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Abstract

Universal left congruences on semigroups were studied in “Y. Dandan, V.
Gould, T. Quinn-Gregson and R. Zenab, Semigroups with finitely generated
universal left congruence, Monat. Math. 190 (2019) 689 —724”. We consider
universal congruences on acts over monoids and extend the results from
semigroups to acts. Among other things, for an S-act As with zero over a
monoid S, we prove that being finitely generated of the universal congruence
wa and being pseudofinite of Ag coincide.
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1. Introduction

Finitary conditions of a class of algebras are of great significance to understand
the structure and behavior of semigroups, groups, rings and many other types
of algebras. Here we focus on two finitary conditions, which are the case where
being an S-act Ag over a monoid S pseudofinite and the weaker condition that
the universal congruence w4 is finitely generated. Dandan et al. [1] investigated
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left universal congruences on semigroups. In this article, this concept is studied
for S-acts, particularly, those ones whose universal congruences are finitely gen-
erated. Also we find some relationships between finite generatedness of w4 and
pseudofiniteness of Ag.

The results of this article are collected in Section 2. For an S-act Ag, first
we give equivalent conditions under which w4 to be finitely generated, and also
for being pseudofinite. The equivalence of being finitely generated of Ag, being
finitely generated of w4 and being pseudofinite of Ag is proved in Theorem 2.7
where Ag has a zero element.

Throughout the paper, S stands for a monoid. A (right) S-act Ag, is a set A
with an S-action X\ : A x § — A, denoting A(a, s) := as, such that a(st) = (as)t
and al = a, for all a € A and s,t € S. In other words, an S-act, described above,
is a universal algebra (A, (As)ses) where for each s € S;\; : A — A is a unary
operation on Ag such that Ag 0 Ay = Ag, and \; = id4.

For an S-act Ag, a congruence p on Ag is an equivalence relation on Ag
with the additional property that, if apa’ then (as)p(a’s) for a,a’ € Ag,s € S.
The universal congruence A2 = A x A is denoted by ws. Here p(H) for H C
A x A denotes the congruence generated by H (i.e. the smallest congruence on Ag
containing H). For any z,y € H, zp(H)y if and only if z = y or there is a sequence
T = P151,4151 = P2S52,3282 = P3S3,...,qnSn = Y where for 1 = 1, e,y (pi; Qi) €
HUH! and sy,59,...,5, € S. The above sequence is called an H-sequence of
length n. For more information and definitions concerning S-acts not mentioned
here, see [3].

2. Results

We begin with the following definition:

Definition 2.1. Let Ag be an S-act with wa being generated by a finite subset
H C A2 Then Ag is called pseudofinite relative to H if there is n € N such that
any a,b € A are related with respect to an H-sequence of length at most n. Also
if Ag is pseudofinite relative to X2 = X x X for X C A, then it is simply said
pseudofinite relative to X.

Clearly, if an S-act Ag is pseudofinite relative to H, then w4 is finitely gener-
ated.

Theorem 2.2. A group S is finitely generated (as group) if and only if wg is
finitely generated.

Proof. Let wg be generated by a finite set H. So for each a € 5, (a,1) € wg and
then a = 1 or there exists a sequence

a = p151, G151 = P2S2, (282 = P3S3, -..,qnSn = 1,
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where for each 1 < i < n,(p;,¢;) € HUH! and s1,82,...,5, € S. So a =
p1q; 'p2gy t - pug; ! which implies that the finite set {pg~' | (p,q) € HU H~ '}
generates S. For the converse, let X = {p1,p2,...,pn} be a generating set for S
and a,b € S. So from ab™! = qigo - - - i, in which foreach 1 <i < k,¢; € XUX 1,
we have the sequence

ab ' =qge g, e qr) = q2(g3 - qr), - - lgr = 1,11 =1,

and hence

a=qi(q2---qxb), 1(q2- - qrb) = q2(q3 - - qrb), ..., 1(qxb) = qib,1b = b,
which gives that (a,b) € p(X x {1}). O

Let p; and ps be two congruences on an S-act Ag. Then it is said that ps is a
principal extension of py if pa = p(p1 U{(x,y)}) for some z,y € A.

Lemma 2.3. For an S-act Ag, the following are equivalent:
(i) wa is finitely generated.

(ii) A finite chain . =99 C ¥ C -+ C V¥, = wa of congruences on Ag exists in
such a way that for all 1 <i <mn, each ¥; is a principal extension of ¥;_1.

(iii) wa is generated by X2, for a finite subset X of Ag.
(iv) There is a finite subset X of Ag such that wa = ({a} x X), for any © € X.

(v) For each u € A, there is a finite subset X of As with uw € X and wy =
({u} x X).

Proof. (i) = (ii) and (v) = (i) are clear.

(ii) = (iii) By (ii), ¥» = wa = {{(a1,b1),...,(an,bs)}). Consider the set
X ={a1,...,an,b1,...,bp}, s0 {(a1,b1),...,(an,bn)} € X x X and hence we get
wa Cp(X X X) Cwy.

(iii) = (iv) Let a,b € A and = € X. By (iii), there exist s1,...,s, € S and
(P1,q1)s -+ (Pn,qn) € X% such that a = p1s1,q181 = p28a, - - -, ¢nsp, = b and hence

a = p1S1, TS} = TS1, 151 = P252, TS = TS2,..., qnSp = b,

in which (p;,z) € X x {z} and (z,q;) € {z} x X.

(iv) = (v) Consider X; = X U {u}. By (iv), for each a,b € A, there exist
S1y---y8, € S and (p1,q1)s---, (Pn, @) € ({2} x X) U (X x {z}) such that a =
P151,G151 = P252, .-+, qnSp = b. S0

@ = p151, US] = US1, 151 = P2S2, US2 = US2, ..., qnSp = b,

in which (p;,u) € X7 x {u} and (u,q;) € {u} x X;. Thus wg = {u} x X3). O
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Lemma 2.4. Let As be an S-act and wa = (H) = (K1) for some H,K; C A?
where H is finite. Then there exists a finite subset Ko of K7 for which wa = (Ks).
Further, if Ag is pseudofinite relative to H, then it is pseudofinite relative to K.

Proof. For (a,b) € H, there is a Kj-sequence of length n := n(a,b) such as a =
pit1,qit1 = pato, ..., qnty = b, where (p;,q;) € Ky U Kl_l and t; € S. For each
(a,b) € H, consider

K(a,b) = {(pla ql)a R (pn(a,b)a qn(a,b))7 (QIapl)a L) (qn(a,b)apn(a,b))} N K;.

So K(a,b) C Ky, |K(a7b)| < oo and (a,b) S <K(a,b)>- Let Ky = U(a,b)eH K(a,b)-
Since H is finite, K5 is a finite subset of K7 and hence H C (K»). Sows = (H) C
(K3) Cwa. Moreover, let 2,y € A. Then there is an H-sequence

T = Pp151, q1S1 = P252,---, gmSm = Y,

where (p;,q;) € HU H™! and s; € S. Using the first part of the proof, for each
(pi,qi) € H, there is a Ks-sequence of the length n(p, q) such as

Di = Uintin, Wirlin = Uialio, -+, Win(p;,q:)tin(pi,q) = i

where (u;;,w;;) € Ko U (K2)~! and t;j € S. So one gets a Ka-sequence of length
n(p;, ¢;) connecting p;s; to ¢;s;. Consider m’ = mmax{n(p;,¢;) | (pi,q:) € H}.
Thus there is a Ks-sequence from z to y of length at most m/. O

Lemma 2.5. Let Ag be a non-singleton S-act such that wa = (H) for some
HCA? Let CH)={x |y € A, (x,y) € HUH}. Then

(i) there exists X C A such that wq = (X?).

(i) As = (C(H)).

Proof. (i) Since H C C(H)?, it is enough to consider X = C(H).

(ii) Let @ € A. Consider b € A with a # b. Since ap(H)b, there exist
Dlse-osPnyQls---,qn € A and wq,...,w, € S, where for 1 < i < n,(p;,q;) €
HUH™! and

a=piwi, (W1 = PaWz, qaW2 = P3Ws3, ..., ¢uWn = b.
Hence, a = zw for some w € S and © € C(H). O

Proposition 2.6. Let A’ be a subact of an S-act As. Then w4 is finitely generated
if and only if As has a finite generator X with war = p(X?)|arxar. Moreover, A
1s pseudofinite if and only if there is a positive integer n for which there exists an
X2_sequence of length at most n from a to b, for each a,b € A’.

Proof. Let wa be generated by a finite set H. So X = C(H) is a finite set in which
X? generates wq by Lemma 2.5. Clearly, wa = p(X?)|a/xa and it follows from
Lemma 2.5 that C(H) is a generating subset of Ag. For the converse, consider
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some u € A" and Y = X U{u}. Then for any a € A, there is x € X with a = xt for
some t € S which implies a = xtp(Y?)ut. From the hypothesis wa: = p(X?)|a/x as
we get utp(Y?)u. Hence, ap(Y?)u, so that wa = p(Y?). Using Lemma 2.4, the
second assertion holds. O

As a corollary of Proposition 2.6, we have the following:

Theorem 2.7. For an S-act A with zero, the following are equivalent:
(i) A is finitely generated.
(ii) wa s finitely generated.
(iii) A is pseudofinite.

Proof. Clearly, {0} forms a subact of A, and hence (i) and (ii) are equivalent by
Proposition 2.6.

(i)= (iii) Let X be a finite generating subset of Ag and a,b € A. So there
exist 1,29 € X and s1, s € S such that a = x1s1, 0s1 = 0s3 and b = x585. This
implies that Ag is pseudofinite relative to the finite set X x {0}.

(iii) = (ii) This is obvious. O

Proposition 2.8. Let B be a homomorphic image of an S-act Ag. If wa is finitely
generated, then so is wp. Moreover, if Ag is pseudofinite, then so is B.

Proof. Suppose that wa = p(X) for some finite subset X of A% and ¢ : A — B is
an epimorphism. For any b,b' € B, there exists a,a’ € A such that ¢(a) = b and
p(a’) =0 Since ap(X)a’, one gets a = a’ or there exists a sequence

/
a4 =pi1wi, W1 = pPw2,..., gpWy = a,

where w; € S and (p;,¢;) € X UX ! forall 1 <i<mn.So

b= p(a) = pP1)wi, ¢(g)wr = @(p2)wa, ..., elgn)w, = p(d’) =V,

which means that wg = p(¢(X)) where p(X) = {(¢(a),p(a)) | (a,ad') € X}.
Clearly, if A is pseudofinite relative to X, then B is pseudofinite relative to o(X).
O

Corollary 2.9. Let A and B be S-acts. Ifwaxp is finitely generated (pseudofinite),
then both wa and wp are finitely generated (pseudofinite).

Proof. Tt follows from Proposition 2.8 by applying the projection morphisms. [

Now let A be an S-act and B be a T-act. Then A x B is an S x T-act by the
action
pw:(AxXxB)x(SxT)— Ax B
u((a,b), (s,t)) = (as,bt).
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Proposition 2.10. Let A be an S-act and B be a T-act. If wa and wp are finitely
generated (pseudofinite), then waxp is finitely generated (A X B is a pseudofinite
S x T-act).

Proof. Let ws = p(X?) and wp = p(Y?) for some finite subsets X C Aand Y C B,
respectively. For any (a,b), (a’,b') € A x B we have a = ' or a = pywy, qw; =
Pows, . . ., Wy = @’ where m € N,w; € S and (p;,q;) € X2 for all 1 < i < m,

and b = ¥’ 201" b= p’lw'lj quw) = phwl, .. .,q;w; = b where n € N°,w! € S and
(i, q;) e Y= foralll <i<n.Ifn>m, consider wy,+1 = Wpys =+ = Wy, = W,
and Pm+1 =Pm+2 = " = Pn = dm and dm+1 = dm+2 = = 4n = gm- Then

(a,a’) = (prwy, piwy), (qwi, ¢iw)) = (p2w2, Pows), . . ., (Gnwn, g wy,) = (b,b'),

so that

(CL, a/) = (php/l)(wl’w/l)’ (Q17qg)(w17w/1) = (p27p,2)(w27w/2)a ceey
(qnvq;z)(wnvw;) = (b7 b/)'

A similar argument holds for the case n < m. Thus waxp = p(X x Y)2. The
statement on pseudofinite also holds, for, max{m,n} is no less than the length of
the (X x Y')2-sequence. O

Suppose that K and L are non-empty sets and P is a matrix of order | K| x | L]

with entries p;; taken from a semigroup S. The Rees matriz semigroup S =
N[S; K, L; P] is the set (K x S x L) with the binary operation (i,s,)(k,t,1) =
(i, spjxt,1). Now for an S-act A, the set A =K x A x L is an S-act by the action
(4,a,5)(k,s,1) = (i,ap;rs,l) and we call it the Rees matriz induced action. Under
these notations, we have the following:

Theorem 2.11. wy is finitely generated if and only if K and L are finite and
there exists a finite set V- C A such that for each a € A there is v € V' such that
ap(H)v in which

H = {(apj;mbp]l) |]E L’LM S Kaa/abe V}'

Proof. Let w4 be finitely generated. Using Lemma 2.3, suppose that w4 = (U?)
where U C A is finite and the projection images K' = n;(U),L" = n;(U) and
V = wa(U) are finite subsets of K, A and L, respectively. If A is finite, then
one can take A = U and V = A and the result is complete. Otherwise, consider
(i,a,7), (t,b,z) € A be distinct. Then we have the chain

(ia aaj) = (ilv alvjl)(ah 51761)7 (tla b17 Zl)(alv S1, 61) = (iQa a23j2)(a27 52, 52)3 ceey
(tnabnazn)(anwgnaﬁn) = (t7b7 Z))

where n € N and w; = (i, 84, 3;) € S and ((ig, ag, j), (tx, br, 2zx)) € U? for all
1 < k < n. Clearly, i = i, € K’, so that K C K’ and hence K = K’ is finite.
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Also if L is infinite, then one can consider distinct elements j and z of L\L’. Then
we have j = (1,81 = B2,...,0n = 2z, and so j = z, which is impossible. Hence,
L is finite. On the other hand, consider ¢ = t,7 = z and b € V. Then there
exists an H-sequence from an arbitrary a € A to an element b’ € V. Indeed, for
cach 1 < k < n,, ifw, € S, so b =", or the index k be a least with w;, = 1,
ap(H)ax =b € V.

Conversely, let W = {a € A | (a,b) € H for some b € A}. We show that
wa = (R?) where R = K x (VUW) x L, which is finite. Let (4, a, j), (i',a’,j’) € A.
Since for each z,y € R, (x,y) € R?, it suffices to show that each element of A is
R2-related to an element of R. If (i,a,j) € R, then we are done and otherwise,
the element a is connected to b € V' via an H-sequence

a = ajwy, byw = asws, ..., byw, = 0.

Consider the notation as (a;, b)) = (wpy,j,, vipi,j;,) € H for all 1 <1 < n. If each
w; belongs to S, then there is an R2-sequence

(i7a7j) = (iaulajl)(:u’latlaj)v (iavlvjl)(/’(‘hthj) = (i,UQ,jQ)(MQ,tQ,j),. HER)
(iavnvjn)(ﬂn>tn>j) = (iubvj)v

where (u;,v;) € V2 and t; € SL.
Also, if there is 1 < k < n with wy, = 1, there exists an R2-sequence

(iuamj) = (ivulajl)(,u'htlvj)v (i7vlvj1)(ﬂl7t17j) = (i7u27j2)(u27t27j)7 ey
(ia,Uk—lajk—l)(ﬂk‘—lytk—l7j) = (ivukaj)a
in which u, € W. In both cases, (i,a,j) is R?-related to an element of R. Sim-

ilarly, (i’,a’, ') is also R?-related to an element of R, which the proof is com-
plete. O
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