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Abstract

A non-empty set S C V is a dominating set, if every vertex not in S is
adjacent to at least one vertex in S, and S is a total dominating set, if every
vertex of V is adjacent to some vertices of S. We enumerate dominating
sets, non-split dominating sets and total dominating sets in several classes
of cactus chains.
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1. Introduction

Let G = (V,E) be a simple graph. A non-empty set S C V is a dominating
set, if every vertex not in S is adjacent to at least one vertex in S, and S is
a total dominating set, if every vertex of V is adjacent to some vertices of S.
The domination number (total domination number) of the graph G, denoted by
Y(G) (7(G)), is the minimum cardinality of all dominating sets (total dominating
sets) of G. For a detailed treatment of domination theory, the reader is referred
to [14]. Graph polynomials are the generating function for the number of subsets
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of vertices such S (or edges) such that S has a particular graph property. The
concepts of enumeration of dominating sets in graphs were described about ten
years ago, by introducing the domination polynomial of a graph. The domination
polynomial D(G,z) of G is defined as

D(G,z) = d(G, i)',

i>0

where d(G, 1) is the number of dominating sets of G of cardinality i. This graph
polynomial was introduced in the paper [3] that appeared in 2014 but numerous
other papers on the polynomial appeared earlier.

Most of graph polynomials satisfies a linear recurrence relation, where graphs
in the terms of recurrence are subgraphs which obtain from the graph using various
vertex and edge elimination operations. For example almost all graph polynomi-
als in the literature satisfy recurrence relations with respect to vertex and edge
elimination operations, among them the matching polynomial, the independence
polynomial, the chromatic polynomial and the vertex-cover polynomial, see e.g.
[6]. Kotek et.al in [17] shown that the domination polynomial, D(G,x) does not
satisfy any linear recurrence relation which applies only the commonly used ver-
tex operations of deletion, extraction, contraction and neighborhood-contraction.
Nor does D(G, x) satisfy any linear recurrence relation using only edge deletion,
contraction and extraction. In [11] it is shown that computing the domination
polynomial of a graph is NP-hard. So study of graphs whose domination poly-
nomials satisfies simple recurrence relation has worth. Because of these reasons,
in this paper we consider graphs with specific structures and study the number
of dominating sets. The roots of graph polynomials reflect some important infor-
mation about the structure of graphs. There are many papers on the location of
the roots of graph polynomials such as chromatic polynomial, matching polyno-
mial, independence polynomial, characteristic polynomial, domination polynomial
and total domination polynomial. For example, in [1], there is a conjecture which
states that every integer root of D(G,x) is —2 or 0. Another natural question
to ask is to what extent can a graph polynomial describe the underlying graph.
Two graphs G and H are dominating equivalent or simply D-equivalent (written
G ~ H), if they have the same domination polynomial. Asin [1], let [G] denote the
D-equivalence class determined by G, that is [G] = {H|H ~ G}. A main problem
arise: Can we determine the D-equivalence class of a graph? To answer this main
question, finding generating function and recurrence relation for the domination
polynomial is necessary. For more information, refer to [1, 4, 5].

After counting dominating sets, the number of other kinds of dominating sets
has studied [2, 7], especially the number of total dominating sets and independent
dominating sets has studied well, see e.g. [9, 10]. The concept of nonsplit domina-
tion was introduced by Kulli and Janakiram [19]. In [19], authors obtained some
bounds on the nonsplit domination number of a graph. A dominating set D of a
graph G is called a nonsplit dominating set if the induced graph (V ~ D) is con-
nected. The nonsplit domination number v,,s(G) of the graph G is the minimum
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cardinality of a nonsplit domination set.

Since counting the number of dominating sets is # P-complete, even in re-
stricted graph classes such as, e.g., split graphs and bipartite chordal graphs [18],
so it is natural to consider the classes with specific constructions to obtain the
number of their dominating sets. In this paper we consider graphs with simple
connectivity patterns, for example cacti.

Cactus graphs were first known as Husimi trees; they appeared in the scientific
literature some sixty years ago in papers by Husimi and Riddell concerned with
cluster integrals in the theory of condensation in statistical mechanics [13, 16, 20].
In the meantime, they also found applications in chemistry [15, 22| and in the
theory of electrical and communication networks [21], when it turned out that
some computationally difficult problems can be solved on cacti in polynomial time.
We refer the reader to papers [8] for some aspects of domination in cactus graphs
and to [12] for some enumerative results on matchings and independent sets in
chain cacti [7].

A cactus graph is a connected graph in which no edge lies in more than one
cycle. Consequently, each block of a cactus graph is either an edge or a cycle. If
all blocks of a cactus G are cycles of the same size m, the cactus is m-uniform.

The paper is ordered as follows: In the next section, the number of total
dominating sets of triangular cactus and the number of total dominating sets
of chain of squares were considered and in Section 3, the number of nonsplit
dominating sets of chain of cacti graphs was investigated. In the last section, we
study the number of dominating sets of chain of hexagonal cacti.

2. Counting Total Dominating Sets in Cactus
Chains

In this section, the triangular cactus and chain of squares were considered and we
investigate the number of total dominating sets in these graphs.

2.1. Triangular Chain 7,

Let us consider the way of labeling T}, in Figure 1, and symbolize the number of
total dominating sets in T}, by ¢,,. Each total dominating set in T}, either does or
does not contain vertex u,. If the number of total dominating sets that contain
u, be represented by ¢, and by ¢/ the number of total dominating sets that do
not contain w,, we will have ¢, = ¢/, + t//.

Now we find recurrences for ¢/, and t.

It is clear that each total dominating set in T, counted by ¢! can be extended
to a total dominating set in T}, 1 counted by ¢, ,,. Moreover, a total dominat-
ing set in T,, counted by ¢/, can be extended to a total dominating set in T,11
counted by t;, ., in only two ways. In addition, there are the number of sets that
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Figure 1: The chain triangular cactus.

are dominating and not total dominating in 7T;,, but can be extended to a total
dominating set in 7;,41. Clearly, such sets must include a single vertex u,, and
they are counted by ¢!’ _;, and can be extended to a total dominating set in T},41
counted by ¢/ ., in only two ways. Hence, we have ¢/, | =t/ + 2t + 2t _,.
Each total dominating set in 7;, counted by ¢/, can be extended to a total domi-
nating set in 7,41 counted by ¢/, in only two ways. Further, a total dominating
set in T,,_1 counted by ¢//_; can be extended to a total dominating set in T,
counted by ¢/ in only one way, by including u,, and v,4;. Hence,

oy =2t + 10

n—1-
The following system is obtained:

oyt =ty + 2, + 2t 4,
tnpr = 2t + 1.
with the initial conditions t; = 3 and ¢} = 1.

Now we introduce two generating functions, 7"(x) = >, 5oty 2" and T (z) =
Y >0 tmpix™. By multiplying both equations in the above system through by 2"
and then summing over n > 0, the system can be translated into a linear system
for two unknown generating functions. Considering t{, = 1, we have the following;

(1—-22)T"(x) — (x+22H)T"(x) = 2
(1—2>)T"(x) — 22T'(x) = 2.
We obtain
Ty = —20F2H2) 2

T 12z — 322 — 223 T 11— 2z — 322 — 223

At last, by adding T"(z) and 7" (z) and multiplying the sum by x we obtain the
generating function for the sequence t,,. So we have the following theorem:

Theorem 2.1. The generating function for the number of total dominating sets
of T, is yield by
142z — 22

T(z) = .
@) = 15, 307 — a8
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Because T'(z) is a rational function, it can be concluded that the numbers
t, satisfy a second order linear recurrence with constant coefficients. The initial
conditions can be verified by direct computations. The following corollary gives
the recurrence relation of ¢,,. The following corollary gives the recurrence relation
of t,.

Corollary 2.2. For every n > 4, the number of total dominating sets in T, i.e.,
t, is given by
tn = 2tp—1 + 3tp—2 + 2tn—3,

with the initial conditions t1 = 4,t5 = 16 and t3 = 46.

2.2. Para-Chain @,

We consider a para-chain of length n, labeled as shown in Figure 2. We investigate
the generating function for the number of total dominating sets of @,,. Let state
and prove the following theorem:

Theorem 2.3. The generating function for the number of total dominating sets

of Q. is yield by
14 32 + 622

T 13z — 1822 — 923 + 9zt

Q(x)

Proof. Consider the way of labeling @,, in Figure 2 and symbolize the number of
total dominating sets in Q,, by ¢,. Each total dominating set in Q,, either does
or does not contain vertex v,. If the number of total dominating sets that contain
v, be represented by ¢/,, and by ¢!/ the number of total dominating sets that do
not contain vy, we will have ¢, = ¢, + ¢/..

Ul Up—1 Un,
e o o
v U1 Up
w1 Wp—1 Wn

Figure 2: Labeled para-chain square cactus graphs.

Now we find recurrences for ¢/,, q,. Each total dominating set in @, counted
by ¢;, and g;, can be extended to a total dominating set in @, counted by ¢;, | in
exactly three ways. In addition, there are the number of sets that are dominating
and not total dominating in @,,, but can be extended to a total dominating set in
Qn+1. Clearly, such sets must include a single vertex v,,, and they are counted by
q//_, and ¢,,_;, and can be extended to a total dominating set in Q1 counted by
qp, 41 in only three ways. Further, there are the number of sets that are not total
dominating in @,,, but can be extended to a total dominating set in Q),,1. Clearly,
such sets do not dominate v,, and they must include v, _1, since the existence of
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this vertex is necessary to dominate w,, and w,. Hence, they are counted by ¢/,_;
and can be extended to a total dominating set in @,41 counted by ¢/, in only
three ways. We have the recurrence for ¢/,,

Gni1 = 345, + 34, + 3¢, 1 +6q,_;.

Now we need a recurrence for ¢//. Each total dominating set in @, counted by
q,, can be extended to a total dominating set in Q41 counted by ¢, in exactly
three ways. Each total dominating set in @, counted by ¢//_; can be extended to
a total dominating set in @,41 counted by ¢, ; in exactly three ways, and the
same is valid for the sets counted by ¢],_; which contain a single vertex v,,. Hence,

U1 =35+ 3¢, 1 + 3¢,
Finally, we have obtained the system

Gny1 =30 + i1 + 34,1,
Qi1 =3a), +3q_ 1 +3q,_,.

with the initial conditions ¢} = 6 and ¢{ = 3.

Again, we introduce three generating functions, Q'(z) = >, <, ¢,412" and
Q" (x) = ,50 du412™. By multiplying all equations in the above system through
by ™ and then summing over n > 0, the system can be translated into a linear
system for two unknown generating functions. Considering ¢{, = 1, we have the
following;

(1-322)Q (z) — (1+32)Q"(x) = 3z,
(1-32)Q"(x) — Bz +32H)Q (z) =3+ 3z.
We obtain
Q') 3+ 15z + 922 — 923 Q" (@) 3+ 3z

T 13z — 1822 — 923 + 9z*’ T 13z — 1822 — 923 + 9%

Finally, by adding Q’(z) and @Q”(z) and multiplying the sum by x we obtain the
generating function for the sequence g, . O

The following corollary gives the recurrence relation of g,,.

Corollary 2.4. For every n > 5, the number of total dominating sets in Q,, i.e.,
qn 1S given by
qn = 3Q7L—1 + 18Qn—2 + 9%—3 - 9Qn—47

with the initial conditions g1 =9, g2 = 45, g3 = 288 and g4 = 1755.
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Figure 3: Labeled ortho-chain square S,,.

2.3. Ortho-Chain 5,

Consider the way of labeling S,, in Figure 3 and symbolize the number of total
dominating sets in S,, by s,. If the number of total dominating sets that contain
uy, be represented by s/, and by s/’ the number of total dominating sets that do
not contain s,, we will have s, = s, + 5.

Analogously, before we obtain the system of recurrences for s}, si'; have the

nr
system
Shq =4s) +2s],

" ! "
S71+1 = 25n + Sn'
with the initial conditions sj = 5 and s = 3. Again, we introduce the corre-
sponding generating functions, S'(x) =" s, 12", 8" (x) =3, Smy12" and
obtain a linear system for them;

S’ () - 28"(z) = 0
(1-2)8"(x) — 2z8(x) = 2.
We obtain
@)= —2 ey = 2
1 — 52’ 1—5z

Finally, by adding S’(z) and S”(z) and multiplying the sum by x we obtain the
generating function for the sequence s, and S(x) = > -, s,2". So we have the
following result: -

Theorem 2.5. The generating function for the number of total dominating sets
of S, is yield by

The following corollary gives the recurrence relation of s,,.

Corollary 2.6. For every n > 2, the number of total dominating sets in Sy, i.e.,
Sn, s given by
Sn = 5511—17

with the initial conditions s; = 9.
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The sequence of the numbers s1, so, ... in the ortho-chain graphs, S,,, satisfies
the conditions
Spe1 =08p, (n>1, 51 =09).

So for each natural number n > 1 have s, =9 - 57~ 1.

3. Counting Nonsplit Dominating Sets in Cacti
Chains

In this section, we investigate the number of nonsplit dominating sets in some
classes of chain cacti graphs in the pervious part.

3.1. Triangular Chain T,

Let us consider the way of labeling T;, in Figure 1, and we shall obtain a recurrence
relation for the number of nonsplit dominating sets in 7). For this purpose we
symbolize the number of nonsplit dominating sets in 7, by t¢,. Each nonsplit
dominating set in T;, either does or does not contain vertex u,. If the number
of nonsplit dominating sets that contain u,, be represented by ¢/, and by ¢!/ the
number of nonsplit dominating sets that do not contain u,, we will have ¢, =
t .

Now we find recurrences for ¢/, and ¢/.

It is clear that each nonsplit dominating set in 7;, counted by ¢!’ can be extended
to a nonsplit dominating set in 7}, 1 counted by ¢, ; in only two ways. Moreover,
a nonsplit dominating set in T, counted by ¢/ can be extended to a nonsplit
dominating set in T},1; counted by ¢/, ; in only one way, by including u,, and v,,.
Also, there is one possibility of a nonsplit dominating set in T, counted by ¢/, can
be extended to a nonsplit dominating set in 7),41 counted by ¢, by including
Uy, and such set must include all vertices of T;,. Hence, we have

gy =2t0 + 1, + 1.

Now we need a recurrence for ¢, ;. There are two possibility cases of a nonsplit
dominating set in T,, counted by ¢/, can be extended to a nonsplit dominating set
in T}, 41 counted by ¢!/ 41, and such sets must include all vertices of T,,. Further,
a nonsplit dominating set in 7T, counted by ¢/ can be extended to a nonsplit
dominating set in T},1; counted by ¢/, | in only one way, by including v,,. Hence,

thi1 =241,
The following system is obtained:

t;m =2 4+t +1,
n+1 - 2+t//
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with the initial conditions ¢t} = 4 and ¢/ = 3.

Now we introduce two generating functions, 7"(x) = >, 5 t, 112" and T"(2) =
Y >0 tnp1x™. By multiplying both equations in the above system through by 2"
and then summing over n > 0, the system can be translated into a linear system
for two unknown generating functions. Considering t{, = 1, we have the following:

1-2)T(x) — 22T7"(x) = f:—i
(1—-2)T"(x) = %
We obtain
2 2 2
T'(2) oy T (2) =

T 1-3z+322— 43 T 1 =2z + 22

At last, by adding 7”(z) and 7" (x) and multiplying the sum by x we obtain the
generating function for the sequence t,. So we have the following theorem:

Theorem 3.1. The generating function for the number of nonsplit dominating
sets of Ty, is yield by
1+ x4+ 222

T = .
() 1—3z+ 322 — a3

Because T'(z) is a rational function, it can be concluded that the numbers
t, satisfy a third order linear recurrence with constant coefficients. The initial
conditions can be verified by direct computations. The following corollary gives
the recurrence relation of t,,.

Corollary 3.2. For every n > 4, the number of nonsplit dominating sets in T,
i.e., ty 1S given by
tn = 3tn—1 — 3tn—2 +tn-3,

with the initial conditions t1 = 7,to = 16 and t3 = 29.

3.2. Para-Chain @,

Here, we investigate the generating function for the number of nonsplit dominating
sets of @,,. Consider the way of labeling @,, in Figure 2 and symbolize the number
of nonsplit dominating sets in @,, by ¢,,. Each nonsplit dominating set in @,, either
does or does not contain vertex v,. If the number of nonsplit dominating sets that
contain v, be represented by ¢/, and by ¢// the number of nonsplit dominating
sets that do not contain v, we will have ¢, = ¢/, + ¢..

Now we find recurrences for ¢J,, ¢//. Each nonsplit dominating set in @Q,, counted
by ¢,; can be extended to a nonsplit dominating set in Q41 counted by ¢, in
exactly four ways. Further, a nonsplit dominating set, D, with cardinality |V (Q,,)|
in Q,, counted by ¢/, can be extended to a nonsplit dominating set in Q11 counted
by ¢, in only three ways; if this D has cardinality less than [V(Q,)| in Qn
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counted by ¢/, can be extended to a nonsplit dominating set in @41 counted
by ¢, in only one way. These sets counted by ¢;,. Therefore, the nonsplit
dominating set V(Qn+1) is double counted. In addition, there are the number of
sets that are not dominating in @Q),,, but can be extended to a nonsplit dominating
set in @Qp41. Clearly, such sets must include the vertex v,,—1, and do not dominate
vpn. They can be extended to a nonsplit dominating set in Q41 counted by ¢,
in only three ways. We have the recurrence for ¢,,

Tpy1 = +4q; +5.
Now we need a recurrence for ¢//. Each nonsplit dominating set in @),, counted
by ¢/, with cardinality |V (Q)| in @, can be extended to a nonsplit dominating
set in Q41 counted by ¢, ; in only three ways. Hence,

qZH =3.
Finally, we have obtained the system
q':].—‘rl = q1/1 + 4(1:«2 + 53
qx-u =3
with the initial conditions ¢j = 5 and ¢} = 3.
Again, we introduce three generating functions, Q'(z) = > -, ¢,,12" and
Q"(x) =3 ,50 dn412™. By multiplying all equations in the above system through
by 2™ and then summing over n > 0, the system can be translated into a linear

system for two unknown generating functions. Considering ¢, = 1, we have the
following:

18 —
1 -0)Q @)= T
7" _ 3
Q@) = .
‘We obtain 18
/ — T "

Finally, by adding Q’(z) and Q”(z) and multiplying the sum by = we obtain the
generating function for the sequence g, .

Theorem 3.3. The generating function for the number of nonsplit dominating
sets of Qy, is yield by
1+ 192 — 322
Q) = 1 -2z +a22
The following corollary gives the recurrence relation of g,,.

Corollary 3.4. For every n > 3, the number of nonsplit dominating sets in Q.,,
i.€., qn 1S given by

Gn = 2qn-1 — Gn—2,
with the initial conditions ¢ =9 and g2 = 26.
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3.3. Ortho-Chain 5,

Consider the way of labeling S5, in Figure 3 and symbolize the number of nonsplit
dominating sets in S, by s,. If the number of nonsplit dominating sets that
contain u,, be represented by s/, and by s/ the number of nonsplit dominating
sets that do not contain s,,, we will have s,, = s, + s/. In addition, we denote by
sy’ the number of sets that are not dominating set in S, but can be extended to
a nonsplit dominating set in S, ;1. Clearly, u,, is not dominated, then u,_; and
b, are not contained in the nonsplit dominating sets. Such sets must include the
vertex a,, to dominate b,,.

Analogously before, we obtain recurrences for s}, s/ and s//’.

Each nonsplit dominating set in S,, counted by s/ can be extended to a nonsplit
dominating set in Sy, 41 counted by s, in exactly two ways. Further, a nonsplit
dominating set, D, with cardinality |V'(S,)| in S,, counted by s, can be extended
to a nonsplit dominating set in S,y counted by s, in exactly four ways; if
this D has cardinality less than |V(S,,)| in S,, counted by s/, can be extended to
a nonsplit dominating set in S, 11 counted by s;,,; in only one way. These sets
counted by s/,. Therefore, the nonsplit dominating set V'(S,,+1) is double counted.
Each set in S, counted by s/ can be extended to a nonsplit dominating set in
Sn+1 counted by 7, in only two ways.

Finally, we have the following recurrence for s/,

"

Shpq =Sn+2s) +4—1+2s)
=s), +2s,) +3+2s, .

Now we need a recurrence for s//. Each nonsplit dominating set in .S,, counted by
s, can be extended to a nonsplit dominating set in S, 41 counted by s, in only
two ways. Further, a nonsplit dominating set, D, with cardinality |V (S,)| in Sy,
can be extended to a nonsplit dominating set in S, ;1 counted by s, in only
two ways. Further, Each set in S,, counted by s/’ can be extended to a nonsplit
dominating set in S,y counted by s}, ; in only one way by including a,4; and
bpy1. Finally, we have the following recurrence for s”,

1" _ " n
Spi1 =28, +2+ s,

Now we need a recurrence for s/’. Each nonsplit dominating set in .S,, counted
by s;; can be extended to a nonsplit dominating set in S, 41 counted by s;’ | in
only ony way by including a,41. Further, the same is valid for the sets counted

by s/, Hence
1 "

/]
Spt1 = Sp T Sy -

",

We have obtained the system of recurrences for s/, s/ and s!”;

n

/ 1 "

S7L+1 = Sn + 28n + 3 + 25n ’
" " "

Spa1 =28, +2+ s,

" _ "
sn+1 - sn + Sn 9
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with the initial conditions s§ = 6 and s/ = 3. Again, we introduce the corre-
sponding generating functions, S'(x) = Y - sy, 2", S"(x) = >, 0 sn 12" and
S"(x) = 32,50 Sni12™, We obtain a linear system for them; -

1—-2)8(x) — 28"(x) = ‘1*:—5,
(1-2)8"(@x) - S"(x) = 12,
(1-2)S"(z) — x8"(z) = 1.
We obtain
§"() = 1+ a? S () = 3

1 — 4+ 422 — 23’ T 1—-3z+ 22

_ 6 — 13z + 922 — 2*
~ 1—5z+ 822 — 5ad + a4’

Finally, by adding S’(z) and S”(z) and multiplying the sum by x we obtain
the generating function for the sequence s, and S(z) = >, ., sn,2". So we have
the following result:

S'(x)

Theorem 3.5. The generating function for the number of nonsplit dominating
sets of Sy, is yield by

144z — 1122 + 723

S(z) = 1 —5x+8z2 — 53 + 24

The following corollary gives the recurrence relation of s,,.

Corollary 3.6. For every n > 5, the number of nonsplit dominating sets in Sy,
i.€., Sy 1S given by

Sy =581 — 88p_2 +5Sp_3 — Sp_4,

with the initial conditions s1 =9, so = 26, s3 = 70 and s4 = 186.

4. Counting Dominating Sets in the Chain
Hexagonal Cacti

Counting the dominating sets of some cactus chains has studied in [7], but there
is no result for the number of dominating sets in the chain hexagonal cacti. In
this section we investigate the number of dominating sets in three classes of chain
hexagonal cacti. The ortho-chain of length n is denoted by O,,, and the meta-chain
and the para-chain of length n are denoted by M,, and L,,, respectively.

Approach for enumeration of dominating sets of these three families are similar
but we think should prove and state all details.
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Figure 4: An ortho-, meta-, and para-chain hexagonal cacti of length n.

4.1. Ortho-Chain

We consider an ortho-chain hexagonal cacti of length n, labeled as shown in Figure
4. The number of dominating sets in O,, denoted by o0,, and the number of
dominating set in O,, containing and not containing vertex v,, are denoted by o,
and ol/. Again, 0, = o, + o//. In addition, we denote by o/ the number of sets
that are not dominating set in O,,, but can be extended to a dominating set in
Op+41. Clearly, such sets do not dominate v,,, but dominate other vertices of the
last hexagon.

Now we find three recurrences for o}, o!! and o).

Each dominating set in O,, counted by o/, can be extended to a dominating set
in O,41 counted by o), ; in exactly thirteen ways. These are the dominating set
D c V(0O,,) containing v,, together with the following cases;

® Cnt1,Un+1,
o bn-‘rla Un-‘rla
e v, 1 together with at least two vertices of {an41,bn+1, Cnt1, dnii}-

Further, a subset of vertices in O,, counted by o/ and o/ can be extended to

a dominating set in O, 41 counted by o], in exactly eleven ways. These are the
following cases;

e Choose by 41, Vp41,
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e Choose v,41 together with at least two vertices of {an+1,bn+1,Cnt1,dn+1}
except Cpy1,dnt1-
By adding all contributions we obtain the recurrence for o], ,
o041 = 130, + 110;, + 110}

Now we need a recurrence for o!!. Each dominating set in O,, counted by o,
can be extended to a dominating set in O,y counted by o, ,; in exactly eleven
ways. These are the dominating set D C V(O,,) containing v,, together with the
following

® Cpn+1l,
e Choose at least two vertices of {ap41,bn+t1, Cnt1,dni1} except ani1, by

Further, a dominating set in O,, counted by 0!/ can be extended to a dominating
set in On41 counted by o), in exactly six ways. These are the dominating set
D c V(0O,,) containing the following;

° an+l 9 dn+1 9
o bn-‘rla dn—i—l )
e Choose at least three vertices of {a,+1,bn+1, Cnt1, dnt1} €xXCept i1, Ont1, Cnpl-

Further, a subset of vertices in O,, counted by 0/ can be extended to a domi-
nating set in O,41 counted by o), , ; in exactly four ways. These are the following
cases;

o an+1a dn+17

e Choose at least three vertices of {an41,bn+1,Cn+1,dnt1} €xcept
Ap+1, bn-i—la Cn+41 and bn-‘rla Cn41, dn—i—l .

By adding all contributions we obtain the recurrence for o/ ,
on 1 = 110}, + 60, + 40].

Finally, a dominating set in O,, counted by 0 can be extended to a set in O,, 11

counted by o], ; in exactly three ways. These are the following cases;

e Choose apt1,Crna1,
e Choose by41,Crt1,

e Choose an41,bn41,Crt1-



More on the Enumeration of Some Kind of Dominating Sets in Cactus Chains 231
I ——

"

Further, the same except b,41, c,+1 is valid for the sets counted by o;'. Hence

0;:’_,_1 =30 +20].
We have obtained the system

041 = 130, + 110;, + 110},
on 1 = 110), + 6o, + 4o,
Olerl = 30;; + 20;{/7
with the initial conditions o} = 24 and of = 15.

As before, we introduce the corresponding generating functions, O'(z) =

/ n " _ /! n " _ /1 n 3
2 on>0Ong12" O"(x) = 32, 50 0hia™ and O"(z) = 37, 54 0) 12" and obtain
a linear system for them:;

(1-132)0'(z) — 11z20"(z) — 11z0"(x) = 24
(1-62)0"(z) — 1120(x) — 420" (x) = 15
(1-22)0"(z) — 320"(x) = 2.
We obtain
24 — bz + 12122 15 +47x

0'(x)

_ 1 _
121w — 1722 — 12123’ (z) 1—21z — 1722 — 12123’

24+ Tx + 12122
" o
O () = o~ 172 — 1218

Finally, by adding O’(z) and O”(z) and multiplying the sum by = we obtain the
generating function for the sequence o, and O(z) = 3, 5 0,2".

Theorem 4.1. The generating function for the number of dominating sets of O,
s given by
14 18z + 2522

O(z) = .
@) = T 1~ 1218

The following corollary gives the recurrence relation of o,.

Corollary 4.2. For every n > 3, the number of dominating sets in the chain
hexagonal cacti Oy, i.e., o, is given by

onp =21lop_1 + 170,92 + 1210, _3,

with the initial conditions og = 1, 01 = 39 and oo, = 861.
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4.2. Meta-Chain

Now, we consider a meta-chain hexagonal cacti of length n, labeled as shown in
Figure 4. The number of dominating sets in M,, denoted by m,,, and the number
of dominating set in M,, containing and not containing vertex v,, are denoted by
m,, and m/. Finally, we denote by m.” the number of sets that are not dominating
set in M,,, but can be extended to a dominating set in M,,;;. Clearly, such sets
do not dominate v,,, and they must include v,,_1, since this vertex is necessary to
dominate d,,. Hence, they are counted by m),_; in two ways, by including b,,, or
an, by, and we have m! = 2m! _,.

Now we find two recurrences for m;, and m/,.

Each dominating set in M,, counted by m! can be extended to a dominating
set in M,, 41 counted by m;, ,; in exactly fourteen ways. These are the dominating
set D C V(M,,) containing v,, together with the following cases;

® An+1,Un+1,
® byi1,Ungt,
® Cnt1,Un+1,
e v, together with at least two vertices of {a,+1,bn+1, Cnt1, dnt1}-

Further, a dominating set in M,, counted by m!’ can be extended to a dominat-
ing set in M,,1 counted by m/,,; in exactly twelve ways. These are the following
cases;

® Apt1yUn+1,
® buy1,Unqt,

e v, together with at least two vertices of {an+1,bn+1,Cnt1,dnr1} except
Cn+1, dnJrl .

The same is valid for m’”" except b,41,vp41 and byy1, cpe1. By adding all contri-
butions we obtain the recurrence for m/, ,

my . = 14m;, +12m;, + 10m,,’.

Now we need a recurrence for m!’. Each dominating set in M,, counted by m!,
can be extended to a dominating set in M, 41 counted by m] _ ; in exactly ten
ways. These are the dominating set D C V(M,,) containing v,, together with the
following

L4 cn—&-l,

e Choose at least two vertices of {an41,bn+41,Cnt1,dnt1} €xcept ani1,bni1
and an41,dpy1-
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Further, a dominating set in M,, counted by m]/ can be extended to a domi-
nating set in M, counted by m,, ,, in exactly five ways. These are the following;

o bn+17 dn+1>

e Choose at least three vertices of {an41,bn+1,Cn+1,dnt1} €xcept
Ant1,bnit, Cryt.

The same is valid for m]/’.

By adding all contributions we obtain the recurrence for m!,

"
n -

my 1 = 10m], + 5m., + 5m

",
n

Analogously, before we obtain the system of recurrences for m/,, m” and m
have the system

n

my, 1 = 14m;, +12m;, + 10m;,,

"
no

my 1 = 10m;, +5m], 4+ 5m
il = 2,
with the initial conditions m} = 24 and m{ = 15.
Again, we introduce the corresponding generating functions,
M'(z) = ano my, 2", M"(x) = ano my 1 x"™ and M (z) = ano my "
and obtain a linear system for them;

(1-14)M'(z) — 122M"(x) — 10aM"(z) = 24
(1-5x)M"(x) — 10zM’'(z) — baM"(x) = 15
M (x) — 2zM'(x) = 2.
We obtain
2
M'(x) 4(6 + 20x + 5z°) M () = 5(8x 4 3)

T 1— 197 — 7022 — 2023’ 1 —-192 — 7022 — 2023’
2(1 + 5z + 102?)
1—19x — 7022 — 2023
Finally, by adding M’(x) and M"(z) and multiplying the sum by 2 we obtain the
generating function for the sequence m,, and M(z) =3 -, mn2".

M/// (J:) —

Theorem 4.3. The generating function for the number of dominating sets of M,
is given by

_ 1+ 20z + 5022

~ 1—19z — 7022 — 2023

The following corollary gives the recurrence relation of m,,.

M(x)

Corollary 4.4. For every n > 3, the number of dominating sets in the chain
hezxagonal cacti M,, i.e., my, is given by

My = 19mp_1 + T0Myp_o + 20my_s,

with the initial conditions my =1, mq = 39 and my = 861.
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4.1 Para-Chain

Now, we consider a para-chain hexagonal cacti of length n, labeled as shown in
Figure 4. The number of dominating sets in L,, denoted by [,,, and the number of
dominating set in L,, containing and not containing vertex v,, are denoted by I/,
and /. Finally, we denote by I/ the number of sets that are not dominating set
in L,, but can be extended to a dominating set in L,,+1. Clearly, such sets do not
dominate v,,, and they must include a,, and d,,, since these vertices are necessary
to dominate b,, and ¢,. Hence, they are counted by I, _;, I/_; and I!”_;, and we
have IV =1/ +U/_, +1 ;.

Now we find three recurrences for I}, and I/

Each dominating set in L,, counted by I/, can be extended to a dominating set
in L,y counted by I, ; in exactly twelve ways. These are the dominating set

D c V(L,,) containing v,, together with the following cases;
[ ] ’L}n+1,
e v, together with at least two vertices of {an41,bn+1, Cnt1, dni1}-

Further, a dominating set in L,, counted by I/ can be extended to a dominating
set in L, counted by [;,,; in exactly nine ways. These are the following cases;

e v, 1 together with at least two vertices of {an41,bnt1, Cni1,dnt1} except
An+1, bn+1 and Cn+1, dn+1-

The same is valid for "

the recurrence for I/, |

except bn+1,cn+1. By adding all contributions we obtain

b =120, + 917 + 81",

Now we need a recurrence for I!/. Each dominating set in L, counted by I/,
can be extended to a dominating set in L,,; counted by [, in exactly eight
ways. These are the dominating set D C V(L,,) containing v,, together with the
following

e Choose at least two vertices of {an+1,bn+1, Cnt1,dnt1} except {ant1,bni1},
{ent1,dnya} and {anq1, digr }-

The same is valid for I’. Also the same is valid for I/ except b,y1, Cri1.
By adding all contributions we obtain the recurrence for I/

n

Uy =8l + 8, + 7.
Analogously, before we obtain the system of recurrences for [
the system

/ "
n’ lTL

and I!”; have

Uy = 120, + 01+ 81,

i1 = 8Sly, + 8l + 71,

" _q/ " "
n+1 _Zn+ln+ln7
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with the initial conditions Ij = 24, [} = 15.
Again, we introduce the corresponding generating functions,

L'(z) = Y solnpaz™ L'(x) = 32, 50lnpaa™ and L"(x) = 32, 5000 2" and
obtain a linear system for them:;

(1-122)L'(x) — 9zL"(z) — 8zL” = 20
(1—-8x)L"(z) — 8zL'(z) — 7zL" = 15
(1—ax)L"” — al'’(x) - zLl'(z) = 2.
We obtain
20 -2 § 15 — 21
Vi) 0— 29z + 3z L(a) 5 21z

T 121z + 2922 — 323 T 11— 21z + 2922 — 353

2 — 5z + 3x2
L/I/ — .
() = 510 7 2922 — 343

Finally, by adding L'(z) and L"”(z) and multiplying the sum by x we obtain the
generating function for the sequence l,, and L(x) = > -, l,z™.

Theorem 4.5. The generating function for the number of dominating sets of L,
s given by

B 1+ 14z — 2122

©1—21x + 2922 — 323’

L(x)

The following corollary gives the recurrence relation of I,,.

Corollary 4.6. For every n > 4, the number of dominating sets in the chain
hexagonal cacti L, i.e., l,, is given by

ln = 2]-ln—1 - 29ln—2 + 3ln—3a

with the initial conditions 1 = 39, ls = 861 and I3 = 18997.
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