.
Set q(t) := ||o(t)] : [0,1] = R, then ¢ is a continuous map and

4(0) = (0)] =0,
a() =V > p.

Mean value theorem implies that the existence of a constant ¢, € (0,1) in
which ¢(t,) = p. It follows that ||o(¢,)|| = p. Therefore, by (ii)

> il 17 (0(t,) > &> 0 = max {17, (0). 12, (o(1))}.
for any T € [0, 1].
O

Remark 2. proof of (i) in Lemma 4.2 implies the existence o € C ([0, 1], HZ(RY))
in which ¢(0) = 0 and I (¢(1)) <0, i.e., 0 € ¥ and s0 X # 1.

It is remarkable that Theorem 4.1 and Lemma 4.2 for dlmost any 7 € [6,1]
imply the existence of boundedness a (PS)., ,-sequences for I n -, 1.e., there exists

a sequence {u;,} C HZ(R™) such that, Il _(w]) = ¢y - and ( n77)/ (w]) — 0.
In what follows, we recall a compactness result due to Strauss which will be
apply Lemma 5.1.

Lemma 4.3. [19] Suppose two continuous function P, P' : R — R satisfying

lim P(t)

=0
t—o00 P/(t) ’

(Un)n, v and wi measurable functions from RN to R in which

sup/ | P (v, (2)) w1 |dx < 400,

RN
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and P(v,(z)) — v(x) a.e. in RN. Then (P(v,(x)) —v)w; — 0 in L' (B), for any
bounded Borel set B.

Moreover, if
P(s)

i )~

and
lim sup |v,(x)] =0,

Tr—r00 n

then (P(vy,) —v)wy — 0, in L*(RY).

5. Existence Radial Solution

In this section we are going to prove that problem (bKSM) has a radial solution
with asymptotic behavior with respect to the parameter 7.

Lemma 5.1. Assume that (q1) — (q4) hold. Let {w,} C H*(RY) is a bounded
sequence in which

!
Igjq,(wn) <c and (Igjf) (wy) — 0. (11)
Then for any T € [8,1], {w,} has a convergent subsequence(strongly).

Proof. Since {w,} is a bounded sequence, we may assume that, up to subsequence,
it is a weak convergence sequence w in H2(R") such that

Wy — W in H2(RY), (12)
Wy, — W a.e in RV, (13)
Wy, — W in LP(RY), 2<p< 2% (14)

It is direct to see that [ Aw, . Aw; — [Aw . Aw; for any wy € C§°(RY).
Applying Lemma 4.3 for P(s) := ¢;(s), i = 1,2 and P'(s) := |s|* 1,
Up, = Wy, U := ¢;(w), i = 1,2 and from (2), (3), (14) yields

/qi(wn)wlﬁ /qi(w)wl. 1=1,2 asn— +oo

(13) and [[18], Lemma 2.1] imply that

KT(wn)/wwn.wnwl —>KT(w)/1/Jw.ww1,
RN RN

and

<w>/¢ /‘w T, o> (|wa)/¢w /|w|2* v,
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as n — +0o00.
From (11) and (12), we have

Hence,

/WAwV+a1/WVwP+bm/WVwW2+nKTm0/d%wQ
o
+£ix<wwjIb/wmv+/ﬁm()f/wm() 15)

RN RN

Weak lower semicontinuity of norms imply that
/ Al +ay / Vul? + bl(/ V)
RN RN RN
< lim inf /\Awn|2 +ay / |Vw, |* +b1(/ Vw,[*)? ] . (16)
n
RN RN RN

Thanks to (13) and Lemma 3.1(v), we get that

r(wn) [ $uw,wy = Kr(w) [ w?, (17)
{ !

and

X;CW“”)nuw/www ﬁx(:'”)nnu/sz (18)

If we applying Lemma 4.3 to P(s) = qi(s)s, P'(s) = s> + s2* (where s > 0),
Up, = Wy, v = wqy (w), and wy = 1, then according to (2), (3) and (14), we deduce

that
[watwn) = [wnw), (19)

RN RN

By applying Fatou’s Lemma and (14) we deduce the following relation

[ wastw) <t inf [ w,gawn). (20)

n—00
RN RN
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On the other hand however, the fact that (I (wy,),w,) converges to zero as n —
+o0o together with (15), (17), (18), (19) and (20) imply that

lim sup /|Awn|2+a1/|an|2+b1(/|an\2)2
" RN RN RN

limsup | / a1 (wn Y — / wnga(wn) — 1Kz (wy) / 02

n
RN RN

- (1l s / a0
<7/wq1<w>f/wq2< ~ nkr(w /ww

RN
. no ||w||a /
e (L0 o [
:/|Aw|2+a1/|Vw|2—|—b1(/|Vw|2)2. (21)
RN RN RN

From (16) and (21)

lim /\Awn| +a1/|an|2+bl /\an| /|Aw|2+a1/\Vw\2

+o1( [ |[Vw]?)? (22)
/

Hence,

tim [ woga(w,) = [ waae). (23)
J,

RN

Since g2(s)s = ms®+h(s), where h is a continuous and positive function, so Fatou’s

Lemma implies that
/h(w) gliminf/h(wn),

RN RN
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and
/w2 §liminf/w%.
n
RN RN

These two inequalities and (23) imply that going if necessary to a subsequence,

we may assume that
/ w? = lim / wa,
n
RN

RN

and by (22), strong convergence of w,, — w in H2(R¥Y) is concluded. O

Lemma 5.2. Assume that (q1) — (qq) hold. Then for almost every T € [5, 1], there
exists w™ in H2(RNV)\{0} such that

IF (w)=c¢, (L) (w) =0, (24)

Proof. By the Theorem 4.1, for almost every 7 € [§, 1], there is a bounded sequence
(wr),, in H2(RY) such that

T T .
In,'r(wn) —Cr; (25>

(IF) (wh) =0 in (H2(RM))". (26)
From Lemma 5.1, up to a subsequence, we may assume that there exists w7
in H2(RY) such that w” converges to w”™ in H2(R™). Due to the continuity

and uniquness of the limits I;;F’T and (I,ZT)/ and from (25) and (26) we conclude

(24). O

In order to prove non-triviality of w”, on the contrary, suppose that w” = 0.
Then w;, — 0 in H2(RY), implies that I (w],) — 0 which contradicts I, (w]) —
¢r > ¢ >0 (by Lemma 4.2 (iii)). Therefore, w™ # 0.

Given (7,), C J, there exists (wy,), C H2(RY) such that
1T (wp)=cny  (IF, ) (wy) =0. (27)

:Tn mTn

6. Application of Pohozaev Type Identity

This section is intended to show that sup|w,|| < T. To reach this goal, we need

n
the following result called Pohozaev identity which as a catalyst it plays a vital
role in proving the main theorem.



120 S. N. Ahmadi and M. Alimohammady
e PR R ———

Lemma 6.1. Fiz 7 € [0,1]. If w,v € H (RY) solve
A?w — (a1 + by [ |Vw|*)Aw
RN

[ gut =) i BY, (9

K (w)pw + e (L)

— Ay = nu? in RV,

then the following Pohozaev type identity hold.

Al / Au / Vul? + / Vul?)?

+<NT%>”KT /w +§Y (”“"“) ||a/w N/Q @)

Proof. According to the proof of [10], by multiplying the first equation of (28) by
z.Vw and doing integral by using integral parts by means of the Green’s formula
and simplifying it, we get

/(AQw)(x.Vw)dx __ <N2‘4> / |Aw|2dx—% / Aw|(z.v)do
Bgr OBRr

:_<N2—4>/|Aw|2dx_§“ / Awf*do.  (30)

Br OBRr

Again, multiplying the second equation of (28) by x.Vw, and integrating by parts
by means of the Green’s formula, we have

[+ [19uP)sutee) =2 / vap + =D [ gupy?

BR BR BR
A
aBR aBR
b
—1/|Vw|2 / 2. V|
SBR
/ Vol [ [vul. (3)
OBRr

And also for third sentence of equation (28), as in the previous method with
multiply by x.Vw and integrating by parts by means of the Green’s formula, we
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have

/z/waVw /w
/v
/v (31aP)

=—§ / VGl + 5 [ wtrds

BR aBR

1 N R
:_§/w2(V¢-x)—§/w2¢+§/w2¢~ (32)

Br Br OBR

In the same way as before the treatment of the following sentence is much easier,
indeed we have
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:——/|w|a+f [l (34)

OBR

where as usual Bg = {z € RY,|z| < R} denotes the open ball in RY with radius
R, centered at origin . According to (30), (31), (32), (33) and (34)

() [t - (252) [
Br
) ey oo
a® [ vup -t / VP / [2.Vw blR/ vl [ waf

OBr OBr OBRr
—fKT(w>/ * (o) — K /w +—"K ) [ v
OBRr
WIS [ o o B (WY o [ o
() ot B (5E) [ ]
:fN/Q +ng/qu (35)

Multiplying by x - V1 the second equation and integrating on Bp,

n/(mvwwz:——/\w vy [Vl -5 [l vl o)

Br OBRr OBRr

By placing the relation (36) in (35)

-(557) [t
(5 )/V () e = Fa) [t
+¥Kﬂw)/|wﬁ il ’(”“’”a) /w /Iw|a+N/Q

5 [ 18w |2+—/\ w? ‘“R/WwP——KT( >/|a:w\2

6BR 8BR 83}? 6BR

k) [ veP - k) [ o

4
BBR aBR
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+R [ QU -y ('“"a) /w [ e
OBRr

OBRr

b bR
+ 3 [19uf [ o vup - 2 /|v [ vub.
Br

9Bg OBr

As in [9], the right-hand side tends to zero for at least one suitably chosen
sequence R = R, — +00 as n — oo and so

N —4 9 al(N—Q)/ 2
T AR o B T
5 /| w| 5 [Vwl
Br

RN
by (N —2 N
=2 vy - Bl ke [ ow?
Br RN
N2 Ny, (s .
X2k [ ook - 20 () [oer [
RN RN RN

The standard regularity results show that if (w,,,) € H2(RYN) x DZ2(RY) is
a solution of (28) then w,,, € H?,.(RY) and by (i) of Lemma 3.1, we deduce
(29). O

It what follows, we shall show ||wy|o < T, which is a critical key in the proof
of existence of solutions to (bKSM).

Lemma 6.2. Suppose that q satisfies (q1)— (qa) and wy, is a critical point (for any
n) for I},}n at level ¢, corresponding to (27). Then for large enough T > 0, there
exists no = no(T') such that, up to a subsequence, for any 0 < n < 0y, ||waplla < T,
for anyn > 1.

Proof. Since (I Tn)/ (wy) = 0, so w, satisfies the following Pohozaev type identity

N -4 N 2) N 2)
S [ 1au e / Vunl? + / Vunl?)?
RN
WD, N, (enllgY o /
+ 4 KT (U}n) wwn w + Ta T(X || Wnp || 1/}1,,7,

= N7, | Qi(wn) —RN Q2(wn). (37)
Joww-x
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Multiplying the first of statement of (27) by N and subtracting from the (37), we
obtain

4—N)b
2/|Awn\2+a1/\wﬂu%(/\anﬁ)z—gKT(wn)/wwnwz
RN RN

Nny , ||wn||°’ /
_ wal® [ Yo, w? = Ne,
Tax ( lwnlla [ Yw,w Cr,,-

Lemma 3.1(iii) implies that

/|Awn|2+a1/|an|2 - /|v W2
N wn py o
RN

2
<Ney, + e1n? Ky (wy)|[wl|L + c2nb—y/ (”n”“> ||wn||§+a~ (38)

T T

We intend to estimate the right-hand side of the inequality (38).
About mountain-pass level, we have

cr, < max . (2(§)>

N 4 N-—-2 2N —4
<max{ /|A 24 “19 /|v 24 b19 /|Vz|

QN o
/Qz S/Ql(z) }-i—mgxx Z§N+2 (9 [l )/¢Z
]RN

=A1 + Az( ). (39)

If 6V 2 21 then according to the relationship (8), As(T) = 0. Otherwise

=ls
N < HZHg’ so by Lemma 3.1(iii) and notice that oo = %,

N2
A1) <! (QTQ) [ 0t = carPr. (10)
RN

1211&

Similarly, we can also obtain that

1’ Kr(wy)l|wnlls <ca®T?, (41)
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and
CQX/ ||wn||g LQHU)HHAH-(X <C5772T4 (42)
To ) palPnlla = ’
By (38)-(42) we would have the following
N)b
/ﬂAwﬂ +a1/ﬁvwﬂ2 % /ﬁv )2 < NA; + cgn®T*.  (43)

In the other words, since ((I,{Tn)/ (wp),wn) =0, by (5)

[ 1wl ar [ 19w+ / Vwa )2+ kr () / b
RN RN
na (w8 o o
+ e (M Y ot [ v+ [ et =0 [ wnan(un)

RN RN

§03/Iwn|2* +e/wnCI2(wn)- (44)

RN RN

From (4), (43) and (44)

m(lfe)/wi §(176)/wnq2(wn)
RN RN
« N [wn o
< 2% / « «
co [l = oo (M52 ) ot [ v
RN RN

/ﬂAwﬂ +a1/ﬁvwﬂz G=N)by /ﬁv )

+C?72T4

0%
2

<c(NA + 06772T4) T T (45)

Therefore, (w,), is bounded in L?(R™). Now we will show that up to a subse-
quence ||wy|lo < T. If not, there is no subsequence uniformly bounded by T' of
(wy)n by the a-norm. Then for a certain 7

lwnlle >T, VYn>n. (46)

Without losing of totality, we may assume that (46) is true for any w,. (43) and
(45) imply that

9%
T2 < ||wn||z S cr + 08772 (T2) )
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which is not true for 7" large enough and 7 small enough: in fact there are Ty > 0

such that T¢ > ¢7 + 1 and 19 = 19(Tp) such that cgn? (T02)2* < 1, for any n < nqg,
which leads to a antagonism. O

7. Proof of Theorem 1.1

By the process of the proof of Lemma 6.2, now it’s time to prove Theorem 1.1.

Proof of Theorem 1.1. Fix T, no as in Lemma 6.2 and consider any 0 < n < 7.
By (27) we can take a sequence {7,} C [, 1] such that 7, /1 and a sequence
{w,} € HZ(RN)\{0} in which

IF (w,)=c¢, and (I )l (wy) = 0.

:Tn mTn

According to Lemma 6.2 we may assume that ||w,|o < T. Then by (8)

1 a b

T _ 1 2, 1 2, %1 22 N 2

1) =5 [ 18waP 4 S [V 20 D+ [ o
RN RN

RN RN

+ [ Qutwn) =7 [ Qi) (47)

Moreover, according to the arguments of relationship (43) and (45), it shows the
boundedness of {w, } in H?(RY).

As a result, it remains to be seen that {w,} is a (PS) sequence for I,, at the
level ¢, 1. Indeed, the boundedness of {w, } implies that {1, (wy)} is bounded. By
(47), 7o /1, then for any ¢ € C§°(RY),

(I (wa), ) = ((I7.7,) (wn), ) + (70 = 1) /ql(wn)w —0 asn— oo

RN

Hence, I;(w,) — 0 as n — oco. Moreover, left continuity of 7 — ¢, , and
Lemma 4.2(iii) imply that

n— oo

lim I, (wy,) = lim IZIW_TH (wn) + (7 — 1) / Qi(wy) | = lim ¢, =cy1.
n ’ n— o0
RN

Therefore, {w,} is a bounded (PS) sequence of I,,. Then by using Lemma 5.1,
{w, } has a convergent subsequence, w, — w, strongly in H2(RY). Consequently,
due to the continuity of the functional I,, and I} and the uniqueness of the limits
we deduce, I; (w,) = 0 and I,(wy,) = ¢;,1. By Lemma 4.2(iii) ¢,1 > ¢ > 0, which
implies that w,, # 0. Hence, w, is a non-trivial positive solution by Remark 1. [
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8. Conclusion

The current paper introduced a fundamental relation to find nontrivial solution
in such a way that under some condition.Variable and topological methods are
powerful tools in solving nonlinear concrete boundary value problems that appear
in many disciplines where classical methods have failed. The ideas presented here
use inspirational analysis in the geometry of a mountain pass. The ridge theorem
is the result of great intuitive appeal as well as practical importance in determining
functional critical points, especially those occurring in the theory of ordinary dif-
ferential equations. The concept of Palais-Smale is introduced, which is the analog
compression in the variable account. both mountain pass and Palais-Smale use in
order to find critical points. The concept of Pohozaev identity has been proposed
and has many applications in fields such as fractional equations and semi-linear
equations, proving the existence and absence of nontrivial star-shaped solutions
for supercritical nonlinearities and elliptical PDEs. Pohozaev identity surrenders
to uniform formulas, unique continuation features, radial symmetry of solutions,
and unique results. It is also used in other fields such as hyperbolic equations,
harmonic maps, control theory and geometry. In this article, we have examined
all of them. We try to use these results in future studies.
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