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Abstract
In this paper, we construct a hypergroup by using a hypergroup (H, o)
and a polygroup (P, -), and call it (H, Poly(P))-hypergroup. The method of
constructing hypergroups in this paper is not present in the established tech-
niques of group theory. Moreover, we compare (H, Poly(P))-hypergroups
with Kg-hypergroups, complete hypergroups and extensions of polygroups
by polygroups.
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1. Introduction

The concept of a hypergroup was first introduced by Marty [1]. He introduced the
(semi)hypergroup as a natural generalization of a (semi)group in where the com-
bination of two elements becomes a non-empty set. Since then, many researches
have been done in hypergroups and other hyperstructures and many valuable books
have been written in this regard [2-8].

Corsini [9] introduced quasicanonical hypergroups and later, Bonansinga [10]
and Massouros [11] studied them. Also, Comer [12] introduced polygroups inde-
pendently. He explained how to make a polygroup by two polygroups. Recently,
Mosayebi, Hamidi and Ameri have studied the auto-Engel polygroup [13].
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De Salvo introduced Kpg-hypergroups [14, 15]. He also introduced (H,G)-
hypergroups [16]. In addition, the construction of other hyperstructures by the
method in [16] has been done by a number of researchers [17-20]. Extensions of
polygroups by polygroups was also constructed by Stephen D. Comer [21]. The
methods presented above for constructing supergroups are not applicable in group
theory. It is an idea for us to look for other similar methods.

In this paper, we introduce an extension of a hypergroup. We construct a
hypergroup by using a hypergroup (H,o) and a polygroup (P,-). It is called an
(H, Poly(P))-hypergroup. Through careful analysis, we have determined the req-
uisite conditions for an (H, Poly(P))-hypergroup to exhibit a polygroup structure.
Also, we explain some new results. Finally, we compare (H, Poly(P))-hypergroups
with Kg-hypergroups, complete hypergroups and extension of polygroups by poly-
groups.

We mention the required definitions in hypergroups as follows (see |2, 3]).

Suppose that the set H contains at least one element and P*(H) is the power
set of H except the empty set. A hyperoperation or hypercomposition on H is
a map (binary hyperoperation) o : H x H — P*(H). Then, (H,o) is called an
algebraic hypercompositional structure or hypergroupoid. For two subsets A, B of
H we define AoB as Ao B =|J{uou|ue A,ve B}.

(A)An (scalar) identity of the algebraic hypercompositional structure (H, o) is
an element e belong H such that u = uoe = eou)u € uoeNeou, for every
element u belong H.

If commutativity law holds, i.e. for all u,v € H, we have uov = vow then the
algebraic hypercompositional structure (H, o) is named a commutative algebraic
hypercompositional structure.

If associativity law holds, i.e. for all u,v,w € H, we have uo(vow) = (uov)ow
then the algebraic hypercompositional structure (H, o) is named a semihypergroup.

If reproductivity law holds, i.e. for all w € H, we have uo H = H ou = H then
the semihypergroup (H, o) is named a hypergroup.

A reversible hypergroup is a hypergroup (H,o) with identity element, and a
unary operation ’ : H — H such that for all u,v,w € H, u € v ow implies that
w e v ouand v € uow', (In fact v’ is an inverse of v, 1. e. e € v’ ocvNv o).

A semihypergroup (P,-) with scalar identity e is called a polygroup if for all
w,v,w in P, u € v-w implies v € v-w™! and w € v~! - u, where ! is a unary
operation on P. (In fact the reversible laws hold). A canonical hypergroup is a
polygroup with the commutative law.

The (H, G)-hypergroup was defined by De Salvo as follows:

Definition 1.1. ([16]). Let (G,-) and (H, o) be a group and a hypergroup, respec-
tively. Consider the non-empty set K and let {Ag},cc be the family of non-empty
subsets of K and a partition of K, where A, = H( e is an identity element of G).
Now we can construct a new hyperoperation % on K by:

oy | oy, if (z,y) € H?,
TEYZ U A, i (2,y) € Ay x Ay # H2.
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Then (K, *) is a new hypergroup and it is called an (H, G)-hypergroup.
In Table 1, we can see the Cayley table of an (H,G)-hypergroup. When K =

Table 1: The structure of (H, G)-hypergroup.

* 11 et Ting T21 tte Tong et Tm1 tee ‘T'mnm
T11 T110%11 - T11 0 Ty Az Az A, Ap,
Tin, 11 ©T11 11 © Tin, Az A2 Am Am
T21 A2 co A2 A2-2 e A2~2 to A2»m e A2~m
Ton, A2 A A2 A2'2 A A2'2 e A2-m P A2-m
Tm1 Am U Am Am<2 o Am-2 o Amm e Amm

Tmn,, Am U Am Am,<2 e Am-? U Am~m o Am»m,

UgiEGA“ Al = {IL’il,...,Zini}, 1= 1,2,...,m.

Example 1.2. Let (G = {e,a,b}, ) = (Zs,+) and (H = {0,1},0) with 000 =
0,001 =100 =1and1lol = H. Set K = {0,1,2,3,4,5} with A, = H =
{0,1}, A, = {2} and Ay, = {3,4,5}. Then (K, x) is an (H,G)-hypergroup. In
Table 2, we can see the Cayley table of the (H, G)-hypergroup (K, *).

Table 2: (H, G)-hypergroup of order 5.

0 1 2 3 4 5}
{0} {1} {2 {345 {345} {345}
{1} {01} {2} {345} {345} {345}
{2} {2y {345 {01} {01} {01}

{345} {345 {01} {2} {2} {2}
{345F {345+ {01}p {2} {2} {2}
{3455} {345} {01} {2} {2} {2}

T W N = O %

2. (H, Poly(P))-hypergroup

In this section, we provide the structure of an (H, Poly(P))-hypergroup. Then we
present the structure and properties of this new kind of hyperstructures.

Definition 2.1. Let (P,-) and (H,o) be a polygroup and a hypergroup, respec-
tively. Consider the non-empty set K and let {A,},cp be the family of non-empty
subsets of K and a partition of K, where A, = H( e is an identity element of poly-
group P).
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Now we can construct a new hyperoperation x on K by:

_ [ woy, if (z,y) € H?,
TXY =N Uy Ay, if (2,y) € Ay x Ay £ H2.

pEa-b P
The new hyperstructure (K, x) is named (H, Poly(P))-hypergroupoid.
Theorem 2.2. The hyperstructure (K, *) is a quasihypergroup.

Proof. We have K xx C K,z x K C K, for every z € K. We show that for every
y € K, y Cx*x K. We have four cases:

1

(1) fxe Handy€ HthenyexoH CaxK.
(2)
3)
(4)

Ifxre H= A, and y € Ay, where b # e, theny € xxy C x x K.
3) If x € A,, wherea #e,and y€ H =A, thenyczxy Cz*x K.

4) If x € A, and y € Ay, where a # e # b, then there is an element ¢ € P such
that bea-c. Soy € A4, C UPEa_CAp CzxK.

Therefore, we conclude that y € zx K. The similar arguments imply that for every
y € K,y C Kxxz. This yields that K = Kxz, K xx = K and (K,*) is a
quasihypergroup. O

Theorem 2.3. The hyperstructure (K, *) is a semihypergroup.
Proof. We show that x is associative. We have four cases:
(1) If z,y,2 € H then (zxy)*xz2=(xoy)oz=x0(yoz)=x*(y*2).

(2) If 2,y € H and z € A, where ¢ # ¢, then x xy = x oy € H = A, and
(zxy)xz=(roy)*2z=Upc..Ap = Ac. On the other hand z x (y x 2) =
zx Upee.c Ap = x Ac = Ac and therefore z x (y x z) = (z x y) x 2. Also, if
r,z € H and y € Ay, where b #cor If y,z € H and = € A,, where a # e
the proofs is similar.

(3) fx € Ay, y € Ay and z € H, where a # e # b, then zxy = A, and

pEa-b

(@ry)xz= ] Axz= ] 4,

pEa-b pEa-b

On the other hand, we have

ex(yxz)=x* U Ay =ax+Ay= U A,

pEb-e pEa-b

Consequently, we get zx (y* z) = (z*y) * 2.
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(4) fx € Ay, y € Ay and 2z € A, where identity element e & {a, b, ¢}, then

(xxy)*xz= UAq*z: U UAP: U Ap.

g€a-d g€a-bpeq-c p€E(a-b)-c
Also,
x*(y*z):x*UAq: U UAP: U Ap.
g€b-c pEa-q qg€b-c pEa-(b-c)

Since (a-b)-c=(a-b) ¢, it follows that z *x (yx 2) = (x xy) * 2.
Therefore, the hyperstructure (K, *) is a semihypergroup. O
By Theorems 2.2 and 2.3, we immediately obtain the next result.
Corollary 2.4. The hyperstructure (K,x) is a hypergroup.
Definition 2.5. The hypergroup (K, ) is called an (H, Poly(P))-hypergroup.

Example 2.6. Let P = {e,a,b} and (P,-) denote the polygroup with the corre-
sponding Cayley table outlined in Table 3 and (H = {0, 1},0) with 000 = 0,001 =

Table 3: Polygroup of order 3.

. ‘ e a b

e | {e} {a} {0}
a|{a} {ea} {0}

b {0y {b} A{eab}

lo0=1and 1ol =H. Set K = {0,1,2,3,4,5} with A, = H = {0,1}, A, = {2}
and A, = {3,4,5}. Then (K,*) is an (H, Poly(P))-hypergroup of order 5. In
Table 4, we can see the Cayley table of the (H, Poly(P))-hypergroup (K, *).

Since every group is a polygroup, then

Corollary 2.7. If (P,-) is a group, then (K,x) = (K, x*), where * is defined in
Definition 1.1.

Proof. For every x,y € K, we have

if (x,y) € H?,

T * = Loy,
v Up6a~bAZD’ if (m,y) € Aa X Ab 7é H2

_ [ woy, if (z,y) € H?,
Aqp, if (x,y) € A, x Ay 75 H?
= Txy.

This implies the result. O
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Table 4: (H, Poly(P))-hypergroup of order 5.

0 1 2 3 4 5
{0} {1} 27 {3.45) (24,5} (34,5}
1y {01} (2} {3,4,5} {2,4,5} {3,4,5}
{21 {2} {012} {3,4,5} {2,4,5} {3,4,5}

{345} {345} {345} {0,12345} {012345} {012345}

{345} {345} {345} {0,12345} {0,1,2345} {0,1,2,3,4,5}

{345} {345} {345} {0,12345} {0,12345} {012345}

S W N~ O *

Theorem 2.8. The (H, Poly(P))-hypergroup (K, *) is a commutative hypergroup
if and only if (H,o) and (P,-) are commutative.

Proof. 1f (H, o) and (P,-) are commutative, then

TrxyYy = { Loy, if (z,y) € H?,
Upeas Aps if (2,9) € Ay x Ay # H
o ed T iy e a
- Upcta Aps if (2,y) € Ag x Ay # H?
= yxuz.

Conversely, since (K, *) is commutative, for every z,y € H,
TOY=THY=Y*xT =1YoLI.

Hence, (H, o) is commutative. Moreover, if (P,-) is not commutative, then there
are elements a,b € P such that a-b #b-aand a-b—0b-a # (). Suppose that
p€a-b—>b-a Then A, C v +xy and A, € y*z and this contradicts the
commutativity of x. This means that (P,-) is commutative. O

Theorem 2.9. The (H, Poly(P))-hypergroup (K,*) has an identity element if
and only if (H,o) has an identity element.

Proof. Let € € H be an identity element of the hypergroup (H, o). Then, for every
x € K, we have one of the following two situations:

(1) fx € Hythenx €xoeNeox=xxcNe*T.
(2) If © € A, where a # e, then

xeAag(U Ap) N ( U Ap) =z *eNexu.

pEa-e pEa-e

Therefore, we deduce that € € K is an identity elements of (K, x).

Now, let ¢ € K be an identity elements of (K,«). If e € H, then the proof is
obvious. If ¢ € Ay, where b # e, then for every x € H, x € xx¢ implies that e € e-b
and so b € e~! - e = e. This is a contradiction and we deduce that ¢ € H. O
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Theorem 2.10. The (H, Poly(P))-hypergroup (K,x) is reversible if and only if
(H, o) is reversible.

Proof. 1t is straightforward. O

Theorem 2.11. The (H, Poly(P))-hypergroup (K, ) has a scalar identity element
if and only if (H,o) has a scalar identity element and for every a € P — {e},
| A, |= 1.

Proof. If € € K is a scalar identity of (K, %), then x = zxe =exz. If x € H,
then 2 xe = © € H, hence ¢ € H. So, ¢ € K is a scalar identity of (H,o). For
every « € A,, where a # e, we have x =z xe = Ap = A,. This yields that
Ay = {z}.

Conversely, if € is a scalar identity of (H, o) and for every a € P—{e}, | A, |= 1,
then A, = {z}. Therefore

pEa-e

z, ifxeH,
Ao, fxeA, #H

1‘06233‘08:{ =X.

This completes the proof. O
Now, we present a new way to construct a polygroup from other polygroups.

Theorem 2.12. The (H, Poly(P))-hypergroup (K, x) is a polygroup if and only if
(H, o) is a polygroup and for every a € P —{e}, | A, |=1.

Proof. If (K,*,~!,¢) is a polygroup, then by Theorem 2.11, we obtain ¢ € H.
Moreover, for every a € P — {e}, | A, |= 1. For arbitrary elements z,y,z € H,
x € yx z gives the result y € zx 2! and z € y~! x z. Since the restriction of
the hyperoperation x on H is equal to hyperoperation o, it follows that = € y o z,
and soy € zo 2z 1 and z € y~! o z. (Notice that by Theorem 2.10, for all x € H,
x~1 € H.) Hence, (H, o) is a polygroup.

Conversely, let (H, o) be a polygroup and for every a € P — {e}, | A, |= 1. Let
the unitary operation ~! on K be as follows:

-1 _ 71, ifxeH,
TOT Ay, ifzeAd, £ H

Moreover, & € A, if and only if =/ € A,—1. Let € y % z, where z,7y,2 € K. We
have one of the following cases:

(1) If y,z € H, then « € H and (H, o) is a polygroup. So, we obtain z € y*z =

y o z, which implies that y € xoz ' =xxzTand z €y lor =y T xz.

(2) If y € Ay and z € Ac and Ay x A, # H?, then = € y*x z = J,¢p.0 Aa- By
reversibility of polygroup (P, -), a € b-c yields that b € a-c™! and c € b~! -a.
Therefore y € xx 2z~ ! and z € y= 1 x .
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This shows that (K,*,~!,¢) is a polygroup. O
Definition 2.13. The polygroup (K, ) is called an (H, Poly(P))-polygroup.

Corollary 2.14. Let (H,o0,7' ¢) and (P,-,~!,e) be two polygroups, A, = H and
for every a € P —{e}, Ay, = {a}. Then (HU P,x,~1 &) is a polygroup.

Theorem 2.15. The (H, Poly(P))-polygroup (K, *) is a canonical hypergroup if
and only if (H,o) and (P,-) are canonical hypergroups and for every a € P — {e},
| A, |= 1.

Proof. The result follows from Theorems 2.8 and 2.12. O

Definition 2.16. ([|22]). A transposition hypergroup is a hypergroup (H, o) such
that for arbitrary elements a,b,c,d € H,

\oa=~c/°d = aodrboc,

where a,°b = {z|la € z ob} and bD\oa = {z|a € bo z}. Every commutative
transposition hypergroup is called a join space.

Theorem 2.17. (H, Poly(P))-hypergroup (K,x) is a transposition hypergroup if
and only if (H, o) is a transposition hypergroup.

Proof. Let (H,o) be a transposition hypergroup and y\,z =~ z,*u, where z €
Ag,y € Ap,z € Ac,u € Ag. Ifa =b =c¢thenc=d=cor z2/*u~ H. If
c=d=e, then z,y,z,u € H and (H,o0) is a transposition hypergroup. Hence, we
have x 0 z & z o u and therefore z x z = y xu. If z,/*u ~ H, then there is h € H,
such that z € h xu. Then A. = Ag and so ¢ = d. Therefore, we conclude that
A, C (1) N (2/*0).

If c = d = e and y\,z =~ H, by the similar way we obtain A, C (y\.z) N
(z,/*u).

Else, y\uz =~ z,/*u implies that t € {v € K|z € yxv} N{w € K|z € wxu}. If
t € Ay thena € b- f and ¢ € f-d. This yields that f € c-d~'Nb~!-a. Since (P, ") is
a polygroup, it follows that (P, -) is a transposition hypergroup and ¢,/ "'d = c-d~!
and b\.a =b"!.a. Now, ¢/ 'd~ b\_a implies a-d~ b - c.

But a-dNb-cif and only if ¢,/ 'd =~ b\_a. This completes the proof of this
part.

Conversely, assume that (K, *) is a transposition hypergroup and y\o.x ~
z,/°u. Then, we obtain y\,x ~ z,/ u. So, x * z &~ y x u, which implies that
roz~rR y oUu. D

Corollary 2.18. (H, Poly(P))-hypergroup (K,*) is a join space if and only if
(H, o) is a join space and (P,-) is a canonical hypergroup.

Proof. The result follows from Theorems 2.8 and 2.17. O
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Two relations 8 and 7 in hyperstructures, especially in hypergroups, play the
role of congrunce relations in group and semigroup theory. Many mathematicians
explored and introduced this two relation, for instant see Koskas [23, 24|, Corsini
[2], Freni [25-27], Vougiouklis [28] and others.

Consider p be a strongly regular relation on a (semi)hypergroup (H,o). Then
the quotient structure (H/p,o0,) is a (semi)group where H/p = {p(u)|u € H} and
o, is an operation defined on H/p by

p(u) o, p(v) = p(w), forall w e wow.

Now, we recall definitions of strongly regular relations v and 8 on a (semi)hypergroup
[23, 25]. Koskas [23] introduced the relation 8 on a hypergroup by the following

formula:
!

ufv < Al € Nywsy,...,w, € H such that u,v € Hwk.
k=1

Moreover, in [25], Freni defined the relation ~ as follows:
l l
uyv < I eN,Jwy,...,w, € Hand AT €S,, 1 u € I_Iw;~C and v € HwT(k),
k=1 k=1

where S,, is the permutaion group on {1,2,...,n}. It has been proven that 8 and
~ are the smallest equivalence relations on H such that H/S and H/v* are a group
and an Abelian group. The group H/f and the Abelian group H/v* are named
the fundamental group and commutative fundamental group, respectively.

Theorem 2.19. Let (K,*) be an (H, Poly(P))-hypergroup and K = {J,cp Ap.
For allm > 1 and x1,x9,...,x, € K we have one of the following two cases:

(1) There is a Q C P such that [[,_, 2k = U,cq Ap;

(2) There is B € P*(H) such that [];_, zx = B;
Proof. Suppose that x, € A,,, where 1 <k <n. If forevery 1 <k <mn, a;p =e
then B = [[;_, zx C H and case (2) holds. Else []}_, zy = Uerty_, o Ap and
Q = [1j_, ar C P. Therefore, we conclude that the case (1) holds. O

Theorem 2.20. Let (K,*) be an (H, Poly(P))-hypergroup and K = J,cp Ap-
For all (x,y) € Ay X Ay, where a,b € P, we have

l’ﬁKy — aﬁpb.
and so K/Bk = P/Bp.

Proof. If a = b = e, then there are two elements p,q € P such that e € p- ¢ and so
H C uxwv, where u € A, and v € A,. It implies that z8xy. If z8xy and x,y € A,
then a = e and b = e and efpe.
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Now, let (a,b) # (e,e), x € A, and y € Ay. zfky if and only if there are

X1,%9, ..., &, € K such that {z,y} C oy xxax... %2, = Upanugn.uan Ay, where

x; € Ag,. Sincex € A, and y € Ay then A, and Ap are subset of Upe(lr@,“_,an Ap.
This imply that {a,b} Ca; -as-...-a, and so afBpb.
afBpb implies that a,b € ay - as - ... - ay, for some ay,as,...,a, € P. Then for

every x; € A,, we have A,, Ap C x1 x T3 *... %z, and so zfky.

Define ¢ : K/Bx — P/Bp by ¥(Bk(x)) = Bp(a), where z € A, for some
a € P. With a bit calculation, we can see that 1 is an isomorphism and the proof
is completed. O

Theorem 2.21. Let (K,*) be an (H, Poly(P))-hypergroup and K = {J,cp Ap.
For all (z,y) € Ay X Ay, where a,b € P, we have

TYKY <= avypb.
and so K/vk = P/vp.
Proof. See proof of Theorem 2.19. O

Corollary 2.22. Let (K,x) be an (H, Poly(P))-hypergroup and (P, o) be a canon-
ical hypergroup. Then K/vk = P/Bp.

Corollary 2.23. Let (K,*) be an (H, Poly(P))-hypergroup. Then
(1) If (P,o) is a group, then K/Bx = P.

(2) If (P, o) is a group, then K/vx = P/P’, where P’ is the derived subgroup of
P.

(8) If (P, o) is an abelian group, then K/vk = P.

3. Comparison with other subclasses of hypergroups

In this section, we compare (H, Poly(P))-hypergroups with (H,G)-hypergroups,
Ky-hypergroup and Extension of polygroups by polygroups . First, we introduce
some concepts in the theory of hyperstructures.

Definition 3.1. Given two hypergroups (A, o) and(B, e), we say that the hyper-
group (B, e) is an enlargement of (A, o) if

(1) AC B;
(2) For every element x,y belong A, we have the set = @ y includes z o y.

Definition 3.2. ([29]). Let (H,o) be An H,-group. We called (H,o) is an Hp-
group if we can find a group (H, ©) such that for all elements z,y € H, xoy € xoy. If
Hy-group (H, o) is a hypergroup(polygroup) then (H, o) is called o-hypergroup(o-
polygroup).
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Theorem 3.3. Let (P,-) be a o-polygroup ((P,o) is a group). Then the hyper-
group (H, Poly(P))-group (K, *) is an enlargement of the hypergroup (H, P)-group
(K, *).

Proof. This holds since ¢ C - so * C *. ]

We recall the definitions of Kg-hypergroups, complete hypergroups and exten-
sion of polygroups by polygroups:

Definition 3.4. ([14]). Kg-hypergroups and complete hypergroups

Let (H,o0) be a hypergroup and A, C K, where a € H, be non-empty subsets
and {A, | a € h} be a partition of set K. We obtain a hypergroup (K, ®) when ®
is the following hyperoperation:

TRy = U A, forall z € Ay, y € Ay.

c€aob

The hypergroup (K, ®) is called a Kpg-hypergroup, made by the hypergroup H.
If (K,®) is a Kg-hypergroup and (H, o) is a group then we say that (K, ®) is
a complete hypergroup.

For the first time, Comer [21] made a larger polygroup from two smaller poly-
groups.

Definition 3.5. ([21]). Extensions of polygroups by polygroups

Let A = (A,0,e,7!) be a polygroup with identity e and B = (B,-,e,”!) be
an other polygroup with identity e such that AN B = {e}. Then we construct a
polygroup A[B] = (M, ®,e,” 1), where M = AUB, 271 .= 27!, z0e=coz =1,
for all z € M. For all z,y € M — {e} the hyperoperation - is defined as follows:

T oy, ifx,y € A,

x, ifx € Bandy € A,
QY=< v, if x € Aand y € B,

x -y, if 2,y € B and x # 3y~ !,

r-yUA, ifz,yeBandx#y L

Then the hyperstructure A[B] = (M, ®,e,”T) made by the above method has a
polygroup structure and it is called polygroup extension 2l by 5.

Example 3.6. Let (G = {e,a,b}, ) = (Z3,+) and (H = {0,1},0) with 000 =
0,001 =100 =1andlol = H. Set K = {0,1,2,3,4,5} with A, = H =
{0,1}, A, = {2} and 4, = {3, 4,5} then we obtain the complete hypergroup (K, ®)
denote the hypergroup with the corresponding Cayley table outlined in Table 5. It
can be seen with a little care that (K, ®) is an enlargement of (H, G)-hypergroup
(K, *) in Example 1.2.
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Table 5: Complete hypergroup.

0 1 2 3 4 5
{01y {01} {2} {345} {345} {345}
{0,1} {0,1} {2} {34,5} {345} {345}

{2} {2y 83450 {01} {01} {0,1}

{3451 {345} {01} {2} {2} {2}

{3451 {345} {01} {2} {2} {2}

{3451 {345} {01} {2} {2} {2}

Uk W N = OR

Table 6: Polygroup of order 2.

o ‘ 0 1
0| {o} {1}
1] {1} {o0,1}

Example 3.7. Let H = {0,1} and (H,o) denote the hypergroup(polygroup)
with the corresponding Cayley table outlined in Table 6. Also, let P = {e,a,b}
and (P,-) denote the polygroup with the corresponding Cayley table outlined
in Table 7. Let K = {0,1,2,3,4,5} and set A. = H = {0,1}, 4, = {2} and
Ap = {3,4,5} then we obtain the (H, Poly(P))-hypergroup (K,x) denote the
hypergroup with the corresponding Cayley table outlined in Table 8.

Example 3.8. Let (H,o) denote the hypergroup with the corresponding Cayley
table outlined 6 and (P,-) denote the polygroup with the corresponding Cayley
table outlined in Table 7. Let K = {0,1,2,3,4,5} and set A. = H ={0,1}, 4, =
{2} and A, = {3,4,5} then we obtain the Kp-hypergroup (K,®) by denote the
hypergroup with the corresponding Cayley table outlined in Table 9.

Example 3.9. Let H = {e,1} and (H,o) denote the hypergroup(polygroup)
with the corresponding Cayley table outlined in Table 10. and let (P,-) denote
the polygroup with the corresponding Cayley table outlined in Table 7. Then
M = {e,1,a,b} and extension of polygroup H by the polygroup P is denote the
polygroup with the corresponding Cayley table outlined in Table 11.

Theorem 3.10. Let (H,o) and (P,-) be a hypergroup and a polygroup, respectively.
Set K = J,cp Aa with A, = H, where e is an identity element of (P,-). Then the
Kp-hypergroup (K, ®) is an enlargement of the (H, Poly(P))-hypergroup (K,x).

Proof. For every x,y € K we have one of two following cases:

(1) fz,ye Hthenzoye Handsozxy CzxR®y.



Mathematics Interdisciplinary Research 8 (2) (2023) 123 — 140 135

Table 7: Polygroup of order 3.

. ‘ e a b

e | {e} {a} {b}
a | {a} {ea} {b}
b | {b} {b} {eab}

Table 8: (H, Poly(P))-hypergroup.

0 1 2 3 4 5
oy {1 @ {345} 245} {345}
{1 {01 {2} {(3.4,5} {2.4,5} {3.4,5}
(2} 20 {012} (3.4,5) 2.4,5) (3.4,5)
(345} {345} {345} {012345} {012345} {0.12345)
(345} {345} {345} {012345} {012345} {0,12345}
(345} {345} {345} {012345} {012345} {0,12345}

S W O — O *

(2) Hfr,ye A ®@ Ay # H? then zxy = Upeap Ay =@y
This yields that (K, ®) is an enlargement of (K, *). O

Corollary 3.11. Let (H,o0) be a hypergroup, (G,-) be a group and K = J,cp Aa,
where A. = H. Then the complete hypergroup (K,®) is an enlargement of the
(H, G)-hypergroup (K, ).

Theorem 3.12. Let (H,o) be a hypergroup. If the polygroup (P,-) is an en-
largement of the polygroup (P’,-") then the (H, Poly(P))-hypergroup (K,x) is an
enlargement of (H, Poly(P’))-hypergroup (K,*').

Proof. For every x,y € K we have one of two following cases:

(1) fz,ye Hthenzxy=xo0y=x%*y.

(2) If (x,y) € Ay x Ay # H?, then x +' y = Upears Ap € Upeas Ap = T xy.
Therefore, we conclude that (K, «) is an enlargement of (K, ). O

Theorem 3.13. Every (H, Poly(P))-hypergroup (K,*) is an enlargement of the
hypergroup H.

Proof. Tt follows from H C H and o C . O

Theorem 3.14. The (A, Poly(B))-hypergroup (K,*) is an enlargement of the
polygroup A[B] = (M, ®,e,”1) where for alla € B — {e}, a € A,.
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Table 9: K p-hypergroup.

0 1 p 3 4 5
{0,1} 10,1} {2} {3,4,5} {2,4,5} {3,4,5}
{0,1}  {o0,1} {2} {3,4,5} {245} {3,4,5}
{2} 2y {012} (34,5} {2,4,5} {3,4,5}
(345} {345} {345} {01,2345} {012345} {0,1,2,34,5}
{3451 {345} {345} {0,1,2345} {012345} {0,1.2345}
{345} {345} {345} {0,1,2345} {0,12345} {0,1.2345}

Uk W~ O®

Table 10: Polygroup of order 2.

o ‘ e 1
e | {et {1}
1 {1} A{e1}

Proof. We have AU B C K. Moreover, for all a,b € B, we have x xy = Upea.b A,
and so a-b C axb. Now, we have the following cases:

(1) fz,ye A, thenzGy=x0y=x*y.
2) freA=A.andye B, theny=20y € A, CU,c., Ap =T*Yy.

)

(2)

(3) f x € Band y € A, thenxzx@yeA,,gUpex,eAp:x*y.
(4) fz,yeBandz#y ', thenzOy=2-yC A, Cxxy.
()

5) Ifz,y € Aandx = y~ !, then 20y = AU{e} = A= A, CC |J
because e € x - y.

pEX-€ AP = TXY,

Therefore for all z,y € AUB, x ®b C x *y and so the hypergroup(K,*) is an
enlargement of the polygroup A[B]. O

Theorem 3.15. Let (B,-,e,”) be a group and A, = {x}, for all x € B — {e}.
Then (K,*) = (M, ®).

Proof. We have M = AU B = K. Moreover, we can consider the following cases:

(1) Ifz,ye A, thenz Oy =20y =z xy.

)
2 fzcA=A.andye B, thenzQy=y=A4, = Aey =T+ Y.
B) fzeBandyc A=A, thenzQy=ax=A,=A,.=x*xy.
(4) Ifz,ye Bandz #y ', thenzOy=2-y= A,y =z *y.
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Table 11: Extension of polygroup by polygroup.

O] ‘ e 1 a b

e | {e} {1} {a} {b}

11 {1} A{el}  {a} {b}

a | {a} {a} {ela} {b}

b | {b} {b}  {b} {elab}

(5) fr,ye Aandz =y !, thenz Oy =AU{e} =A=A, = A, =z *y,
because e = x - y.

Therefore (K,*) = (M, ®).. O

4. Conclusions

In this paper, we proposed and characterized new classes of hypergroups named
the (H, Poly(P))-hypergroups, thus, it is an generalization of (H, G)-hypergroups
explored by De Salvo[16]. We compared (H, Poly(P))-hypergroups with K-
hypergroups, complete hypergroups and extension of polygroups by polygroups.

Our future objective is to expand this study to encompass other hyperstruc-
tures. Also, it can be interesting to define and introduce the reducibility for
(H, Poly(P))-hypergroups like in [17, 30].
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