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Abstract

This article will prove the Barnes–Godunova–Levin (B-G-L) type in-
equalities for generalized Sugeno integrals. Also, we use some techniques
and properties of concave functions to prove theorems and to obtain new
results. We will present a more robust version of the B-G-L type inequality
for the operator ?.
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1. Introduction

A famous nonadditive integral was introduced in 1974 by Sugeno. The generalized
Sugeno integral associates the value∫

A

ϕdµ := sup
y∈Y

[y∆µ(A ∩ Φy)],

to each pair consisting of a monotone measure µ on a set V and ϕ : V →
[0,+∞]. Also ∆ is a nonnegative, extended real-valued function on [0,+∞[×[0,+∞]
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that is non-decreasing in both arguments. The specific modes of the generalized
Sugeno integral are: the Shilkret integral [1], the seminormed fuzzy integral [2, 3],
the q-integral [4, 5] and the Sugeno integral [6]. In the Sugeno integral, the func-
tion ∆ returns the minimum of its two arguments, if it returns the product, we
obtain the Shilkret integral.

In [7], Agahi et al. proved B-G-L inequality for Sugeno integral. Also, Ab-
baszadeh et al. proved B-G-L inequality for pseudo-integrals [8]. In this paper, we
are going to prove a generalization of the B-G-L type inequality for the generalized
Sugeno integral. The definition of generalized Sugeno integral and its properties
are given in Section 2. A generalization of B-G-L inequality for generalized Sugeno
integral is presented in Section 3. Finally, a generalized version of B-G-L type in-
equality based on an operation ?, that is continuous and non-decreasing in both
arguments, is presented in Section 4.

2. Preliminaries
In this section, we will introduce the definitions and required theorems that will
be used to prove the main theorem and its related results.

Definition 2.1. ([9, 10]). Let Λ be a σ-algebra of subsets of V and let µ : Λ →
[0,∞] be a nonnegative extended real-valued set function. We say that µ is a
monotone measure if:

(FM1) µ(∅) = 0;

(FM2) A,B ∈ Λ and A ⊆ B imply µ(A) ≤ µ(B) (monotonicity);

(FM3) {A}+∞n=1 ⊆ Λ, A1 ⊆ A2 ⊆ . . . , imply limn→+∞ µ(An) = µ(
∞⋃
n=1

An) (conti-

nuity from below);

(FM4) {A}+∞n=1 ⊆ Λ, ... ⊆ A2 ⊆ A1, µ(A1) < ∞, imply limn→+∞ µ(An) =

µ(
∞⋂
n=1

An) (continuity from above).

When µ is a monotone measure, the triple (V,Λ, µ) is called a monotone
measure space.

Let (V,Λ, µ) be a monotone measure space and Φ+ be the class of all nonneg-
ative measurable functions defined on (V,Λ). For any given ϕ ∈ Φ+, we write
Φα = {v ∈ V | ϕ(v) ≥ α}, with α ≥ 0.

Definition 2.2. Let (V,Λ, µ) be a monotone measure space. If ϕ ∈ Φ+ and
D ∈ Λ, then we have:

i: The Shilkret integral of ϕ on D with respect to the monotone measure µ is
defined by [1, 10]
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(N)

∫
D

ϕdµ := sup
β≥0

(β · µ(D ∩ Φβ)).

ii: The Sugeno integral of ϕ on D for the monotone measure µ is defined by
[6, 10, 11]

−
∫
D

ϕdµ :=
∨
β≥0

(β ∧ µ(D ∩ Φβ)).

Where ∧, ∨ denotes the operation inf and sup on [0,∞[ respectively. Since
Φβ = ∅ where β = +∞, the equation

−
∫
D

ϕdµ :=
∨

β∈[0,+∞]

(β ∧ µ(D ∩ Φβ)),

can be accepted as the definition of Sugeno’s integral with the convention of
condition 0.∞ =∞.0 = 0 if necessary.

Sogno’s integral is a well-known nonlinear integral [7, 10, 12], i.e., the equality

−
∫

(aϕ+ bψ) dµ = a−
∫
ϕdµ+ b−

∫
ψ dµ,

does not hold. In the following theorem, most of the initial properties of
Sugeno’s integral are presented [10, 11, 13].

Theorem 2.3. Let (V,Λ, µ) be a monotone measure space with E,F ∈ Λ and
ϕ,ψ ∈ Φ+. Then

1. −
∫
E
cdµ = c ∧ µ(E) for any constant c ∈ [0,+∞[,

2. if E ⊂ F, then −
∫
E
ϕdµ ≤ −

∫
F
ϕdµ,

3. if µ(E) <∞, then µ(E ∩ Φβ) ≥ β ⇔ −
∫
E
ϕdµ ≥ β,

4. if ϕ ≤ ψ on E, then −
∫
E
ϕdµ ≤ −

∫
E
ψdµ,

5. −
∫
E
ϕdµ ≤ µ(E),

6. µ(E ∩ Φβ) ≤ β ⇒ −
∫
E
ϕdµ ≤ β,

7. −
∫
E
ϕdµ < β ⇔ there exists α < β such that µ(E ∩ Φα) < β,

8. −
∫
E
ϕdµ > β ⇔ there exists α > β such that µ(E ∩ Φα) > β.
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Remark 1. Let Φ(β) = µ(E ∩ Φβ). From statements (2) and (3) of the previous
theorem, the following result is obtained, which is very important and widely used.

Φ(β) = β ⇒ −
∫
E

ϕdµ = β.

Therefore, the answer to the equation Φ(β) = β will be the same numerical value
as Sugeno’s integral.

Let W = [0,∞[ (or W = [0,∞]), range(µ) := µ(Λ) and let ? : W ×W → W
be an operation. We say that ? is non-decreasing if a ≥ b and c ≥ d implay that
a ? c ≥ b ? d.

Definition 2.4. ([14]). For ϕ : V → W, ( µ -measurable function), we define the
generalized Sugeno integral of ϕ on a set E ∈ Λ, by∫

E

ϕ∆µ := sup
y∈W

[y∆µ(E ∩ Φy)], (1)

where µ is a monotone measure on Λ and ∆ : W × µ(Λ)→W is a non-decreasing
operator.

Theorem 2.5. ([14]). A generalized Sugeno integral satisfies the indicator prop-
erty (i.e.,

∫
χE∆µ =µ(E)) if and only if we have two conditions:

a: β∆0 = 0 for all β ∈ [0,+∞[;

b: 1∆α = α for all α ∈ [0,+∞].

Here we have a monotone integral and it is homogeneous if and only if the function
∆ returns the product of its two arguments. That is, the Shilkret integral is the
homogeneous version of the generalized Sugeno integral.

Lemma 2.6. Let (V,Λ, µ) be a monotone measure space, E ∈ Λ and ϕ,ψ : V →
W be two µ-measurable functions:

(1) If ϕ ≤ ψ on E, then
∫
E
ϕ∆µ ≤

∫
E
ψ∆µ.

Furthermore, if β∆0 = 0 for any β ∈ [0,+∞[, then
(2)

∫
E
c∆µ = c∆µ(E) for any constant c ∈ [0,+∞[.

Proof. (1) Since ϕ ≤ ψ on E, we have

Φβ = {v | ϕ(v) ≥ β } ⊆ {v | ψ(v) ≥ β } = Ψβ ,

therefore,

E ∩ Φβ ⊆ E ∩Ψβ ,

and so, by the monotonicity of µ, we have

µ(E ∩ Φβ) ≤ µ(E ∩Ψβ),
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for any β ∈ [0,+∞[. On the other hand, since ∆ is non-decreasing in the second
argument, we have

β∆µ(E ∩ Φβ) ≤ β∆µ(E ∩Ψβ),

for any β ∈ [0,+∞[. Hence,

sup
β≥0

(β∆µ(E ∩ Φβ)) ≤ sup
β≥0

(β∆µ(E ∩Ψβ)),

i.e., ∫
E

ϕ∆µ ≤
∫
E

ψ∆µ.

(2) As

Φβ = {v ∈ V | c ≥ β} =

 V, if β ≤ c,

∅, if β > c,

it follows that∫
E

c∆µ = sup
β≥0

(β∆µ(E ∩ Φβ)) = sup
β∈[0,c]

(β∆µ(E ∩ Φβ)) ∨ sup
β>c

(β∆µ(E ∩ Φβ))

= sup
β∈[0,c]

(β∆µ(E)) ∨ sup
β>c

(β∆0) = (c∆µ(E)) ∨ 0

= c∆µ(E).

Definition 2.7. ([15, 16]). Functions ϕ,ψ : V →W are called comonotone if, for
all u, v ∈ V ,

(ϕ(u)− ϕ(v))(ψ(u)− ψ(v)) ≥ 0.

Obviously, ϕ and ψ are comonotone if and only if for any two real numbers r and
s, either Φr ⊆ Ψs or Ψs ⊆ Φr.

Lemma 2.8. Let (V,Λ, µ) be a monotone measure space. If ϕ and ψ are comono-
tone, then for any real numbers r and s,

µ(Φr ∩Ψs) = µ(Φr) ∧ µ(Ψs). (2)

Proof. Since ϕ and ψ are comonotone, either Φr ⊆ Ψs or Ψs ⊆ Φr. Therefore,

µ(Φr) ∧ µ(Ψs) ≤ µ(Φr ∩Ψs).

On the other hand, it is clear that µ(Φr ∩Ψs) ≤ µ(Φr) ∧ µ(Ψs). So we have,

µ(Φr ∩Ψs) = µ(Φr) ∧ µ(Ψs).
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Definition 2.9. ([17, 18]). A function T : [0, 1] × [0, 1] −→ [0, 1] is said to be
t-norm, if satisfies the following conditions:

(L1): T (u, 1) = T (1, u) = u for any u ∈ [0, 1].

(L2): For any u1, u2, v1, v2 ∈ [0, 1] with u1 ≤ u2 and v1 ≤ v2, T (u1, v1) ≤
T (u2, v2).

(L3): T is symmetry and T (u, v) = T (v, u) for any u, v ∈ [0, 1].

(L4): T
(
T (u, v), w

)
= T

(
u, T (v, w)

)
for any u, v, w ∈ [0, 1].

Note that a function T : [0, 1]× [0, 1] −→ [0, 1] is said to be t-seminorm [2], if
it satisfies the conditions (L1) and (L2).

Example 2.10. The following functions are t-norms and symmetry:

1. M(u, v) = min{u, v}.

2. Π(u, v) = u · v.

3. OL(u, v) = max{u+ v − 1, 0}.

Definition 2.11. ([2]). Let T be a t-seminorm and (V,Λ, µ) be a monotone
measure. If ϕ ∈ Φ+ and D ∈ Λ, then the seminormed Sugeno integral of ϕ on D
with respect to the monotone measure µ is defined by∫

D,T

ϕdµ := sup
y∈[0,1]

T [y, µ(D ∩ Φy)].

Definition 2.12. Let R be the set of real numbers. If J is a real interval and
ϕ : J → R is a function, then ϕ is said to be concave (on J) provided:

u, v ∈ J, β ∈ [0, 1]⇒ ϕ(βu+ (1− β)v) ≥ βϕ(u) + (1− β)ϕ(v).

3. Results
The following inequality, known as the B-G-L inequality for classic measures, is a
well-known integral inequality for concave functions. (see [19, 20]):(∫ b

a

ϕr(x)dx

) 1
r
(∫ b

a

ψs(x)dx

) 1
s

≤ B(r, s)

∫ b

a

ϕ(x)ψ(x)dx, (3)

where r, s > 1, B(r, s) = 6(b−a)
1
r
+1

s
−1

(1+r)
1
r (1+s)

1
s
and ϕ,ψ are nonnegative concave functions

on [a, b].
According to the following example, in general, the classic B-G-L inequality is

not true for generalized Sugeno integral.
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Example 3.1. Let ϕ,ψ be two real-valued functions defined as ϕ(u) = ψ(u) = 4
√
u

where u ∈ [0, 100]. Let m be the Lebesgue measure, ∆ := ∧ and r = s = 4 in
inequality (3). Obviously,

•
∫ 100

0
ϕ4∆m =

∫ 100

0
ψ4∆m = sup

y∈[0,100]

[y ∧ (100− y)] = 50,

•
∫ 100

0
ϕψ∆m = sup

y∈[0,10]

[y ∧ (100− y2)] = 9.5125,

• B(4, 4) = 0.26833.

Therefore:(∫ 100

0

ϕ4∆m

) 1
4
(∫ 100

0

ψ4∆µ

) 1
4

= 7.0711 ≥ 2.5525 = B(4, 4)

∫ 100

0

ϕψ∆m,

and, consequently, inequality (3) is not true for the generalized Sugeno integral.

We are trying to express this integral inequality for the generalized Sugeno
integral and a nonlinear measure µ, when ϕ is a concave function. Throughout
this article, we consider B(0, 1) as the Borel σ−algebra over [0, 1].

Theorem 3.2. Let r, s ∈]0,+∞[. If ϕ,ψ : [0, 1] → W are two nonnegative mea-
surable concave functions defined on ([0, 1],B(0, 1)) and µ is an arbitrary monotone
measure such that both (

∫ 1

0
ϕr∆µ)

1
r and (

∫ 1

0
ψs ∆µ)

1
s are finite, then

1. If ϕ(0) < ϕ(1) and ψ(0) < ψ(1), then(∫ 1

0
ϕr∆µ

) 1
r
(∫ 1

0
ψs∆µ

) 1
s

∆

(
µ

[
(
∫ 1
0
ϕr∆µ)

1
r−ϕ(0)

ϕ(1)−ϕ(0) , 1

]
∧ µ

[
(
∫ 1
0
ψs∆µ)

1
s−ψ(0)

ψ(1)−ψ(0) , 1

])
≤
∫ 1

0
ϕψ∆µ.

2. If ϕ(0) = ϕ(1), ψ(0) = ψ(1), β∆0 = 0 for all β ∈ [0,+∞[,
∫ 1

0
ϕr∆µ ≤

µ([0, 1]),
∫ 1

0
ψs∆µ ≤ µ([0, 1]) and (µ([0, 1]))

1
r + 1

s ≤ µ([0, 1]), then

(∫ 1

0

ϕr ∆µ

) 1
r
(∫ 1

0

ψs ∆µ

) 1
s

∆ϕ(0)ψ(0) ≤
∫ 1

0

ϕψ∆µ.

3. If ϕ(0) > ϕ(1) and ψ(0) > ψ(1), then(∫ 1

0
ϕr∆µ

) 1
r
(∫ 1

0
ψs∆µ

) 1
s

∆

(
µ

[
0,

(
∫ 1
0
ϕr∆µ)

1
r−ϕ(0)

ϕ(1)−ϕ(0)

]
∧ µ

[
0,

(
∫ 1
0
ψs∆µ)

1
s−ψ(0)

ψ(1)−ψ(0)

])
≤
∫ 1

0
ϕψ∆µ.
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Proof. Let r, s ∈]0,+∞[, (
∫ 1

0
ϕr∆µ)

1
r = γ1 and (

∫ 1

0
ψs ∆µ)

1
s = γ2. Since ϕ,ψ :

[0, 1]→W are two concave functions, for u ∈ [0, 1] we have

ϕ(u) = ϕ((1− u).0 + u.1) ≥ (1− u).ϕ(0) + u.ϕ(1) = l1(u),

ψ(u) = ψ((1− u).0 + u.1) ≥ (1− u).ψ(0) + u.ψ(1) = l2(u).

(1) If ϕ(0) < ϕ(1) and ψ(0) < ψ(1), then l1 and l2 are comonotone. Therefore
by Lemma 2.6 (1) and Lemma 2.8, we have∫ 1

0

ϕ(u)ψ(u)∆µ ≥
∫ 1

0

l1(u)l2(u)∆µ = sup
β∈W

(β∆µ([0, 1] ∩ {l1(u)l2(u) ≥ β}))

≥ γ1γ2∆µ([0, 1] ∩ {l1(u)l2(u) ≥ γ1γ2})
≥ γ1γ2∆µ([0, 1] ∩ {l1(u) ≥ γ1} ∩ {l2(u) ≥ γ2})
= γ1γ2∆(µ([0, 1] ∩ {l1(u) ≥ γ1}) ∧ µ([0, 1] ∩ {l2(u) ≥ γ2}))
= γ1γ2∆(µ([0, 1] ∩ {(1− u).ϕ(0) + u.ϕ(1) ≥ γ1})
∧ µ([0, 1] ∩ {(1− u).ψ(0) + u.ψ(1) ≥ γ2}))

= γ1γ2∆

(
µ

(
[0, 1] ∩

{
u ≥ γ1 − ϕ(0)

ϕ(1)− ϕ(0)

})
∧ µ

(
[0, 1] ∩

{
u ≥ γ2 − ψ(0)

ψ(1)− ψ(0)

}))
= γ1γ2∆

(
µ

[
γ1 − ϕ(0)

ϕ(1)− ϕ(0)
, 1

]
∧ µ

[
γ2 − ψ(0)

ψ(1)− ψ(0)
, 1

])
.

(2) If ϕ(0) = ϕ(1), ψ(0) = ψ(1), β∆0 = 0 for all β ∈ [0,+∞[ and
∫ 1

0
ϕr∆µ ≤

µ([0, 1]),
∫ 1

0
ψs∆µ ≤ µ([0, 1]) and (µ([0, 1]))

1
r + 1

s ≤ µ([0, 1]), then

ϕ(u) = ϕ((1− u).0 + u.1) ≥ ϕ(0) = l1(u),

ψ(u) = ψ((1− u).0 + u.1) ≥ ψ(0) = l2(u).

Thus, by Lemma 2.6 and since ∆ is non-decreasing, we have∫ 1

0

ϕ(u)ψ(u)∆µ ≥
∫ 1

0

l1(u)l2(u)∆µ =

∫ 1

0

ϕ(0)ψ(0)∆µ = ϕ(0)ψ(0)∆µ([0, 1])

≥ ϕ(0)ψ(0)∆(µ([0, 1]))
1
r + 1

s

= ϕ(0)ψ(0)∆((µ([0, 1]))
1
r .(µ([0, 1]))

1
s )

≥ ϕ(0)ψ(0)∆γ1γ2.
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(3) If ϕ(0) > ϕ(1) and ψ(0) > ψ(1), then l1 and l2 are comonotone. Therefore
by Lemma 2.6 (1) and Lemma 2.8, we have∫ 1

0

ϕ(u)ψ(u)∆µ ≥
∫ 1

0

l1(u)l2(u)∆µ = sup
β∈W

(β∆µ([0, 1] ∩ {l1(u)l2(u) ≥ β}))

≥ γ1γ2∆µ([0, 1] ∩ {l1(u)l2(u) ≥ γ1γ2})
≥ γ1γ2∆µ([0, 1] ∩ {l1(u) ≥ γ1} ∩ {l2(u) ≥ γ2})
= γ1γ2∆(µ([0, 1] ∩ {l1(u) ≥ γ1}) ∧ µ([0, 1] ∩ {l2(u) ≥ γ2}))
= γ1γ2∆(µ([0, 1] ∩ {(1− u).ϕ(0) + u.ϕ(1) ≥ γ1})
∧ µ([0, 1] ∩ {(1− u).ψ(0) + u.ψ(1) ≥ γ2}))

= γ1γ2∆

(
µ

(
[0, 1] ∩

{
u ≤ γ1 − ϕ(0)

ϕ(1)− ϕ(0)

})
∧ µ

(
[0, 1] ∩

{
u ≤ γ2 − ψ(0)

ψ(1)− ψ(0)

}))
= γ1γ2∆

(
µ

[
0,

γ1 − ϕ(0)

ϕ(1)− ϕ(0)

]
∧ µ

[
0,

γ2 − ψ(0)

ψ(1)− ψ(0)

])
,

and this is the desired result.

Remark 2. The above theorem is valid if we replace t-seminorm of T with ∆.

Corollary 3.3. Let r, s ∈]0,+∞[. If ϕ,ψ : [0, 1] → W are two nonnegative
measurable concave functions and µ is the Lebesgue measure on R such that both
(
∫ 1

0
ϕr∆µ)

1
r and (

∫ 1

0
ψs ∆µ)

1
s are finite, then

1. If ϕ(0) < ϕ(1) and ψ(0) < ψ(1), then(∫ 1

0
ϕr∆µ

) 1
r
(∫ 1

0
ψs∆µ

) 1
s

∆

((
1− (

∫ 1
0
ϕr∆µ)

1
r−ϕ(0)

ϕ(1)−ϕ(0)

)
∧
(

1− (
∫ 1
0
ψs∆µ)

1
s−ψ(0)

ψ(1)−ψ(0)

))
≤
∫ 1

0
ϕψ∆µ.

2. If ϕ(0) = ϕ(1), ψ(0) = ψ(1), β∆0 = 0 for all β ∈ [0,+∞[,
∫ 1

0
ϕr∆µ ≤ 1 and∫ 1

0
ψs∆µ ≤ 1, then(∫ 1

0

ϕr ∆µ

) 1
r
(∫ 1

0

ψs ∆µ

) 1
s

∆ϕ(0)ψ(0) ≤
∫ 1

0

ϕψ∆µ.

3. If ϕ(0) > ϕ(1) and ψ(0) > ψ(1), then(∫ 1

0
ϕr∆µ

) 1
r
(∫ 1

0
ψs∆µ

) 1
s

∆

((
(
∫ 1
0
ϕr∆µ)

1
r−ϕ(0)

ϕ(1)−ϕ(0)

)
∧
(

(
∫ 1
0
ψs∆µ)

1
s−ψ(0)

ψ(1)−ψ(0)

))
≤
∫ 1

0
ϕψ∆µ.
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In the following, we will present a more general case of Theorem 3.2 and we
will also prove it.

Theorem 3.4. Let r, s ∈]0,+∞[. If ϕ,ψ : [c, d] → W are two nonnegative mea-
surable concave functions defined on ([c, d],B(c, d)) and µ is an arbitrary monotone
measure such that both (

∫ d
c
ϕr∆µ)

1
r and (

∫ d
c
ψs ∆µ)

1
s are finite, then

1. If ϕ(c) < ϕ(d) and ψ(c) < ψ(d), then(∫ d

c

ϕr∆µ

) 1
r
(∫ d

c

ψs∆µ

) 1
s

∆

µ
 (
∫ d
c
ϕr∆µ)

1
r
(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)
, d


∧

 (
∫ d
c
ψs∆µ)

1
s
(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)
, d


≤

∫ d

c

ϕψ∆µ.

2. If ϕ(c) = ϕ(d), ψ(c) = ψ(d), β∆0 = 0 for all β ∈ [0,+∞[,
∫ d
c
ϕr∆µ ≤

µ([c, d]) and
∫ d
c
ψs∆µ ≤ µ([c, d]), then(∫ d

c

ϕr ∆µ

) s
r+s
(∫ d

c

ψs ∆µ

) r
r+s

∆ϕ(c)ψ(c) ≤
∫ d

c

ϕψ∆µ.

3. If ϕ(c) > ϕ(d) and ψ(c) > ψ(d), then(∫ d

c

ϕr∆µ

) 1
r
(∫ d

c

ψs∆µ

) 1
s

∆

µ
c, (

∫ d
c
ϕr∆µ)

1
r
(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)


∧ µ

c, (
∫ d
c
ψs∆µ)

1
s
(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)


≤

∫ d

c

ϕψ∆µ.

Proof. Let r, s ∈]0,+∞[, (
∫ d
c
ϕr∆µ)

1
r = γ1 and (

∫ d
c
ψs ∆µ)

1
s = γ2. Since ϕ,ψ :

[c, d]→W are two concave functions, for u ∈ [c, d] we have
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ϕ(u) = ϕ

(
(1− u− c

d− c
).c+ (

u− c
d− c

).d

)
≥
(

1− u− c
d− c

)
.ϕ(c)+

(
u− c
d− c

)
.ϕ(d) = l1(u),

ψ(u) = ψ

(
(1− u− c

d− c
).c+ (

u− c
d− c

).d

)
≥
(

1− u− c
d− c

)
.ψ(c)+

(
u− c
d− c

)
.ψ(d) = l1(u).

(1) If ϕ(c) < ϕ(d) and ψ(c) < ψ(d), then l1 and l2 are comonotone. Therefore
by Lemma 2.6 (1) and Lemma 2.8, we have∫ d

c

ϕ(u)ψ(u)∆µ ≥
∫ d

c

l1(u)l2(u)∆µ = sup
β∈W

(β∆µ([c, d] ∩ {l1(u)l2(u) ≥ β}))

≥ γ1γ2∆µ([c, d] ∩ {l1(u)l2(u) ≥ γ1γ2})
≥ γ1γ2∆µ([c, d] ∩ {l1(u) ≥ γ1} ∩ {l2(u) ≥ γ2})
= γ1γ2∆(µ([c, d] ∩ {l1(u) ≥ γ1}) ∧ µ([c, d] ∩ {l2(u) ≥ γ2}))

= γ1γ2∆

(
µ

(
[c, d] ∩ {(1− u− c

d− c
).ϕ(c) + (

u− c
d− c

).ϕ(d) ≥ γ1}
)

∧ µ

(
[c, d] ∩ {(1− u− c

d− c
).ψ(c) + (

u− c
d− c

).ψ(d) ≥ γ2}
))

= γ1γ2∆

(
µ

(
[c, d] ∩

{
u ≥ γ1(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)

})
∧ µ

(
[c, d] ∩

{
u ≥ γ2(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)

}))
= γ1γ2∆

(
µ

[
γ1(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)
, d

]
∧ µ

[
γ2(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)
, d

])
.

(2) If ϕ(c) = ϕ(d), ψ(c) = ψ(d), β∆0 = 0 for all β ∈ [0,+∞[ and
∫ d
c
ϕr∆µ ≤

µ([c, d]) and
∫ d
c
ψs∆µ ≤ µ([c, d]), then

ϕ(u) = ϕ((1− u− c
d− c

).c+ (
u− c
d− c

).d) ≥ ϕ(c) = l1(u),

ψ(u) = ψ((1− u− c
d− c

).c+ (
u− c
d− c

).d) ≥ ψ(c) = l2(u).

Thus, by Lemma 2.6 (1), (2) and since ∆ is non-decreasing, we have∫ d

c

ϕ(u)ψ(u)∆µ ≥
∫ d

c

l1(u)l2(u)∆µ =

∫ d

c

ϕ(c)ψ(c)∆µ = ϕ(c)ψ(c)∆µ([c, d])

≥ ϕ(c)ψ(c)∆(γ1γ2)
rs

r+s

= ϕ(c)ψ(c)∆

(∫ d

c

ϕr∆µ

) s
r+s
(∫ d

c

ψs∆µ

) r
r+s

.
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(3) If ϕ(c) > ϕ(d) and ψ(c) > ψ(d), then l1 and l2 are comonotone. Therefore by
Lemma 2.6 (1) and Lemma 2.8, we have∫ d

c

ϕ(u)ψ(u)∆µ ≥
∫ d

c

l1(u)l2(u)∆µ = sup
β∈W

(β∆µ([c, d] ∩ {l1(u)l2(u) ≥ β}))

≥ γ1γ2∆µ([c, d] ∩ {l1(u)l2(u) ≥ γ1γ2})
≥ γ1γ2∆µ([c, d] ∩ {l1(u) ≥ γ1} ∩ {l2(u) ≥ γ2})
= γ1γ2∆(µ([c, d] ∩ {l1(u) ≥ γ1}) ∧ µ([c, d] ∩ {l2(u) ≥ γ2}))

= γ1γ2∆

(
µ

(
[c, d] ∩

{
(1− u− c

d− c
).ϕ(c) + (

u− c
d− c

).ϕ(d) ≥ γ1

})
∧ µ

(
[c, d] ∩

{
(1− u− c

d− c
).ψ(c) + (

u− c
d− c

).ψ(d) ≥ γ2

}))
= γ1γ2∆

(
µ

(
[c, d] ∩

{
u ≤ γ1(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)

})
∧ µ

(
[c, d] ∩

{
u ≤ γ2(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)

}))
= γ1γ2∆

(
µ

[
c,
γ1(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)

]
∧ µ

[
c,
γ2(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)

])
,

and this is the desired result.

Corollary 3.5. Let r, s ∈]0,+∞[. If ϕ,ψ : [c, d] → W are two nonnegative
measurable concave functions and µ is the Lebesgue measure on R such that both
(
∫ d
c
ϕr∆µ)

1
r and (

∫ d
c
ψs ∆µ)

1
s are finite, then

1. If ϕ(c) < ϕ(d) and ψ(c) < ψ(d), then

(∫ d

c

ϕr∆µ

) 1
r
(∫ d

c

ψs∆µ

) 1
s

∆

d− (
∫ d
c
ϕr∆µ)

1
r
(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)


∧

d− (
∫ d
c
ψs∆µ)

1
s
(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)


≤

∫ d

c

ϕψ∆µ.
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2. If ϕ(c) = ϕ(d), ψ(c) = ψ(d), β∆0 = 0 for all β ∈ [0,+∞[,
∫ d
c
ϕr∆µ ≤ 1 and∫ d

c
ψs∆µ ≤ 1, then(∫ d

c

ϕr ∆µ

) s
r+s
(∫ d

c

ψs ∆µ

) r
r+s

∆ϕ(c)ψ(c) ≤
∫ d

c

ϕψ∆µ.

3. If ϕ(c) > ϕ(d) and ψ(c) > ψ(d), then(∫ d

c

ϕr∆µ

) 1
r
(∫ d

c

ψs∆µ

) 1
s

∆

 (
∫ d
c
ϕr∆µ)

1
r
(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)
− c


∧

 (
∫ d
c
ψs∆µ)

1
s
(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)
− c


≤

∫ d

c

ϕψ∆µ.

By putting W = [0,+∞[ and ∆ := M in Corollaries 3.3 and 3.5, we get the
results of Agahi et al. [7].
Remark 3. By replacing Π with ∆ in Theorems 3.2 and 3.4 one can obtain many
other B-G-L type inequalities. Examples are:

• If ϕ,ψ : [0, 1] → [0,+∞[ are two nonnegative measurable concave functions

and µ is the Lebesgue measure on R such that both
(

(N)
∫ 1

0
ϕrdx

) 1
r

and(
(N)

∫ 1

0
ψs dx

)
1
s are finite, then

1. If ϕ(0) < ϕ(1) and ψ(0) < ψ(1), then

(
(N)

∫ 1

0

ϕrdx

) 1
r
(

(N)

∫ 1

0

ψsdx

) 1
s

.


1−

(
(N)

∫ 1

0
ϕrdx

) 1
r − ϕ(0)

ϕ(1)− ϕ(0)



∧

1−

(
(N)

∫ 1

0
ψsdx

) 1
s − ψ(0)

ψ(1)− ψ(0)




≤ (N)

∫ 1

0

ϕψdx.
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2. If ϕ(0) = ϕ(1), ψ(0) = ψ(1), (N)
∫ 1

0
ϕrdx ≤ 1 and (N)

∫ 1

0
ψsdx ≤ 1,

then(
(N)

∫ 1

0

ϕr dx

) 1
r
(

(N)

∫ 1

0

ψs dx

) 1
s

.ϕ(0)ψ(0)(N) ≤
∫ 1

0

ϕψdx.

3. If ϕ(0) > ϕ(1) and ψ(0) > ψ(1), then

(
(N)

∫ 1

0

ϕrdx

) 1
r
(

(N)

∫ 1

0

ψsdx

) 1
s

.

 ((N)
∫ 1

0
ϕrdx)

1
r − ϕ(0)

ϕ(1)− ϕ(0)


∧

 ((N)
∫ 1

0
ψsdx)

1
s − ψ(0)

ψ(1)− ψ(0)


≤ (N)

∫ 1

0

ϕψ∆µ.

• If ϕ,ψ : [c, d] → W are two nonnegative measurable concave functions

and µ is the Lebesgue measure on R such that both
(

(N)
∫ d
c
ϕrdx

) 1
r

and(
(N)

∫ d
c
ψs dx

)
1
s are finite, then

1. If ϕ(c) < ϕ(d) and ψ(c) < ψ(d), then(
(N)

∫ d

c

ϕrdx

) 1
r
(

(N)

∫ d

c

ψsdx

) 1
s

.


d−

(
(N)

∫ d
c
ϕrdx

) 1
r

(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)



∧

d−
(

(N)
∫ d
c
ψsdx

) 1
s

(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)




≤ (N)

∫ d

c

ϕψdx.

2. If ϕ(c) = ϕ(d), ψ(c) = ψ(d), (N)
∫ d
c
ϕrdx ≤ 1 and (N)

∫ d
c
ψsdx ≤ 1,

then(
(N)

∫ d

c

ϕr dx

) s
r+s
(

(N)

∫ d

c

ψs dx

) r
r+s

.ϕ(c)ψ(c) ≤ (N)

∫ d

c

ϕψdx.
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3. If ϕ(c) > ϕ(d) and ψ(c) > ψ(d), then(
(N)

∫ d

c

ϕrdx

) 1
r
(

(N)

∫ d

c

ψsdx

) 1
s

.

 ((N)
∫ d
c
ϕrdx)

1
r
(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)
− c


∧

 ((N)
∫ d
c
ψsdx)

1
s
(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)
− c


≤ (N)

∫ d

c

ϕψdx.

4. An inequality associated with B-G-L

We supply a generalized version of the B-G-L type inequality for generalized
Sugeno integrals.

Theorem 4.1. Let r, s ∈]0,+∞[. If ϕ,ψ : [c, d] → W are two nonnegative
measurable concave functions defined on ([c, d],B(c, d)), µ is an arbitrary monotone
measure such that both (

∫ d
c
ϕr∆µ)

1
r and (

∫ d
c
ψs ∆µ)

1
s are finite and if there is an

operation ? : W 2 → W such that ? is non-decreasing and continuous in both
arguments, then

1. If ϕ(c) < ϕ(d) and ψ(c) < ψ(d), then(∫ d

c

ϕr∆µ

) 1
r

?

(∫ d

c

ψs∆µ

) 1
s


∆

µ
 (
∫ d
c
ϕr∆µ)

1
r
(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)
, d


∧ µ

 (
∫ d
c
ψs∆µ)

1
s
(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)
, d


≤

∫ d

c

ϕ ? ψ∆µ.

2. If ϕ(c) = ϕ(d), ψ(c) = ψ(d), β∆0 = 0 for all β ∈ [0,+∞[,
∫ d
c
ϕr∆µ ≤



120 M. Jaddi et al. / Barnes−Godunova−Levin type inequalities for...

µ([c, d]) and
∫ d
c
ψs∆µ ≤ µ([c, d]), then(∫ d

c

ϕr ∆µ

) s
r+s

?

(∫ d

c

ψs ∆µ

) r
r+s

∆ϕ(c)ψ(c) ≤
∫ d

c

ϕ ? ψ∆µ.

3. If ϕ(c) > ϕ(d) and ψ(c) > ψ(d), then(∫ d

c

ϕr∆µ

) 1
r

?

(∫ d

c

ψs∆µ

) 1
s


∆

µ
c, (

∫ d
c
ϕr∆µ)

1
r
(d− c) + cϕ(d)− dϕ(c)

ϕ(d)− ϕ(c)


∧ µ

c, (
∫ d
c
ψs∆µ)

1
s
(d− c) + cψ(d)− dψ(c)

ψ(d)− ψ(c)


≤

∫ d

c

ϕ ? ψ∆µ.

Proof. The proof is routine and goes verbatim as in Theorem 3.4.

By putting W = [0,+∞[ and ∆ := M in Theorem 4.1, we get the result of
Agahi and et al. [7].

5. Conclusions

This paper presented the B-G-L type inequalities for the generalized Sugeno inte-
gral when the function under consideration is concave. For further investigation,
we will investigate the B-G-L type inequalities for the generalized Sugeno integral
when the function under consideration is (β −m)-concave.

Conflicts of Interest. The authors declare that they have no conflicts of interest
regarding the publication of this article.

Acknowledgement. The authors are grateful to the referee for his/her invaluable
comments in improving the original version of the paper. This research was in part
supported by a grant from Payame Noor University.



Mathematics Interdisciplinary Research 8 (2) (2023) 105− 122 121

References
[1] N. Shilkret, Maxitive measure and integration, Indag. Math. 74 (1971) 109−

116.

[2] F. S. Garcĺa and P. G. Álvarez, Two families of fuzzy integrals, Fuzzy Sets
Syst. 18 (1) (1986) 67− 81, https://doi.org/10.1016/0165-0114(86)90028-X.

[3] J. Borzová-Molnárová, L. Halčinová and O. Hutnĺk, The smallest semicopula-
based universal integrals I: properties and characterizations, Fuzzy Sets Syst.
271 (15) (2015) 1− 17, https://doi.org/10.1016/j.fss.2014.09.023.

[4] D. Dubois, H. Prade, A. Rico and B. Teheux, Generalized qual-
itative Sugeno integrals, Inf. Sci. 415-416 (2017) 429 − 445,
https://doi.org/10.1016/j.ins.2017.05.037.

[5] D. Dubois, H. Prade, A. Rico and B. Teheux, Generalized Sugeno Integrals,
16th International Conference on Information Processing and Management
of Uncertainty in Knowledge-Based Systems (2016) Eindhoven, Netherlands,
363− 374.

[6] M. Sugeno, Theory of Fuzzy Integrals and its Applications, Ph.D. thesis, Tokyo
Institute of Technology, 1974.

[7] H. Agahi, H. Román-Flores and A. Flores-Franulič, General
Barnes–Godunova–Levin type inequalities for Sugeno integral, Inf. Sci.
181 (6) (2011) 1072− 1079, https://doi.org/10.1016/j.ins.2010.11.029.

[8] S. Abbaszadeh, A. Ebadian and M. Jaddi, Hölder type integral inequalities
with different pseudo-operations, Asian-Eur. J. Math. 12 (2019) p. 1950032,
https://doi.org/10.1142/S1793557119500323.

[9] D. Ralescu and G. Adams, The fuzzy integral, J. Math. Anal. Appl. 75 (2)
(1980) 562− 570, https://doi.org/10.1016/0022-247X(80)90101-8.

[10] Z. Wang and G. J. Klir, Generalized Measure Theory, Springer New York,
NY, 2009.

[11] E. Pap, Null-additive Set Functions, Springer Dordrecht, 1995.

[12] R. Mesiar and A. Mesiarová, Fuzzy integrals and linearity, Int. J. Approx.
Reason., 47 (3) (2008) 352− 358, https://doi.org/10.1016/j.ijar.2007.05.013.

[13] Z. Wang and G. J. Klir, Fuzzy Measures Theory, Springer New York, NY,
1992.

[14] M. E. Cattaneo, Statistical Decisions Based Directly on the Likelihood
Function, Ph.D. thesis, ETH Zorich, 2007, https://doi.org/10.3929/ethz-a-
005463829.



122 M. Jaddi et al. / Barnes−Godunova−Levin type inequalities for...

[15] R. Mesiar and Y. Ouyang, General Chebyshev type inequalities
for Sugeno integrals, Fuzzy Sets Syst. 160 (1) (2009) 58 − 64,
https://doi.org/10.1016/j.fss.2008.04.002.

[16] Y. Ouyang, R. Mesiar and J. Li, On the comonotonic-H-property
for Sugeno integral, Appl. Math. Comput. 211 (2) (2009) 450 − 458,
https://doi.org/10.1016/j.amc.2009.01.067.

[17] E. P. Klement, Construction of fuzzy σ-algebras using triangular norms, J.
Math. Anal. Appl. 85 (2) (1982) 543 − 565, https://doi.org/10.1016/0022-
247X(82)90015-4.

[18] E. P. Klement, R. Mesiar and E. Pap, Triangular norms, Springer Dordrecht
2000.

[19] J. Pečarić, F. Proschan and Y. L. Tong, Partial Orderings and Statistical
Applications; Academic Press, New York, NY, USA, 1992.

[20] T. K. Pogány, On an open problem of F. Qi, J. Inequal. Pure Appl. Math. 3
(4) (2002).

Mohsen Jaddi
Department of Pure Mathematics,
Payame Noor University,
Tehran, I. R. Iran
e-mail: mohsenjaddi@pnu.ac.ir

Amir Loghman
Department of Pure Mathematics,
Payame Noor University,
Tehran, I. R. Iran
e-mail: amirloghman@pnu.ac.ir


