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Abstract

The concept of (proper) hyper Cl-algebras, as a generalization of CI-
algebras and hyper BE-algebras, is defined and some properties are pre-
sented. Also, the concepts of a hyper filter and a weak hyper filter over hyper
Cl-algebras are discussed. Moreover, the notion of a commutative hyper
Cl-algebra is described. Also, we find the number of commutative hyper
Cl-algebras of order less than 3.
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1. Introduction

Cl-algebra, defined by Meng [1], is an algebra (X; x, 1) of type (2, 0) that satisfies:
(CL) zx(y*xz)=yx*(z*z),

(CLy) zxx =1,

(Cl3) 1%z =z, forall z,y,z € X.

The Cl-algebra (X; %, 1) that satisfies the axiom (BE) 2 x1 =1 is called a BE-
algebra [2]. It is known that the hyper logical algebras have many applications to
sciences. The hyper BE-algebras were defined in [3] as follows:

An algebra (H; ¢, 1), where H is a nonempty set, ¢ : Hx H — P*(H) a hyper
operation and 1 a constant in H, is said to be a hyper BE-algebra, if it satisfies:
(HBE;) zo(yoz) =yo(xoz2),

(HBE;) 1€zozand 1 €xol,
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(HBE3) z€louw,

(HBE4) 1€ lox implies z =1, for all z,y,2 € H.

Then Rezaei et al. investigated commutative hyper BE-algebras [4]. The notion
of good hyper BE-algebras was introduced by Chen et al. [5]. Iranmanesh et al.
studied various types of Hv-BE-algebras and discussed on them [6]. Beja et al.
presented the notion of the doubt intuitionistic fuzzy hyper filters of hyper BE-
algebras and their related properties [7]. Cheng et al. introduced state operators
on hyper BE-algebras, state hyper filters and generated state hyper filters and
obtained some important results [8]. Recently, Naghibi et al. introduced Hv-BE-
algebra as a generalization of a (hyper) BE-algebra [9].

This study presents the concept of a (commutative) hyper CI-algebra, investi-
gates some relations between hyper BE-algebra, and studies several properties of
the hyper BE-algebra. Moreover, (weak) hyper filters are considered in a hyper
Cl-algebra.

2. On hyper CI-algebras

In this section, as a generalization of a Cl-algebra and a hyper BE-algebra, we
define the notion of hyper Cl-algebra and investigate some results. In the following,
H is a nonempty set, P(H) denotes the power set of H and P*(H) = P(H) —{0}.

Definition 2.1. An algebra X = (H; ¢, 1), where o : H x H — P*(H) is a hyper
operation and 1 is a constant, is called a hyper Cl-algebra, if for all x,y,z € H, it
satisfies:

(HCIL}) zo(yoz)=yo(xz02),

(HCL) 1ezoux,

(HCIg) relox.

The relation “< 7 is defined by
ry << leczxzoy.

Let G and K be two non-empty subsets of H. Define G o K = U a < b and
acG,beK

G<XK <= thereexistae Gandbe K s.t. a <Xb.

We refer to the hyper Cl-algebra H = (H; o, 1) by H.
‘H is said to be good if for any x,y,z € H, x <y imply zox < zoy.
The following examples show that (HCI;), (HCI;) and (HCI3) are independent.

Example 2.2. (i) Let A # 0, a a constant element in A, s,t € A, and let define

“o” on X by
] Aot} ifs=a
sot = { A; otherwise.
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Then (A4; ¢, «) is a hyper Cl-algebra.
(ii) Consider the algebra (H; = {1,a, 8,7}; ¢1, 1), where “o;” is definded by
Table 1. Then (Hy; ¢1, 1) is a hyper Cl-algebra, which is not good. Since 1 < 3,

Table 1: Hyper Cl-algebra (Hy; ©1, 1)

1 « 153 ¥
{1+ e} AL B} {7}
{a} {L,a} {a,n} Ha
{1t Ao} {1t {1}
{1y {1 {fo} {1, 0}

2 ™o —[2

but l=v01124A~v¢18=aqa.
(iii) Consider the algebra (Hy = {1,a, 8}; ¢2, 1), where “o5” is definded by
Table 2. Then it is good.

Table 2: Hyper Cl-algebra (Ha; ©9, 1)

O9 1 (0% ﬂ
L {1 {o} {8}
a | {8} H: Aa,p}
B | {8} H> Ho

(iv) Consider the algebra (Hs = {1, «, 8}; ¢3, 1), where “03” is definded by Table
3. Then (Hy; o3, 1) satisfies (HCI;) and (HCI3). Since a@ A o and § £ . Thus,

Table 3: Hyper Cl-algebra (Ha; o3, 1)

<3 1 (67 /B

L {1y {La} e 5}
a | {La} Ha, B} {15}
gl {1y {ap {8}

(HCI;) does not hold.
(v) Cousider the algebra (Hy = {1,a,8}; ¢4, 1), where “o4” is definded by
Table 4. Then (Haz; ¢4, 1) satisfies (HCI;) and (HCI3). Since
{a,b’} = Q0 {1,5} = Q< (B<>4 ].) #ﬂ<>4 (a<>4 1) :504012 {04}7

(HCI,) is not valid.
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Table 4: Hyper Cl-algebra (Ho; ¢4, 1)

Q4 1 « ,B
LA ey {8}
a | {ej  A{L Ay {B}
B 1{LAY {ap {10}

Table 5: Hyper Cl-algebra (Ha; ©5, 1)

o5 1 « ﬂ
L {1} {La} Ao}
a [ {l,a} {l,a} {1,a}
g1 {1} {Lo} {1,a}

(vi) Consider the algebra (Hs = {1,a, 8}; ¢5, 1), where “o5” is definded by
Table 5. Then (Ha; ©5, 1) satisfies (HCI3) and (HCI;). Since a & {8} = 1 05 3,
(HCI3) does not hold.

Notice that every Cl-algebra and hyper BE-algebra are hyper Cl-algebra, but
the converse is not true.

Example 2.3. In Example 2.2 (iii), (HBE,) is not valid, since a £ 1.
‘H is proper if it is not a hyper BE-algebra.

Proposition 2.4. Let (H; o, 1) be a hyper BE-algebra, where go H = H, for all
g € H, and let a & H. Define the hyper operation — on H by

rok; if ke H,

s ke «; if r=c«aandk #q,
a; if r#aandk=aq,
H; if r=k=aq,

for all v,k € H. Then (H U{a}; —, 1) is a hyper Cl-algebra.

Proof. Tt is enough to prove (HCIy). Assume 7, k € H, since
a=(r—=k=a=r—a=r—(a—k),
rok—sa)=roa=a=k—>a=k— (r— a),
a—=>(r—sa)=a—->a=H=roH=r > H=r — (¢ > «). Thus,
(HCI,) is valid. The verification of (HCI;) and (HClIs) is trivial. This shows that
(H U{a}; —, 1) is a proper hyper Cl-algebra, since 1 ¢ « — 1 = a. O

Proposition 2.5. If k <r, then k <X (kor)ok andr < (kor)or.
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Proof. Suppose k < r, then 1 € gor. Using (HBE3) and (HBE3), we get
1l€elolClo(kok)C(kor)o(kok)=ko((kor)ok).
Therefore, k < (ko r) ¢ k. Similarly, the second part is valid. O

Theorem 2.6. Let G, K and F' are nonempty subsets of H. Then
(i) Go(KoF)=Ko(GoF),
(i) G =XG,
(i) GC1eG,
(iv) a € G implies a <X G,
(v) k=<gohimplies g X koh,
(vi) k€ gohimplies g X koh, forall g h,k € H.
Proof. (i) Assume z € G o (K ¢ F). Then there exist « € G, b € K and ¢ € F s.t.
x=ao (boc). Using (HCI;), we get x = bo (a©c), and hence, z € K o (G o F).
Thus, Go (Ko F) C Ko (GoF). Similarly, Ko (GoF) C Go (K ¢ F). Therefore,
(i) is valid.
(ii) Since G # (), there is a € G. Using (HCIy), 1 € a¢a, for all a € G. Hence,
G=G.
(iii) Let a € G. By (HCI3), a € 10a C 1o G. Thus, (iii) holds.
(iv ) Using (HCI,), the proof is obvious.
(v) Let & < g o h, then there exists s € gohst. 1 €kos. So, 1€ kosC
ko(goh)=go(koh), by using (HCIL;). It shows that g < kog.
(vi) Suppose k € g o h. By (HCI;) and (HCI;), we have
lekokCko(goh)=go(koh).
Thus, g X ko h. O

Proposition 2.7. The following hold:
(1) lor=r,
(i) r=1lor,

(#it) r=21o(lo(---(1or)--)),

(iv) t=(tor)or, forallr,tec H.
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__________________________________________________________________________________________________________|]
Proof. We prove just (iii), as other parts are easily proven. By (HCIy), (HCI;)
and Theorem 2.6 (iii), we get

lelolClo(ror)Clo(lo(ror)) C 1lo(lo(---(lo(ror))---))
lo(lo(---(ro(lor))--+))

ro(lo(lo(---(Lor)--+))).
This complete the proof. O

Theorem 2.8. There exist 16 hyper Cl-algebras of order 2 that are not isomor-
phic.

Proof. Set H = ({1,a}; ¢, 1). By (HCIz), 101 = {1} or 101 = {1,a}, and also
aoa = {1} or aoa ={1,a}. Also, by (HCI3), 1oa = {a} or 1oa = {1,a}.
Also, by (HCI;), we have

(1) lo(aol)=aoc(lol),

(2) lo(aca)=ao(loa).

Case 1: Let 101 = {1} and 1o« = {a}. Hence, (1) and (2) hold and we get
Tables 6-11.

Case 2: Let 101 = {1} and 1oa = {1, a}. Then according to (1), ao1 # {a}.
Hence, a0l ={1} oraol ={1,a}. If ao1l = {1}, we get Tables 12 and 13. If
aol={1,a} by (2) we imply « ¢ a = {1,a} and we get Table 14.

Case 3: Let 101 ={1,a} and 1o a = {a}. Then by (1) and (2), ao1 # {a}
and aoa = {1,a}. Hence, ao1l = {1} or o1 = {1,a} and we get Tables 15 and
16.

Case 4: Let 101 ={1,a} and 1oa ={1,a}. Then

(1) a«oa = {1}. Then by (1), « o1 # 1. Hence, o1 ={a} or acl ={1,a}
and we get Tables 17 and 18.

(1) «oa = {1,a}. Then (1) and (2) are valid and we get Tables 19-21.

It is easy to check that the resulting tables are not isomorphic. Therefore,
there exist 16 hyper Cl-algebras of order 2 in the form of Tables 6-21 below, that
are not isomorphic.

Table 6: Hyper Cl-algebra (H; ¢g, 1)

6 1 «
{1y A{a}
o | {1} {1}




Mathematics Interdisciplinary Research 8 (1) (2023) 47 — 63 53
I —

Table 7: Hyper Cl-algebra (H; o7, 1)

o7 1 «
L {o
a | {1} H

Table 8: Hyper Cl-algebra (H; og, 1)

o8 1 6
L {1y A{a}
a | {o} {1}

Theorem 2.9. Let (K; o, 1x) and (G; e, 1) be two hyper Cl-algebras. Then
(K x G; ®, 1k x 1¢) is a hyper Cl-algebra, where K x G is Cartesian product K
and GG, and © is defined by (k‘l,gl) ® (k‘g,gg) = (k’1 Okg,gl .gg), for all k1,ke € K
and ¢1,92 € G.

Definition 2.10. Let ¢ € H. H is said to satisfy the
e diagonal (briefly, D-hyper), if go g = {1},
e row (briefly, R-hyper), if 1o g = {g}.

Theorem 2.11. Let g € H and H satisfy D-hyper. If go 1 = {g}, then H satisfy
R-hyper.

Proof. Tt is enough to prove, 10 g = {g}. Assume h € 1¢ g, then
helog=1lo(gol)=go(lol)=gol=/{g}.

Therefore, ‘H satisfy R-hyper. O

3. Hyper filters of hyper Cl-algebras

In this section, we describe the concepts of weak hyper filter and hyper filter of H
and prove some properties in this respect.

Definition 3.1. Let F C H and 1 € F. Then F is said to be
(i) a hyper filterof Hifx € F and x oy~ F imply y € F,

(ii) a weak hyper filter of H if x € F and x oy C F imply y € F,
for all z,y € H, where z ¢y ~ I means that x oy N F # (.

Denote the set of all (weak) hyper filters of H by HF(H) (resp. WHF(H)).
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Table 9: Hyper Cl-algebra (H; o9, 1)

&9 1 (0%
L {1y A{a}
a | {a} H

Table 10: Hyper Cl-algebra (H; ¢19, 1)

10 1 6]
{1} A{a}
! H {1}

Example 3.2. (i) In Example 2.2 (iii), F' = {1, 8} € WHF(H).

(ii) Cousider the algebra (Hy = {1,q,8}; ¢22, 1) where, “090” is definded by
Table 22. Then F = {1,a} € HF(H).

Proposition 3.3. Let F € HF(H), then
(1) FeWHFH),
(i) ifre Fandezo A~ F imply Ax~F, forx € H and A C H.

Example 3.4. In Example 2.2 (iii), {1,a} € WHF(H), but {1,a} € HF(H),
since {o, B} = a0y B~ {1,a} and a € {1,a}, but 5 ¢ {1,a}.
Theorem 3.5. Let F C H and 1 € F, then
(i) F e HF(H) if and only if F < goh and g € F implies h € F, for all
g,h e H.
(i) if goh < F and g € F implies h € F, for all g,h € H, then F' € HF(H).

Proof. (i) Assume F € HF(H), F < goh and g € F, then there exist x € F and
yegohst. x <y. It follows that 1 € z oy. Thus, 1 € zoyNF # (). Hence
h € F. The converse implication is obvious.

(i) By Proposition 3.3 (i), it is enough to prove F' € HF(H). Let g,h € H s.t.
tegohnF and g € F. This shows that 1 € tot C (g o h) o F and therefore,
goh =X F. By assumption h € F. Therefore, F € HF(H). O

Let g,h € H. Define
Ulg,h)={tc H/t=1org=<hotyand U(g)={tc H|t=1o0r g <t}.

Example 3.6. In Example 3.2 (i), U(a) = {1,a}, U(B) = {1, 8} and U(a, B) =
{1,5}.
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Table 11: Hyper Cl-algebra (H; ¢11, 1)

S11 1 (0%
11 {1} A{a}
o H H

Table 12: Hyper Cl-algebra (H; ¢12, 1)

S12 1 (6%
1 [ {1} H
o | {1} {1}

Proposition 3.7. The following hold:

(vit)

1€ Ul(g),

g€ Ul(y),

g€U(g,1),

U(g) CU(L,9),
U(g,h) = U(h, g),

if h <1, then U(g) C U(g, h),

if U(g) € HF(H), then U(g,h) C U(g); for all g,h € H.

Theorem 3.8. Let () # F C H, then F € HF(H) if and only if U(g,h) C F, for
all g,h € F.

Proof. Assume F € HF(H), g,h € F and t € U(g,h). Thent =1 or g < hot.
Ift=1,thent € F. If g X hot,then 1 € go(hot) and go (hoz) ~ F. By
Proposition 3.3 (ii) and g € F, hot =~ F. As a result, since F € HF(H) and
heF,teF, weobtain U(g,h) C F.

Now, let U(g,h) C F for all g,h € F. Let tos ~ F and ¢t € F. Hence, there
exists z € (tos)NF. Thus, 1 € z02 C z0(tos) C U(z,t) C F, and consequently
FeHFH). O

Theorem 3.9. Let F' € HF(H), then F' = U Ul(g,h).

g,heF



56 S. Borhani Nejad Rayeni et al. / On Hyper Cl-algebras
R S s

Table 13: Hyper Cl-algebra (H; ¢13, 1)

13 1 (0%
1 [ {1] H
a | {1} H

Table 14: Hyper Cl-algebra (H; ¢14, 1)

14 1 (6%
{1}y H
H H

Q

Proof. By Theorem 3.8, U(g,h) C F for all g,h € H. Then U U(g,h) C F.
g,heF

Now, let t € F. By Proposition 3.7 (i) and (ii), t € U(t) CU(1,t) € | ] Ul(g,h).
g,heF
Hence, F' C U U(g,h). Thus, F = U Ulg,h). O
g,heF g,heF

Theorem 3.10. Let F' € HF(H), then F = U Ulg).
ger

Proof. Let t € U U(g), then t € U(g). This shows that g < ¢ and 1 € got. Hence
geF
aotNF #(. Thus, t € F and it implies U(g) C F. O

Proposition 3.11.  (:) If H satisfy D-hyper, then {1} is closed,
(6) {1}, H € HF(H) N WHF(H).
In general {1} is not closed, see (H; ¢15, 1).

Proposition 3.12. If F; € HF(H), for all i € A, then (| F; € HF(H).
€A

The union of two weak hyper filters of H, may not be a weak hyper filter.

Example 3.13. In Example 2.2 (ii), we have Fy = {l,a}, F» = {1,8} €
WH‘F(H), but Fl U F2 = {l,a,ﬂ} ¢ WH.F(H), since Yyory = {1,0&} g Fl U F27
but Y ¢ F1 @] FQ.

Given () # G C H, the hyper filter generated by G is the least hyper filter of H
which contains G and denote by [G). Obviously, [1) = {1} and [H) = H.
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Table 15: Hyper Cl-algebra (H; ¢15, 1)

O15 1 (0%
1 H Ao}
a | {1} H

Table 16: Hyper Cl-algebra (H; ¢16, 1)

16 1 (0%
1 | H {a}
« H H

Theorem 3.14. Let H be good and (§ # G C H. Then
[Gy={teH:t=1orlerio(rao(...(rpot)...)),3 1,72, ... 7y € G,n € N}.

Proof. We take
T:={tecH:t=1orlero(rgo(..(rpot)...)),Ir,re,..,rn € G,n € N}

It is enough to prove that T is the least hyper filter of H containing G. Given
reG,leror,wegetreT. Hence, G CT. Clearly, 1 € T, since 1 € 1o 1. Let
aob~T and a € T. Also, suppose z € aobNT. If z =1, then 1 € a¢b and since
a €T, we obtain b € T. If z # 1, since z € T, then there exist r1,rg,...,7, € G,
s.t.

lerio(rgo(...(rp¢2)...)). Since z € a© b, one has

lerio(rao(c(rpnez2)...)) Crio(rao(.(rpo (aob))...),

and so 1 € 11 0 (rg o (...(rp ¢ (a0 b))...).
Ifa=1,sincel €rio(rao(...(rpo(lob))...) and b € 10b, we obtain b € T.

If a # 1 and a € T, then there exist hq, ho, ..., h,, € G s.t.
1€ hyo(hao(c.(hmoa).)).
On the other hand, using (HCI,), we get
lero(rao((rpno(ach))...)=ao(rio(rao (...(rpob))..).
Hence, a < (r1 ¢ (r2 0 (...(rp ©b))...). Since H is good, we obtain
hio(heo (c.(hm o a)...)) Xhyo(hao (cc.(hyp... 0 (r1 0 (r2 0 (o..(ry ©b)))...).
Since, 1 € hy ¢ (hg ¢ (...(hym ¢ a)...)), we have

1€y 0 (ho o (co(hmen o (110 (30 (oo(rm 0 b)))..2).
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Table 17: Hyper Cl-algebra (H; ¢17, 1)

17 1 e
1 H H
a | {a} {1}

Table 18: Hyper Cl-algebra (H; ¢15, 1)

&18 1 [0
1 H H
a | H {1}

Therefore, b € T, and so T € HF(H).

Now, let F € HF(H) and G C F. We show that T C F. Let t € T.
Ift =1, thent € F. If t # 1, then there exist r1,7rs,....,7, € G, s.t. 1 €
r10(r2 0 (c.(rpot)...)). Then ry ¢ (ra o (w..(rpot)...))NF # . Sincery € G C F
and F € HF(H), by Proposition 3.3 (ii), we get ro o (...(r, ¢ t)...) N F # 0. Using
Proposition 3.3 (ii), n times, we have x € F. Thus, [G) =T. O

In Theorem 3.14 the condition good is necessary, see the following example.

Example 3.15. Wetake T ={t€ Hy:t=1o0r 1 € 105 (103 (...(L 02 ¢)...))}, in
Example 2.2 (ii). Then T'= {1, 5}, but [1) = {1} #{1,5} =T.

Corollary 3.16. If H is good and g € H, then
[g)={teH:t=1orlego(go(...(got)...)}
Theorem 3.17. Let H be good, F € HF(H) and g € H — F. Then
[FU{gl)={teH:t=10rgo(go(...(got)..))NEF #0}.

Proof. Similar to [5, Theorem 3. 2. O
Definition 3.18. Let () # I C H. Then I is said to be a hyper ideal of H, if

(I,) geHandiel,thengoiCl,

(In) g€ Handi,j€I,then (io(jog))ogClI.
Example 3.19. (i) Consider the algebra (Hy = {1, o, 8}; ©23, 1), where “093” is
definded by Table 23. Then I = {1,a} € HI(H).

(ii) Consider Example 3.2 (ii) and take I = {1,5}. Then (I;) is valid, but does
not satisfy (Io), since (8 ¢ag (8 ¢a2 @))o22 = {1,a} € I.
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Table 19: Hyper Cl-algebra (H; ¢19, 1)

1
H
{1}

Q
jasiasie

Table 20: Hyper Cl-algebra (H; o9, 1)

0| L a
1 H H
a | {a} H

(iii) Consider the algebra (Ha = {1, «, }; ©24, 1), where “o94” is definded by Table
24. Then I = {1, a} satisfies (I2), but does not satisfy (I), since Sogqsax = {8} € I.

Denote the set of all hyper ideals of H by HZ(H).
Proposition 3.20. Let I € HZ(H).

(1) 1el,

(it) I € HF(H).
Proof. (i) Assume ¢ € I. Since I € HZ(H) and 1 €ioi C I, we get 1 € I.
(ii) Suppose I € HI(H), then I # (. Let i € I, then 1 € i o4 C I. Therefore,
1 € I. Now, suppose g,h € H s.t. gohNI#Pandgel. Let se gohnlI. By
(HCI3) and (1), we have

helohC(sos)ohC(so(goh))oh C 1.
Thus, I € HF(H). O

Every hyper filter is not a hyper ideal, as the following example shows:

Example 3.21. In Example 3.2 (ii), F' = {1, a} € HF(H), but does not an hyper
ideal, since B o9 a = {B} £ F.

4. On commutative hyper Cl-algebras

Now, we consider the commutative hyper Cl-algebras, and enumerate them of
order 2.

Definition 4.1. H is said to be commutative if (ho g) o g = (g h) o h, for all
g,h € H.
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Table 21: Hyper Cl-algebra (H; ©21, 1)

&
M
it

|1 a
H
H

Q
T IR

Table 22: Hyper Cl-algebra (Ha; 22, 1)

1 «@ B
{1y {L, e} {8}
o {1} {1} {B}
g {8y {8y {1}

&2

M)

Example 4.2. (i) In Example 2.2 (i), (4; ¢, ¢) is commutative.
(ii) Consider the algebra (Ha = {1, , 8}; ©25, 1), where “o95” is definded by Table
25. Then (Ha; ©95, 1) is commutative.

Proposition 4.3. Let H be commutative and satisfies (HBEy). Then H is a
hyper BE-algebra.

Proof. Assume H = {1,g}. It is enough to prove 1 € g 1. On the contrary,
suppose 1 € go 1. Therefore, go1 = g. On the other hand, by (HCIy), (HCI3)
and commutative law, we obtain

legogC(log)og=(gol)ol=gol,

which is a contradiction. Therefore, 1 € go1 and so H is a hyper BE-algebra. O

The Proposition 4.3 is valid for the commutative hyper Cl-algebra of order 2,
and also (HBE,) is necessary.

Example 4.4. (i) Consider H = {1,g,h} and define “o96” by Table 26. Then
(H; 096, 1) is commutative of order 3 and satisfies (HBEy4), but not a hyper BE-
algebra, since 1 £ g.

(ii) Consider Table 18. Then (H; ¢1s, 1) is commutative, but does not satisfy
(HBEy).

Proposition 4.5. Let H satisfy R-hyper and be commutative. Then g o h =
hog= {1} implies g = h.

Proposition 4.6. Let H be commutative. Then (go 1) <1, for all g € H.

Notice that in Proposition 4.6 we can not remove the commutative law.
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Table 23: Hyper Cl-algebra (Hs; o3, 1)

1 «@ 8
L {1y H{ep {8}
a | {Leao} {1} {8}
B {lap {1} {1,0}

D9

w

Table 24: Hyper Cl-algebra (Hz; ¢o4, 1)

1 «@ 153
1 {1} e {8}
a | {L,a} {1} {8}
B {8y {8t {1, a}

02

N

Example 4.7. In Example 2.2 (iii), (H; ¢2, 1) is not commutative, since H =
(Iogx)ogx # (xog1)oa1 = {y}. Also, we have 1 & (yoz 1) 021 = {y}, and
y=(yo21) A1

Theorem 4.8. Let H be commutative. If for all ¢ € H, g < 1 then go h =<
(hok)o(gok), forall g, h ke H.

Proof. Given t € ko h, we have

letolC(koh)olC(koh)o[(goh)o(goh)] = (goh)o[(koh)o(goh)
= (goh)olgo((koh)oh)]
= (goh)olgo((hok)ok))]
= (goh)ol(hok)o(gok)]
It follows that goh < (hok) o (gok). O

Theorem 4.9. There exist 7 commutative hyper Cl-algebras of order 2 that are
not isomorphic.

Proof. Using Theorem 2.8, there are 16 hyper Cl-algebras (H; ¢;, 1) of order 2,
for i € {6,7,---,13}. One can see that the hyper operations ¢g, ©11, ©14, ©15, ©16,
o015 and o971 satisfy the commutative law. O

5. Conclusions

We have defined the notion of a (proper) hyper Cl-algebra, and presented some
results in this respect. Also, (weak) hyper filters in this structure are studied. It is
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Table 25: Hyper Cl-algebra (Hs; o5, 1)

o5 1 a 8
1 {1 {L, o} {8}
a Ho Ho {6}
ﬁ {1, Oé} H2 H2

Table 26: Hyper Cl-algebra (H; ¢96, 1)

1 «@ 8
1 {1} {a} {5}
a | {8y {L, By {1}
g {18y {8y {18}

O2

=]

shown that there exist 16 hyper Cl-algebra, and 7 commutative hyper Cl-algebra
of order less than 3, up to isomorphism. In future work, we will investigate among
filters of hyper Cl-algebras and characterize hyper Cl-algebras in cases |H| = 3
and 4.
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