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Abstract

A nonnegative square and real matrix R is a row stochastic matrix if the
sum of the entries of each row is equal to one. Let x, y € R,,. The vector
z is said to be matrix majorized by y and denoted by = <, y if x = yR
for some row stochastic matrix R. In the present paper, we characterize the
linear preservers of matrix majorization 7' : R,,, — R,,.
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1. Introduction

The concept of majorization plays an important role in applied mathematics and
linear algebra. Various extensions of this concept have also been studied (see
[1-4]).

One can see the concepts of left and right majorization from each other by
getting transpose on the equations, because if a matrix A is doubly stochastic
then the matrix A’ is doubly stochastic too, where A! is the transpose of the
matrix A. But when we use the row stochastic matrices, we can not obtain the
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left and right majorizations from each other. So in this case the left and right
concepts are investigated in different manners (see [5-13]).

Here, we focus on right and left matrix majorization. Dahl defined the right
matrix majorization as follows [14].

Definition 1.1. A nonnegative square and real matrix A is a row stochastic
matrix if the sum of the entries of each row is equal to one.

Definition 1.2. Let A,B € M,, ,,. The matrix A is said to be right matrix
majorized by B and write A <,. B, if A = BR for some row stochastic matrix R.
If A<, B <, A, we denote A ~,. B.

In [4], M. Peria et al. introduced the left matrix majorization as follows:

Definition 1.3. Let A, B € M,, ,,. The matrix A is said to be left matrix ma-
jorized by B and write A <; B, if A = RB for some row stochastic matrix R.

In [11], the authors did not completely find the linear preservers of left matrix
majorization T : RP — R™. In [12], the authors completely characterized the
linear preservers of this relation 7' : R? — R™. In [9], the authors completely
characterized the linear preservers of right matrix majorization on matrices were
studied. Also, in [2] the authors characterized the linear operators that strongly
preserve the right matrix majorization.

In this paper, the structure of all linear operators T' : R,, — R,,, preserving
right matrix majorization are characterized. Some of our notation is explained
next.

Let M, ,,, be the algebra of all n-by-m real matrices. Let R,, (R™) be 1-by-
n (n-by-1) real vectors, and the notation P(m) for the collection of all m-by-m
permutation matrices.

A matrix R = [r;;] € M, ,, is called a row stochastic matrix if ;; > 0 and
>y = 1, forall i (1 <4 < n). The collection of all m x m-row stochastic
matrices is denoted by RS(m). A matrix R is called standard row stochastic,
if each row has exactly a nonzero entry, +1, and other entries are zero. The
collection of all standard m-row stochastic m-by-m matrices is denoted by R(m).
Clearly, P(m) € R(m). The standard basis of R,, is denoted by {e1,...,e,}, and
e=(1,1,...,1)" € R". Span{S} is denoted by the intersection of all subspaces of
V' that contain S, where V is a vector space over a field F'. If S is nonempty, then

k
Span{S} = {Zaivivl,...,vk €S ai,...,ar € S,and k€ N} )
i=1

For each a € R,, define 4 := a(™) ¢ M,, ., the matrix which each its row is a.
Let u € R. Define

L u, if u>0,
ut =
0, ifu<0,
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and

_ 0, ifu>0,
u” o=
—u, ifu<0.

For all z = (x; 1, z,) € R, we denote tr(z) =Y 1 x;, tro(z) == > af,
and tr_(z) :== >,
Let A = [a;5] € MT,m We say that A > 0 if a;; > 0, for each 4,5 (1 < ¢ <

n,1 < j < m). Define |A| = [|a;]. The ith row of A is denoted by af*. Also,
the jth column of A is denoted by aJ , and Col(A) = {af,...,aS}. Define
cr(A)={j: ajC >0}and c_(4)={j: ajc < 0}.

Let [T] be the matrix representation of a linear operator T : R,,, — R,, with respect
to the standard basis. In this case, Tz = A, where A = [T].

A linear operator T : R,, — R,, preserves a relation ~, if x ~ y concludes that
Tx ~Ty.

This work continues in three further sections. Section 2 studies some conditions
for <, and a linear operator T to preserve <, on R,,. Section 3 characterizes the
structure of all linear operators 7' : Ry — R,, preserving matrix majorization. In
Section 4 we obtain all linear preservers of <,. from R,,, to R,,.

2. Matrix majorization on R,,

In this section, we study some properties of the relation <.
Definition 2.1. For each x € R,, define  := try (x)e; + tr_(z)es.
If <, y <, x, we write x ~ y.

Lemma 2.2. If x € R,,, then x ~ Z.

Proof. Let x € R,, we defne the matrix R by
Ry

Ry

where

) iZ 0)
Ri = {61 o

es, x; <0.
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We observe that & = 2R, and R € RS(n). So & <, .

Without loss of generality suppose that 1 > x93 > --- > x,,, where x1,...,2; > 0,
and x;,...,z, < 0. Consider matrix S as follows
S1
Sa
S=1.1,
Sn

Wher681 = <ﬁ,...7%,0,...,0),5’2 = (07...,07%,...,%)7
and S; := €1, for each i (3 <4 < n). In this case, z = S and S € RS(n), and
then x <, . Therefore, T ~ . 0

Let © = (z1,...,2,) € R,. Define ||z| := >_1", |;|. Clearly, ||.|| is a norm on
R,,. The following proposition provides a criterion for matrix majorization on R,,.

Proposition 2.3. Let x,y € R,,. Then the following conditions are equivalent:
1) z=<,vy,

2) tr () + tr(2) = try (y) + tr(y) and tr () < tr (y),

3) try(x) +tr_(x) =try(y) +tr_(y) and tr_(z) > tr_(y),

4) tr(z) = tr(y) and ||z]| < [ly||.

Proof. As x <, y if and only if Z <,. g, we can prove the statement. O
The following conclusion gives an equivalent condition for ~ on R,,.

Corollary 2.4. Let xz,y € R,,. Then the following statements are equivalent:
1) z~y,

2) try(x) =try(y) and tr_(x) = tr_(y),

3) tr(x) = tr(y) and |lz]| = [ly||.

Theorem 2.5. Suppose that T : R,, — R, be a linear operator that preserve <,
and ker(T) # 0. Then Tx = xc™) for some ¢ € R,,.

Proof. Assume that A € M,, ,,, is the matrix representation of the linear operator

T : R,, — R,, with respect to the standard basis. So Tz = xA. Since T is not

one-to-one, there is some b = (by,...,by) € Ry, \ {0} such that Tb =bA = 0.
Ifby =---=b,, Set w; = mbie;, foreachi=1,...,m. Foreachi=1,... ,m,

we conclude that w; <, b, and then Tw; <, Tb. It implies that T'w; = 0, and so

Te; = 0. We deduce that A = 0. Choose ¢ = 0.

Let b; # b; for some ¢,j € {1,...,m} and i # j. For t # s € {1,...,m} we have

m

> bk | e+ bier +bjes <y b,
k=1,k#i,j
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Since T preserves <.,

Z by 1-1111 + bla{{ + bjas =0,
k=1,k#1i,j

for every 1 <t # s < m. It follows that

Z by | alt + bjatR + bal =0,
k=1,k#i,j
for each t,s = 1,...,m and t # s. Hence (b; — b;)al + (b; — b;)alt = 0 and
all =al foreacht,s =1,...,mand r # s. Put ¢ = al*, we have Tz = zc™ . O

The following conclusion is expressed in [15].

Lemma 2.6. ([15]). The set RS(n) is a convex set whose extreme points are

Lemma 2.7. Let x,y € R,, be both nonnegative or nonpositive. Then the following
statements are equivalent:

1)z =y,

2) x~y,

3) tr(z) = tr(y),

4) [l = yll-

Proof. By the use of Proposition 2.3, the proof is obvious. O

Lemma 2.8. Let T : R,, —» R, preserve <,.. Then each column of A is nonneg-
ative or nonpositive.

Proof. Let A = [a;;] and ayjas; < 0 for some ¢,s,j. Since 2e; ~, e; +e; and T
preserves ~,., we conclude that

2arR ~ af{ + a?.

So 2||al|| = ||aB® + a®|| and thus

n n
2> ari| =Y lar; + ag)
j=1 j=1
n n n
<Y anl+ > lasl =2 larl.
j=1 j=1 j=1

It is a contradiction. Therefore we deduce that each column of A is nonnegative
or nonpositive. O
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Suppose that T : R,,, —+ R,, preserves <,.. Since g; ~ 5j, for each 1 < i ,J <m,
we observe that Te; ~ Tej;, and then try(aft) = try(aft), tr_(aft) = tr_(af}),

and tr(al) = tr(a}‘). Now define try (A) := try (a}), tr (A) tr ( Ry, and
tr(A) = tr(al).

Lemma 2.9. Let T : R,, — R,, preserve <,.. Then |T| preserves <.

Proof. First, we prove that for each x € R,

tr(|T|(z)) = tr(z)(try(A) — tr_(A)), (1)

T = T ()] (2)

Lemma 2.8 ensures that

t t t
tr(|T|(x)) = Zx a;© ‘ = Z c ’—i— Z z. |a;© ‘
J=1 j€c+(A) j€c—(4)
= Z ;z:aJ Z Ia_] :x. Z ajct—a:. Z ajcf
ject(A) jee-(4) ject(A) jec—(A)
= Z X4 Z aij — Z X4 Z a;j = tr(z)(try(A) —tr_(A)).
=1 jecr(A) =1 jec(A)

This shows that (1) holds. Also,

n
71 =Z\a«aJ 1= 3 ac+ X [ea
Jj=1 j€cy(A) j€c—(A)
= Z ‘:):.ajct’ —+ ‘x.ajct = Z ‘x.ajct’ = ||T(.T)
j€c(A) j€c_(A) j=1

Thus [[|T|(z)[| = [T (2)]-

Now suppose that z,y € R, and T preserves <,. So tr(z) = tr(y) and
T(x) <» T(y), therefore ||Tz| < ||Ty||. The relations (1) and (2) ensure that
tr(|T|(z)) = tr(|T|(y)) and [[[T|(z)]| < [[IT|(y)ll. It means that [T|(z) <, [T|(y)
and |T| preserves <. O

Lemma 2.10. Let a € Ry and let T : R,, — R, be a linear operator. Deﬁne
: Ry — Rugp by [T] := [A]a™)]. Then T preserves <, if and only if T
preserves <.
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Proof. Assume that = <, y and T preserves <. So tr(z) = tr(y) and

Tx <, Ty <= tr(Txz) + tr(z)tr(a) = tr(Ty) + tr(y)tr(a)

= tr(Tx) = tr(Ty), (3)
and
ITx|| < I Tyll <= | Tz]| + [tr(2)[tr(al) < 1 Ty] + [tr(y)|tr(al)
|| Tx| < [ITy]| (4)
By the relations (3) and (4) and Proposition 2.3 the proof is easy. O

Lemma 2.11. Let T : R,, — R, be a linear operator and let P € P(n). Define
Tp : R,, = R, by [Tp] := AP. Then T preserves <, if and only if Tp preserves
<

Proof. Suppose that = <, y. We have

n n
tr(Tz) = Zx.aict and ||Tz|| = Z ‘x.aict’ .
i=1 i=1

Since AP is A which its rows have been interchanged, we dedeuce that T
preserves <, if and only if Tp preserves <. O

3. Linear preservers of matrix majorization on R,

In this section, we characterize the linear preservers of matrix majorization T :
Ry — R,,. We use the symbol P for the following matrix

0 1
Pl 1.
Lemma 3.1. Let u € Ry and T : Ry — R, be a linear operator such that

T(uR) <, Tu for every R € Ry, then T(uR) <, Tu for every R € SR,.

Proof. Let R € SRy. By the use of Lemma 2.6 we have R = Z?:l A R; for some
R, € Ry, \; >0, Z?Zl Ai = 1. Hence,

4 4
T(uR) =T <u > )\ZRZ-> => ANT(uRy).

i=1
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Since T'(uR;) < T(u) for all ¢, (1 < i < 4), there exists some S; € RS(2) such
that T(uR;) = T'(u)S;. Thus,

T(uR) =Y \T(u)S; = Tu (Z )\iSi> = (Tw)S,

i=1
and S € RS(2), so T(uR) <, Tu and thus T preserves <. O

For any real and nonnegative number a, the symbol § equal to +1 if a > 0,
and equal to 1 if a = 0.

Theorem 3.2. Let T : Ry — R,, be a nonnegative linear operator and

Then T preserves <, if and only if the following conditions occur
N{&e:1<k<n}={2:1<k<n}

asi a1k
2) forallae{%:lgk‘gn}, we have

Z a1 = Z a2k (5)

W1k a2k _
—E=q —25—=q
a2k a1k

Proof. =) Let T be a nonnegative linear operator such that preserves <.,

a21 Q22 co. Qop

[T] — {011 a2 ... alnj| 7

a; be the ith row of the matrix [T] and ¢ := {{it : 1<k <n} (4,5 =1,2).
J J
By applying Lemma 2.10 and Lemma 2.11 we can assume that a;; # as;, for
each j =1,....,n. Let

ap az —1 —1
A::;QU;:{al,...,ap,ap yeeny A },

such that

0§a1<-~-<ap<1<a;1<-~-<af1§oo.

Assume that T preserves <,.. Since e; ~,. e3 , T'e; ~,. Tes. So a3 ~, ag, thus

tr(a1) = tr(az). It is suficient to show that a; € 52 N 52, for every j = 1,...,n and

thus a;?
J a:

€ % N :—i For every j = 1,...,p, we define the open intervals £; C R by
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(ap, 1), ifj=p

We see that (z,—1) ~, (—1,z) for each x € R, so T'(x,—1) ~, T(—1,z) and
try(T(x,—-1)) =try. (T(—1,2)) forallz € E; , j=1,...,p
By induction on j we prove that

E] - {(ajaaj+l)a lf] <p,

a2 6
aj G ay oy’ (6)
and
aik azk
— , 7
2= 2 () "
alk -
thus
a1k a2k
= B 8
2 ()= ) ®
azy % ar %
for everyj =1,...,p. Let j = 1. If x € F; then
tryT(z,—1)) = Z (a1xz — ags), 9)
o,
and
triT(—1,2)) = Z (agrx — ayk). (10)
91k =a;

a2k

It implies that a; € §1N%2, becauseifa; € &% and ay ¢ 52 thentry (T(—1,z)) >
0 and try (T'(z, —1)) = 0, this is a contradiction. Similarly, a1 ¢ &% and a; € £2
yields a contradiction.

By the use of relations (9) and (10) and tr(T(z,—1)) = tro(T(-1,z)), we
deduce that (7) holds for j = 1. Now assume that the conditions holds for j < p

and z € Ej,. So

+
tro (T(xz,—1)) E g (a1px — asy)
=1 2%

=a;
I i

Z Z ane —az) + Y (aux —am).  (11)

a2k _
=a4j+1

,_al ”lk
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Also,
Jj+1
try(T(—1,2)) = Z Z (agrr — aig)
i=1 %1k,

= Z Z (agkl' — alk) + Z (a2kl' - Cllk)- (12)

1=1 %1k . 2k .
ag M agp Tl

By induction hypothesis we have

> (awz—am) = Y (axx —aw),

a -
ok =a; Pk =a;
a1k a2k

Z Z (a1pz — azy) = Z Z (agkx — asy).

It shows that (7) for j + 1 holds. Hence, the relation (5) holds.
Now we show that a;j41 € 55 N 2. Hence the induction argument is completed.

Conversly, suppose that (1) and (25 hold, we prove T preserves <,.. The conditions
(1) and (2) ensure that

n n
S =y (z ) S (z ) S
k=1 ac A \kekK, ac A \kekK, k=1

Since A > 0, a; ~ ay. Let u = (z,y) € Ry and R € R(2), we prove that
T(uR) <, Tu and thus T(uD) <, Tu for every D € RS(2) by the Lemma 3.1.

Observe that
0 1 1 0
R ={ur o] fiol

Let u = (x,y) € Ry and R € R(2), so uR ~, u. If zy > 0, since A > 0, we have
T(u) ~ T(uR) if and only if tr(T(u)) ~, tr(T(uR)). So in this case the proof
is established. Now suppose that zy < 0. Since for ¢ € R — {0}, T(uR) ~, T(u)
if and only if T'(cuR) ~, T(cu), so without loss of generality we can assume that
u=(z,—1) oru=(—1,2), where 0 <z < 1.
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Suppose that u = (z, —1), for some 0 < z < 1 (similarly for the case u = (-1, z)).
Since tr(a;) = tr(az),

tr(T((z, —1)R)) = tr(T'(z,-1)), (13)
for every R € R(2). We just have to prove that
e (T((2,~)R)) < tr4 (T(z, ~1)). (14)

Now we prove (14) in four cases.

e Case 1: If R = I, the proof is obvious.

10
o If R= [1 0} , then
tro(T((z.~1)R)) = tr(T(x — 1,0))
=try((z—1)a1) =0 <try(T(x,—-1)).
0 1 .
o If R= [0 J , the proof is similar to the second case

e et R=Pand0<x<1. So

z € (0,a1]Ula1,a2) U...Ulap_1,ap] U [ap, 1].

Observe that

O, ifze (0,(11]7
- _
tri(T(~1,2)) = { 2im1 Z%:ai(a%x —ag), ifz€laj_1,a5],
i1 2ok g, (a2 — arg), if z € [ap, 1],
azk
and
07 ifze (0,@1]7
- !
try (T(z, 1)) = { 2im1 2oz2s =, (010 —azi), i@ € [a5-1, 4],
i1 D e, (a1pT —azy), if z € [ay, 1],
a1k

where 1 < j < p. On the other hand, from the conditions (1) and (2) of

hypothesis we have
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(=2 ()

— 92k _
=a.; =a;
asp J aqg J

for every j = 1,...,p. Thus,

> (awr—an) = Y (amz —aw),

Gk g 2k _ .
agy M ayy

for every j = 1,...,p and x € R. Hence,

SN (anw—axw) =Y Y (az —aw),

i=1 %1k _g, . D2k g
agp J ajg J

for each j =1,...,p and x € R. So, tr (T(z,—1)) = tr(T(-1,z)), and the
relation (14) holds.

O

Lemma 3.3. Let T : Ry — R, be a linear operator. Then T preserves <, if and
only if the following statements are true:

1) |T| preserves <,

2) each column of A is nonnegative or nonpositive,

3) two rows of A are equivalent. i.e. aj ~ as.

Proof. We only prove the necessary condition. Let x,y € Ry and z <, y, so

tr(zA) a

1

n

C
j

J

n
E z.al =1.
J
Jj=1
n

T Zalj + x4 Zagj =z.tr(ay) + x.tr(ag)

= tr(x)tr(ay) = tr(y)tr(ay) = tr(yA). (15)

On the other hand, |T| preserves <., so |T'|x <, |T'|y. Hence

Al = ll=[Alll < llylAlll = llyAll- (16)

By the relations (15) and (16) we conclude that Ta <, Ty. O
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4. Linear preservers of matrix majorization on R,,

In this section, we express linear preservers of matrix majorization T : R,,, — R,,.

Theorem 4.1. Let m > 3 and T : R,, — R,, be a linear operator. Then T
preserves <, if and only if

(7] = [RIc®™)P,

where in each column of matriz R there is only one non-zero entry, each two
rows of R are equivalent, P € P(n) and c is a vector.

Proof. Assume that T preserves <,.. If T is not one-to-one, then by Theorem 2.5
the proof is obvious. Now, let T" is one-to-one. First, we prove the theorem for
m = 3. According to Lemma 2.10 we can assume

a1 Qai12 ... Qin
[T]:R:A: a21 a2 ... Q2n|,
asy agz2 ... Aasn

where matrix A has no duplicate column. By Lemma 2.9, without loss of
generality assume that A > 0. Define

a1 , i
o{ asj‘agjyéagj,]—l,...,

az;

3
H,_/
i

Al g [03 OO),

. {alj‘ija.‘ij !alj #as;,j=1,... ,n} = Az C [0, 00),

° { aﬁzz]!alj;éagj,jzl,...,n} = A3§[0,00)

aij

If Ay = Ay = A3 = (), then the proof is obvious. Otherwise without loss of
generality we assume that Az # () and

350 . asj ;
——— =min{ —— a1 # agj,a3; #0,j=1,...,np.
; ; aj + az;

We define two vectors u,v € R3 by

2a3j, .
4 = ’ a1j0+a2J0 ? -1 ) lf aljo < a'2_707
T 2a3;, .
e Fan 0,-1), if aij, > agyy,,

and
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. < asjy asjo 1>
= ‘ —, — -, .
a1jo + G255 A1j, + G244

Since u ~, v, Tu ~, Tv. Also, we have the following statements.
1’ Z(lgjzo alj = Za3j =0 a2j'

2. If a1; = agy, then (T’U,)] e (T’U)j e (A) ay; — ag;-

@150 +a2jq

3. If aij 75 agj, a3; 7é O7 then (TU)]‘ < O, because

a3jo
] V)i = _— ai1: + aoi) — ass
( )J (aljo a2j0> ( 15 2J) 37

as;
<|———— ) (a1; +az;) —as; =0.
(a1j+a2j>( J J) 7

4. If aij 7é azj, 35 = 07 then

2a3j0

(Tu); = ( )max{alj,agj} > (Tw);.

aj, + azj,

From the recent statements and (T'w);, > 0, we deduce that tr(Tu) > try(Tv),
this is a contradiction. So, there is a maximum of one element nonzero in each
column of the matrix [7T.
Now we prove the theorem for every m > 3. If the jth column of A has over a
non-zero element, choose the vector (a,;,as;, a:;)", where (r < s < t) such that it
has at least two non-zero elements and (a,;, asj, at;)" ¢ span(e).

Define S : Rg — R,;, by S(z,y,2) = (w1, wa, ..., wy) such that w, = z,ws =
y,wg = z,w; = 0,1 & {r,s,t}. Observe that S preserves <,., and so T0S preserves
=<,. It is a contradiction. Because as we proved for m = 3, in the jth column of

ar1 Ay vee Qpp
[ToS] = |as1 as2 ... aspnl,
a1 ato e Qin

at least two non-zero elements exist.
Hence, according to Lemmas 2.10 and 2.11,

(7] = [R|c™]P,
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where in each column of matrix R, xx = [r;;] there is only one non-zero entry,
each two rows of R are equivalent, P € P(n) and c is a vector. Let x = (21, ..., Zp)
be an arbitrary vector in R,,. So,

kK n n k
tr(zR) = Z Zz,;mj = le Zrij = tr(Ry)tr(x), (17)
j=1i=1 i=1  j=1
and
k n
2RIl = > @irs;| = 1R, (18)
j=1|i=1

where R; is the first row of R. Thus if z,y € R,, with « <, y, then ¢r(zR) =
tr(yR) and ||zR|| < ||zR)||. Hence, according to Proposition 2.3 and Lemmas 2.10
and 2.11 the proof is complete. O
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