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Abstract

The representation theory of groups is one of the most interesting exam-
ples of the interaction between physics and pure mathematics, where group
rings play the main role. The group ring RI" is actually an associative ring
that inherits the properties of the group I" and the ring of coefficients R. In
addition to the fact that the theory of group rings is clearly the meeting point
of group theory and ring theory, it also has applications in algebraic topol-
ogy, homological algebra, algebraic K-theory and algebraic coding theory. In
this article, we provide a complete description of Gorenstein flat-cotorsion
modules over the group ring RI', where I is a group and R is a commutative
ring. It will be shown that if IY < T is a finite-index subgroup, then the
restriction of scalars along the ring homomorphism RI"” — RI' as well as its
right adjoint RT' ®gr+ —, preserve the class of Gorenstein flat-cotorsion mod-
ules. Then, as a result, Serre’s Theorem is proved for the invariant GhdgrT,
which refines the Gorenstein homological dimension of ' over R, GhdgrI,
and is defined using flat-cotorsion modules. Moreover, we show that the in-
equality GFCD(RI') < GFCD(R) +cdrI holds for the group ring RI", where
GFCD(R) denotes the supremum of Gorenstein flat-cotorsion dimensions of
all R-modules and cdgrI" is the cohomological dimension of I" over R.
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1. Introduction

Throughout the article, unless stated to the contrary, R will always denote a com-
mutative ring with a unity, although some arguments are also valid without the
assumption of commutativity. Let I be a group and let RI" denote the group ring
of I" over the ring R. In the theory of group rings, the methods of ring theory and
group theory have an effective relationship and create an active research field which
is replete with diverse problems and novel insights. There is a mutual relationship
between the characteristics of a group and its group ring, where investigations
lead to deep results and create interesting problems. The study of group rings
was first done in the framework of the theory of representations of finite groups.
Representation theory is a mathematical subject in which algebraic structures are
studied through the representation of their elements as linear transformations of
vector spaces [1]. Basically, a representation can describe algebraic objects more
tangible via matrices and their algebraic actions, such as matrix addition and mul-
tiplication. Groups, associative algebras and Lie algebras are the most important
algebraic objects that are described in this way, and group representation theory
is the oldest one. In the theory of representations of groups, group elements can
be represented by invertible matrices so that matrix multiplication plays the role
of group operation [2]. In fact, the advantage of group representation theory is
that it can reduce abstract algebra problems to understandable and concrete prob-
lems of linear algebra. For example, representing a group with a Hilbert space of
infinite dimension makes it possible to apply analytical methods in group theory
[3]. Representation theory is also important in physics, because it can be shown,
for example, how the group symmetry of a physical system can affect the set of
solutions to the equations that describe that system [4]. Representation theory,
and in particular representations of the three-dimensional rotation group, is widely
used in quantum mechanics. On the other hand, the study of representations of
the rotation group of three-dimensional space can serve as a good introduction to
the general theory of representations of Lie groups, see [5, 6].

An important problem that was considered in the representation theory of finite
groups was the determination of projective modules over group rings. Chouinard
showed that the projectivity of an RI’-module A is equivalent to the fact that the
restriction of A to any elementary Abelian subgroup of T' is also projective [7].
Another way to recognize projective modules over group rings is given by Benson
and Goodearl in [8]. According to their results, when I is a finite group, any flat
RI-module that is projective as an R-module is also projective as an RI'-module.

Group rings associated with infinite groups appeared in the texts of algebraic
topology and group theory in the 1930’s, and their applications were mainly con-
sidered two decades later. Nonetheless, the beginning of the 60’s can be considered
as the turning point of research on this type of rings, so that the flow of writing
articles in this field increased significantly.

One of the important topics in the theory of group rings is the study of some
characteristics of groups through their (co)homological properties, which nowa-
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days is referred to as cohomological theory of groups. This theory, which has
algebraic and topological roots, has a long history in group theory. So far, various
(co)homological dimensions have been assigned to a group I', the most important
of which is the cohomological dimension (respectively, homological dimension) of
the group T over the ring R, which is denoted by cdgI" (respectively, hdgT'), see
2.2. In [9] and [10], it is proved that a torsion-free group I satisfies cdgI" < 1 if and
only if it is free. Also, a theorem known as Serer’s Theorem states that if IV < T
is a finite-index subgroup of a group I' without R-torsion, then cdgl’ = cdgI”
(hdgI' = hdgI") [11]; recall a group I' is without R-torsion, provided that the
order of every element of I is either infinite or a unit in R. In 1953, Tate’s coho-
mology for finite groups was introduced. The definition of this cohomology was
based on the result which stated that the ZI'-module Z, with trivial I'-action,
has a complete projective resolution. Inspired by Tate’s observations, a class of
finitely generated modules that had complete projective resolution was introduced
by Auslander and Bridger in [12]. By using such modules, the G-dimension of
finitely generated modules on the Noetherian rings was defined by himself and ac-
tually refined the projective dimension of these types of modules. Then, in order to
generalize the notion of G-dimension for arbitrary modules over any ring, Enochs
and Jenda introduced Gorenstein projective and Gorenstein injective modules in
[13]. Based on these definitions, the theory of Gorenstein homological algebra
formed, which in fact, the main idea of its formation was to look at Gorenstein
projective and Gorenstein injective modules, respectively, instead of the projective
and injective modules in classical homological algebra. In order to complete this
theory, Gorenstein flat modules were also introduced, see [14]. According to a
general principle, every result in classical homological algebra must have a paral-
lel in Gorenstein homological algebra. Following this, from 2004 onwards, Holm,
Bennis, Mahdou et al. introduced certain Gorenstein cohomological dimensions
to which the methods and theories of classical homologica algebra (probably with
some additional conditions) can be applied (for example see [15, 16]). In the recent
decade, the study of Gorenstein modules and their related dimensions on group
rings was considered, see [17-25]. Specifically in [24], Asadollahi et al. called the
Gorenstein projective dimension of the RI-module R, with trivial I'-action, as the
Gorenstein cohomological dimension of I" over R and denoted it by GedgrI'. They
investigated the relationship of this dimension with other homological invariants
attributed to group I' and then proved a theorem similar to Serre’s Theorem for
it. Also, the Gorenstein flat dimension of modules over group rings and especially
the Gorenstein flat dimension of the RI-module R and its relationship with other
homological invariants of I" were studied in [25].

A class of modules that has received special attention in Gorenstein homological
algebra during recent years is the class of modules that are Gorenstein flat and
cotorsion at the same time. For example, Gillespie in [26] proved that provided the
ring is coherent, the category of modules that are simultaneously Gorenstein flat
and cotorsion is Frobenius, while for the category of Gorenstein flat modules, this
phenomenon rarely happens, see [27, Theorem 4.5]. Therefore, the Gorenstein flat-
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cotorsion modules and the dimensions related to them were defined and extensively
investigated [27-30].

Our main goal in this paper is to study the class of Gorenstein flat-cotorsion
modules for group rings. One of the concerns in the theory of cohomology of groups
is related to the transfer of properties of modules along the ring homomorphisms
RIY — RI, I" < T, where the main role is played by the restriction and the
extension of scalars via the functor RI' @gr —. Following this, we examine here
the behavior of these functors on the class of Gorenstein flat-cotorsion modules,
especially in the case where IV < T is a finite-index subgroup. More precisely, we
show that if I' contains a subgroup I' of finite index, then every RI'-module that
is flat-cotorsion over RI" is Gorenstein flat-cotorsion over RT' (Proposition 3.4)
and that an RImodule is Gorenstein flat-cotorsion if and only if it is so as an
RI"-module (Corollary 3.8). Also, we define a refinement for the invariant GhdzT',
Gorenstein homological dimension I" over R, which was introduced in [25] and we
denote it by éTl/dRF. Then we prove a theorem similar to Serre’s Theorem and
obtain a characterization of finite groups by applying it. At the end of the article,
we will focus on the invariant GFCD(R), which actually stands for “the supremum
of Gorenstein flat-cotorsion dimensions of all R-modules”. It is shown that if we
switch to the group ring RT, the inequality GFCD(RT") < GFCD(R) +cdgI holds,
see Theorem 4.9.

2. Notation and terminology

By a complex A of R-modules, we mean a sequence of homomorphisms of R-
modules

dit1

A A A;

Ajg——> e,

such that d;d;y1 = 0 for every i € Z. We write Z;(A) for Ker(d;) and C;(A)
for Coker(d;+1). H;(A) denotes the i-th homology module of A, and we say that
A is acyclic, when H;(A) = 0 for all ¢ € Z. Following Avramov and Foxby [31],
an R-complex F of flat R-modules is called semi-flat provided — @ g F' preserves
acyclicity. Recall that an R-module C is said to be cotorsion if Exty(F, C') vanishes
for every flat R-module F'. When C is an R-complex of cotorsion R-modules, we
say that C is semi-cotorsion if Homg(F, C) is acyclic for every semi-flat complex
F, see [32]. By definition, an R-complex K is semi-flat-cotorsion provided that
it is simultaneously semi-flat and semi-cotorsion, see [33]. Recall from [28] that
a semi-flat-cotorsion replacement of an R-complex A means a semi-flat-cotorsion
R-complex that is isomorphic to A in D(R), i.e. the derived category of complexes
over R.
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2.1 Gorenstein flat-cotorsion modules

When it is said that a module is flat-cotorsion, we mean that it is flat and cotor-
sion at the same time. An acyclic R-complex L of flat-cotorsion modules is called
totally acyclic if for any flat-cotorsion R-module K, the complexes Homp (K, L)
and Hompg (L, K) are acyclic. It is noteworthy that if L is an acyclic complex of
flat-cotorsion R-modules, then for every flat-cotorsion R-module K, the complex
Homp (K, L) automatically is acyclic, because by [34, Theorem 1.3] the kernels of
an acyclic complex of cotorsion modules is cotorsion. We say that an R-module
is Gorenstein flat-cotorsion if it is isomorphic to Zy(L) for some totally acyclic
complex L of flat-cotorsion modules, [27]. Clearly, any flat-cotorsion module
is Gorenstein flat-cotorsion. The closedness property of the class of Gorenstein
flat-cotorsion modules with respect to direct summands and finite direct sums is
proved in [28, Proposition 3.3]. If L is a totally acyclic complex of flat-cotorsion
R-modules, then by symmetry, all the kernels, cokernels and the images of the
differentials of L are Gorenstein flat-cotorsion.

2.2 Group rings

If " is a group, then RI' denotes the group ring formed by I'" over R. By an
RImodule, we mean an R-module A with the action of I" on it. An important
point to note is that over a group ring RI', every right module A can be converted
in a canonical way into a left module by setting z.a = az™!, a € A,z € T and
vice versa. Therefore, when discussing the category of RI-modules, we refrain
from writing the right and left attributes. When I" is a subgroup of I', RI" is a
subring of RT, and so if A is an RI-module, then we can restrict it to an RI"-
module. Moreover, if B is an RI'-module, we have the R[-modules RT @z B and
Homgr/ (RT, B), which are called the induced and coinduced modules, respectively.
It is well-known that there is an inclusion RI' ®grs B < Homgp (RI, B), which is
an isomorphism whenever the index of I'' in I" is finite, see [35]. In the special case
where R is viewed as an RI'-module with trivial I'-action, the projective dimension
(the flat dimension, respectively) of R, denoted cdgI" (hdgI', respectively), is called
the cohomological dimension (homological dimension, respectively) of ' over R.
Also note that the exactness of any exact sequence of RI'-modules is preserved by
restricting it to RI”. By definition, an exact sequence of RI-modules

0 A—*.p_.¢ 0,

is called RI"-split if there exists a homomorphism 3’ : C — B of RI'-modules
with 83’ = id¢.

The following lemma, which is sometimes called the Eckmann-Shapiro lemma,
is a direct consequence of [36, Corollary 2.8.4].

Lemma 2.1. Let TV be a subgroup of an arbitrary group T'. If A is an RT'-module
and B is an RI'-module, then for every non-negative integer n
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o i) Ext? (RT @ B, A) = Extl. (B, A).

o ii) Extlp (A, Hompp (RT, B)) = Ext™p (A, B).

2.3 Gorenstein homological dimension

An R-module G is said to be Gorenstein flat if there is a complex F of flat R-
modules with G = Cy(F) such that H;(F) = 0 = H;(F ®g E), for any injective
R-module E and for any i € Z. For an R-module A, the Gorenstein flat dimension
of A, GfdrA, is defined as

There is an exact sequence of R-modules
GifdrRA=inf<{ necZ 0—G,— - -—G —A—0
where the G; are Gorenstein flat

The Gorenstein flat dimension of R as an RI'-module with trivial I'-action is called
the Gorenstein homological dimension of I over R and is denoted by GhdgI.

3. Gorenstein flat-cotorsion modules over group rings

This section is devoted to the description of Gorenstein flat-cotorsion modules for
group rings. The central role of flat-cotorsion modules in the article is our main
reason for starting with the following lemmas.

Lemma 3.1. Suppose I' is a group and K is an RI'-module. If K is a flat-
cotorsion, then K is a flat-cotorsion over RI” for every subgroup I of T.

Proof. First, we note that since K is flat as an RI-module, it is also flat as an RI"'-
module. Therefore, it is enough to show that K is a cotorsion RI"-module. To this
end, consider the flat RI'-module F’. Clearly, the R[-module RT ®g F” is flat, so
we have Extyp(RI ®@gp F', K) = 0. But Extip(RT @ppe F', K) = Extip (F/, K),
by [37, Theorem 10.74], hence Extyp (F’, K) = 0. Therefore, K as an RI"-module
is cotorsion, hence flat-cotorsion. O

Lemma 3.2. Let IV < T be a finite-index subgroup of an arbitrary group T’ and
let K be an RI'-module. Then K is flat-cotorsion if and only if RT ®rp K is
flat-cotorsion as an RI'-module.

Proof. Assume that K is a flat-cotorsion RI"-module. Since RI' ®@pp K is flat
as an RI-module, to prove the “only if” part, it suffices to show that it is also a
cotorsion RI'-module. Therefore, take a flat RI'-module F'. We have the following
isomorphisms in which the second isomorphism is obtained from Lemma 2.1

Extip(F,RI @gp K) = Extgp(F, Homgp (RT, K))
Exthp (F, K).

IR
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The fact that F is flat as an RI"-module implies that Extgp(F,RT @ K) = 0,
as desired.
For the "if” part, consider the RI'-exact sequence

0——=F—>RI®gr K —= K —=0,

where 7 is the canonical epimorphism, which is known to be RI'-split see [35,
II1.3]. The closedness of the class of flat-cotorsion modules with respect to direct
summands now gives the result. O

Remark 1. Suppose IV < T' is a subgroup of I". As stated in Subsection 2.2,
if the index of I” in T is finite, then for every RI'-module K there is a natural
RI-isomorphism Homgp (R, K) = RI' g K. Therefore, we can immediately
conclude from Lemma 3.1 that an RI'-module K is flat-cotorsion if and only if
the RI'~module Homgr (RT', K) is so. Throughout the article, this point will be
used without reference.

Proposition 3.3. Let IV < T be a finite-index subgroup of an arbitrary group T’
and let G be an RT'-module. If G is Gorenstein flat-cotorsion, then it is Gorenstein
flat-cotorsion as an RI-module.

Proof. G is Gorenstein flat-cotorsion as an RI-module. Therefore, according to
[28, Lemma 3.2], G is a cotorsion RI'-module. So, as seen in the proof of the
Lemma 3.1, it is also cotorsion as an RI'-module. Now, take a flat-cotorsion RI"-
module K’. By Lemma 3.2, the RI-module RI' @z K’ is flat-cotorsion. Consider
the isomorphisms

Exthp(G,RT @pp K') = Extip(G, Homgp (R, K'))
Extir (G, K'),

1%

where the second isomorphism is obtained from Lemma 2.1. According to [28,
Lemma 3.2|, we have EthR}Fl, (G,K’) = 0. On the other hand, by [28, Lemma 3.2,
there exists an exact sequence

L:0 G LO L,l L,Q ety (*)

where, the L; are flat-cotorsion RI'modules and Homgr (L, K) is acyclic for every
flat-cotorsion RI-module K. It is clear that, () is an exact sequence of RI"-
modules and by Lemma 3.1, the L; are flat-cotorsion RI"-modules. Now, using
the isomorphisms

¢

Homgp- (]—_47 K,) = Homgp (RF ®rr L, K,)
Hompgr (L, Homgp (RT, K'))
Home (L7 RI ®RF/ K/),

1%

1%

we conclude that Homgyp (L, K') is exact. Therefore, another use of [28, Lemma
3.2] yields that G is a Gorenstein flat-cotorsion RI"-module. O
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Proposition 3.4. Let IV < T be a subgroup of finite index. Then an RI'-module
G is Gorenstein flat-cotorsion provided it is flat-cotorsion as an RI”-module.

Proof. Consider the RI"-split RT-exact sequence
0*>J0*>RP®RF/ GHW'GHO

By assumption and Lemma 3.2 the RI[-module RI" @z G is flat-cotorsion and
therefore by Lemma 3.1, it is flat-cotorsion as an RI”-module. So, .Jy is a flat-
cotorsion RI"-module. By repeating this process for Jy instead of G, it is possible
to obtain the RI”-split exact sequence

0 J1 L1 JO 07

of RI'-modules such that L4 is a flat-cotorsion RI'-module and J; is a flat-cotorsion
RI"-module. In this way, we get an acyclic complex of RI-modules

L Lo G 0, (*)

in which the L; are flat-cotorsion and it is split over RI'. On the other hand, we
have the RI"-split exact sequence of RI-modules

0 —— G ——= Homgr (RI',G) —= J_; —= 0,

where ¢ is the canonical monomorphism. Note that since G is a flat-cotorsion
RI"-module, the R[-module Homgy (RT, G) is also flat-cotorsion, and so J_; is
flat-cotorsion as an RI'-module. In the same way and by substituting J_; instead
of G, one can obtain an RI"-split exact sequence of RI'-modules

0 J_l L—l J—2 Oa

where L_; is a flat-cotorsion RI'-module and J_5 is a flat-cotorsion RI'-module.
Therefore, the exact sequence of RI'-modules

0 G L_1 L_2 ey, (**)

is obtained, in which, the L; are flat-cotorsion RI'-modules. Moreover, this se-
quence is split over RI". Splicing together the sequences (x) and (%), an acyclic
complex of flat-cotorsion RI'-modules

L: .- L2 Ll LO L—l L—2 Tty

can be obtained such that G = Ker(L_y — L_53). Now assume that K is a
flat-cotorsion RI'-module. We claim that the functor Homgr(—, K) preserves the
exactness of L. Since K is a flat RI-module, by Lazard’s Theorem, K can be
written as a direct limit of a family of finitely generated free RI-modules. Clearly,
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for every free RI-module P, there exists an RI-isomorphism P = RI' Qg P/,
where P’ is a projective RI"-module. Now, since the functor RI' ®gr — commutes
with direct limits, so K is RT-isomorphic to RI' ®@gps K for some flat RI’-module
K’. Hence, there are the isomorphisms of complexes:

HOII’IRF (L, K) = HOIIlRF (L, RI' ®RF’ K,)
~ Homgr(L, Homgr (RT, K'))
= HOIHRF/ (RF QR L, K’)

1

HOIIIRIV (L, K/)

The construction of L shows that the last complex is exact, so the first complex is
also exact. Finally, by Subsection 2.1 the complex Homgr (K, L) is automatically
exact, so the acyclic complex L is a totally acyclic complex of flat-cotorsion RI'-
modules. Therefore, G is a Gorenstein flat-cotorsion RI™-module. O

Example 3.5. Consider a finite group I' with trivial subgroup I" = {e}. Then

Homy (Q, %) can be viewed as an ZI'-module where I" acts trivially on it. Since,

by [38, Lemma 3.2.3], Homyz(Q, %) is a flat-cotorsion ZI”-module, therefore the
previous proposition shows that it is a Gorenstein flat-cotorsion ZI'-module.
Lemma 3.6. Let IV < T be a subgroup of finite index, and let G be an RI"-module.

Then G is Gorenstein flat-cotorsion if and only if RI' Qg G is a Gorenstein flat-
cotorsion RI'-module.

Proof. If G is a Gorenstein flat-cotorsion RI'-module, then by definition there
exists an acyclic complex of flat-cotorsion RI'-modules

L:--- L2 L1 LO L,l L,Q ety

with G = Ker(L_; — L_3). Moreover, the complexes Homgr/ (L, K') and
Hompgp (K',L) are exact for every flat-cotorsion RI"-module K’. Applying the
functor RI"' ® g — to L and using Lemma 3.2, the acyclic complex RI' @z L of
flat-cotorsion RT-modules with RT @ G = Ker(RI'®gr' L1 — RT Qg L_2)
is obtained. Now pick a flat-cotorsion RI'-module K. By the hypothesis, the right
side of the isomorphism Homgr (RI'®gr L, K) = Homgy (L, K) is exact, therefore
the left side is also exact. In the same way, by using the isomorphisms

Hompr (K, RI' Qg L) = Hompgr (K, Homgr (RT, L)) = Homgr (K, L),

we conclude that Homgr (K, RI ®gr L) is exact. Thus RT ®gr L is a totally
acyclic complex of flat-cotorsion RI'-modules and therefore RI'®g G is Gorenstein
flat-cotorsion.

The converse follows from Lemma 3.1 and [28, Proposition 3.3] and the fact
that G is a direct summand of R’ ®gr G as an RIV-module. O
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Below, we will examine how the property of being Gorenstein flat-cotorsion
ascends and descends between the group I', and a given finite-index subgroup I".
To this end, we need the following theorem.

Theorem 3.7. Let IV < T be a finite-index subgroup of an arbitrary group I'. Then
every RT'-module G which is Gorenstein flat-cotorsion over RI is Gorenstein flat-
cotorsion over RI'.

Proof. Since G is a Gorenstein flat-cotorsion RI'-module, there exists an exact
sequence of RIV-modules

0 Jo F G 0,

where Fj is flat-cotorsion and Jj is Gorenstein flat-cotorsion. Applying the functor
RI’ @z — to this exact sequence, we get the exact sequence

0 ——RI'®prr Jo ——= RI' Qrr' Fy ——= RI' Qppr» G ——= 0,
of RI-modules. On the other hand, we consider the RI"-split exact sequence
0—>J—>RI'Qpr G——>G——>0,

of RT-modules . So, similar to the proof of [38, Theorem 3.1.9], it can be shown
that there is a commutative diagram

0 0
Kerp =——=RI" Qg Jo
0 Ey RI'Qrr Fy —= G ——=0
@
0 J Rl ®gp G —— G —=0
0 0

with exact rows and columns. By assumption and Lemma 3.6, R’ ®g G is
a Gorenstein flat-cotorsion RI-module, and since the bottom row is RI-split,
we conclude from [28, Proposition 3.3| that J is Gorenstein flat-cotorsion as an
RI"-module. Moreover, Kerg = RI' ®@gy Jy is also Gorenstein flat-cotorsion RI"-
module, so it follows from [28, Proposition 3.4] applied to the exact sequence

0 Keryp E; J 0,
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that E; is a Gorenstein flat-cotorsion RI'-module. Repeating the argument above
for E; instead of G, leads to a short exact sequence

0 J1 F1 El 07

of RIV-modules, in which F} and J; are flat-cotorsion and Gorenstein flat-cotorsion
RI"-modules, respectively. After that, the exact sequence

OHEQHRF(@RF'F&HE&HO,

of RI-modules is obtained, where Fj is Gorenstein flat-cotorsion over RI". If this
process continues, one can provide the exact sequence

L1 LO G 07 (T)

of RI-modules such that by Lemma 3.2, the L; are flat-cotorsion and the syzygies
are all Gorenstein flat-cotorsion RI'-modules.

In order to continue the proof, we need to use the dual of the above argument.
To be precise, consider the exact sequence of RIV-modules

0 G F J_1 0,

where F_; and J_; are flat-cotorsion and Gorenstein flat-cotorsion, respectively.
By applying the functor Homgpr/ (R, —) to it, the exact sequence

0——s HOII’IR[‘/ (RF, G) —> HOIHRF/(RF, F_l) —_—> HOII’IRF/ (RF, J_l) —> 0,
of RI'-modules is obtained, which together with the canonical exact sequence
0 — G —— Homg (RT,G) —— J ——= 0,

leads to the commutative diagram

0 0
0 — > G —“ > Hompr (RT, G) J 0
SO
04>G4>HOHIRF/(RF,F_1) E_1 0
Hompgy (RT', J_1) === Cokerp
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with exact rows and columns, see the proof of [38, Proposition 2.2.1]. We know that
the first row in the above diagram is RI"-split. Moreover, since the index of I'" in I"
is finite, RT' ®g G = Hompg (RT, G) and hence by Lemma 3.6, Homgp (RT, G)
is a Gorenstein flat-cotorsion RI’~module. It follows from Proposition 3.3 in view
of |28, Proposition 3.3], that the RI"-module .J is Gorenstein flat-cotorsion, and so
is E_1, by [28, Proposition 3.4]. Repeating the above argument, as we did in the
first part of the proof, shows that there exists an exact sequence of RI'-modules

0 G Ly L_» e &y

where the L; are flat-cotorsion and the syzygies are all Gorenstein flat-cotorsion
RI"-module. Splicing together the sequences (1) and (1), we can provide an acyclic
complex of flat-cotorsion RI™-modules

L. - L2 L1 LO L_1 L_2

in which G = Ker(L_y — L_5). Moreover, L splits when viewed as an exact
sequence of RI"-modules. Thus, L remains exact when applying the functors
Homgp (—, K’) and Homgp (K’,—) for any flat-cotorsion RI"-module K’. Take
a flat-cotorsion RI’-module K. Since K is a flat RI'-module, there exists an RI'-
isomorphism K =2 RI’ @z K’, where K’ is a flat RI'-module. Now, similar to
the proof of Proposition 3.4, it can be proved that the functors Homgr(—, K) and
Homgpr (K, —) preserve the acyclicity of L. It follows that L is a totally acyclic
complex of flat-cotorsion RI'-modules, and so G is a Gorenstein flat-cotorsion RI'-
module, as desired. O

We end the section with the following result, which is a direct consequence of
Proposition 3.3 and Theorem 3.7.

Corollary 3.8. Let IV < T be a subgroup of finite index, and let G be an RI -
module. The necessary and sufficient condition for G to be Gorenstein flat-cotorsion
is that it is Gorenstein flat-cotorsion as an RI'-module.

4. Gorenstein flat-cotorsion dimension with group

ring coefficients

The main theme of this section is to investigate the behavior of invariants that
are defined based on Gorenstein flat-cotorsion modules over group rings. The
Gorenstein flat-cotorsion dimension was originally defined for complexes over as-
sociative rings by Christensen et al. in [28]. Their definition was given in terms of
replacement of complexes, as followes.
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Definition 4.1. The Gorenstein flat-cotorsion dimension of an R-complex A,
denoted by GfcdrA, is defined as

H;(X) =0 for all ¢ > n and C,(X)
GfcdrA =inf{ neZ is Gorenstein flat-cotorsion for some
semi-flat-cotorsion replacement X of A

By convention, we set inf @ = co.

Remark 2. Supplementary information on Gorenstein flat-cotorsion dimension
can be found in [28-30]. However, the following facts are worth mentioning.

e (i) Several characterizations of complexes of finite Gorenstein flat-cotorsion
dimension are given in [28]. In particular, according to [28, Theorem 4.5|, one
can conclude that for every R-module A of finite Gorenstein flat-cotorsion
dimension, there is an equality

GfcdpA = sup {n | Ext; (A, K) # 0 for some flat-cotorsion R-module K} .

e (ii) A cotorsion R-module C' has Gorenstein flat-cotorsion dimension less
than or equal to n (n € Z, n > 0) if and only if there is an exact sequence

0 G K1 Ko C 0,

with all K; flat-cotorsion modules and with G a Gorenstein flat-cotorsion
module. Therefore, if C'is a cotorsion R-module, then the condition GfcdrC =
0 is equivalent to C being Gorenstein flat-cotorsion, see [28, Remark 4.6].

e (iii) For any R-module A, there are inequalities GfcdgA < GfdrA < fdr4
and if each of these dimensions is finite, it is equal to the values on its left
side, see [28, Theorem B].

Proposition 4.2. Let IV < T be a subgroup of finite index. For any RIT-module
A, Gfedrr A < Gfedrr A, with equality when GfedgrrA is finite.

Proof. The inequality Gfcdgrr A < GfedrrA follows from the definition of Goren-
stein flat-cotorsion dimension, combined with Lemma 3.1 and Proposition 3.3.
Now assume GfedrrA = n < oco. Thus, by Remark 2 (i) there exists a flat-
cotorsion RI-module K such that Extpp(A4, K) # 0. The isomorphisms

Extir (A, K) = Extir (RTC ®rr 4, K)
= EXtﬁF(A, HOI’IIRFI (RF, K)),
and the fact that Extgp(A, K) is a direct summand of Extg (A, Homgr (R, K))

show that Extjy (A, K) # 0. But since K is flat-cotorsion as an RT'-module, by
Lemma 3.1, again Remark 2 (i) gives that Gfcdrr A > n, as desired. O
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The following Lemma was proved over Z in Lemma 4.10 of [25], and the same
proof works here.

Lemma 4.3. Let IV < T be of finite index. If an RI'-module G is Gorenstein flat,
then it is Gorenstein flat as an RI'-module.

Corollary 4.4. Assume that I < T is a subgroup of finite index of an arbitrary
group I'. For every RI'-module A there is an inequality Gfdgr' A < GfdrrA, which
1s an equality if GIdrrA is finite.

Proof. The inequality Gfdrr A < GfdgrA is clear, since every Gorenstein flat RI'-
module also is Gorenstein flat as an RI"-module by Lemma 4.3. Since the finiteness
of GfdgrrA implies that Gfdrr A is finite, the equalities Gfdgrr A = Gfedrr 4 =
GfcdrrA = GidrrA follow from Remark 2 (iii) and Proposition 4.2. O

Notation. Given a ring R and a group I', we denote by C/ﬁl/de" the Gorenstein
flat-cotorsion dimension of the RI-module R, where R is viewed as an RI'-module
with trivial I-action.

The following assertions are all special cases of some results that have been
proved so far in connection with the Gorenstein flat-cotorsion dimension of mod-
ules.

Remark 3. For a group I'; the following statements hold.

e (i) By Remark 2 (iii), we have the inequality (/}HiRF < hdgI" and equality
holds whenever the group I' has finite homological dimension over R.

e (ii) In view of Remark 2 (iii), we can deduce that GhdgT refines the notion
of Gorenstein homological dimension of I over R, and if GhdgI is finite,
these will coincide.

e (iii) An equality, which resembles the well-known Serre’s Theorem, is proved
for Ghd. More precisely, if IV < T is a finite-index subgroup, then there is
an inequality éBElRF’ < C/}BaRF, with equality when (/}B/dRF is finite, see
Corollary 3.8.

By definition, a group I' is said to be locally finite if every finite subset of elements
of I" is contained in a finite subgroup of I'. In the sequel, we will examine GhdgI"
when T is a finite or locally finite group.

Corollary 4.5. Let I' be a group without R-torsion. Then éﬂiRF = 0 provided
that T is locally finite.

Proof. By [11, Proposition 4.12], a group T" satisfies hdgI' = 0 if and only if it is
locally finite without R-torsion. Using this fact, in view of Remark 3 (i), we have
GhdgI' = 0. O

The next corollary gives another homological characterization of finite groups.
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Corollary 4.6. Suppose I' is a group with ZI' coherent. Then the following state-
ments are equivalent.

(i) T is finite.

(i) GhdgD = 0, for any commutative ring R.
) éhvdRF =0, for any commutative ring R.
(iv) GhdzI' = 0.

(v) GhdzI' = 0.

Proof. (i) = (ii) It is clear that if IV = {e} is the trivial subgroup of I, then R
is Gorenstein flat as an RI'-module, where R is an arbitrary commutative ring.
Moreover, since T' is finite, by [17, Theorem 2.6] ( which is done over Z, but the
same proof works for R), R is also Gorenstein flat as an RI-module and therefore
GhdgI' = 0.

(#4) = (#i7) Follows directly from Remark 3 (ii).

(#91) = (iv) It is trivial.

(iv) = (v) Since ZI is coherent, |28, Corollary 5.8] indicates that GhdzT is
equal to GhdzI'. Thus we have GhdzI' = 0, according to the assumption.

(v) = (4) It is exactly Proposition 4.12 of [25].

O

For every associative, not necessarily commutative ring R (with unity), we
denote the quantity

sup{GfcdrA | A is a right R-module},

by r.GFCD(R), and refer to it as “the right global Gorenstein flat-cotorsion dimen-
sion of R”. Similarly, by converting the attribute right to left, the left global Goren-
stein flat-cotorsion dimension of R can be defind and is denoted by I.GFCD(R).
In the case of R = R°P, because the categories of right and left R-modules coin-
cide, we avoid writing the letters r and [, and we use the symbol GFCD(R). We
conclude this section by examining some properties of the invariant

GFCD(RT') = sup{GfcdrrA | A is an RI-module},

where R is a ring and I' is a group.

Proposition 4.7. Suppose I' < T is a finite-index subgroup of an arbitrary group
I'. Then GFCD(RI') = GFCD(RI").

Proof. To prove the inequality GFCD(RI”) < GFCD(RT), let us assume that
GFCD(RT) is finite, say n, because otherwise there is nothing to prove. Now
take an arbitrary RI'-module A. Since RI' ®gr A is an RI-module, we conclude
from the assumption that Gfcdrr(RI' ®grr A) < n. On the other hand, using
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Proposition 4.2 together with the fact that the RI'-module A is a direct summand
of the RI"-module RT" ®gr A, gives the inequalities

Gilcdrr A < Gfedgrr (RF QRr A) < Gfedgr (RF QRr’ A) < n.

Therefore the desired ineuality is proved. For the coverse inequality, it suffices to
assume that GFCD(RI") is finite and apply Proposition 4.2 again. O

Our next goal is to describe the relationship between GFCD(R) and GFCD(RT')
by using cdgl. The following lemma, proved by Chouinard in [7], will be needed.

Lemma 4.8. Let I' be a group. Given RI'-modules A and B with the property
ExtRh(A, B) =0 for all i > 0, there are isomorphisms

Extir(A, B) 2 Extgr (R, Hompg(A, B)),
for all n > 0, where Hompg(A, B) carries the diagonal T'-action defined by
(aB)(z) = a[f(a™ z)], a €T, z € A, B € Homg(A, B).
Theorem 4.9. For an arbitrary group ', there is an inequality
GFCD(RI') < GFCD(R) + cdgl.

Proof. Clearly, we may assume that both GFCD(R) = r and cdgl’ = s are finite.
First, we show that if C is a cotorsion RI'module, then GfcdgrrC < r +s. To
this end, consider a partial minimal flat resolution (a flat resolution made of flat
covers) of the RT-module C' as

0 G Froa e Ky c 0. ()

From the proof of Lemma 3.1, C' is cotorsion as an R-module and also by assump-
tion we have GfcdgrC < r. Therefore, by Remark 2 (ii), there is an exact sequence
of R-modules

0 G’ Jra e Jo c 0, (1)

in which the J; are flat-cotorsion and G’ is Gorenstein flat-cotorsion. Moreover,
when (f) is viewed as an exact sequence of R-modules, in light of [39, Corollary
5.3.26], it follows that the F; are all flat-cotorsion. If we apply [39, Corollary 8.6.4]
to () and (1), we get an isomorphism of R-modules

G@JrflgaFer@"'gG/QBFrfl@JTfQ@"'a

and hence G’ is a Gorenstein flat-cotorsion R-module, thanks to [28, Proposi-
tion 3.3]. Take a flat-cotorsion RImodule L, and view it as an R-module. By
Lemma 3.1, L is a flat-cotorsion R-module, and so Ext%(G, L) = 0 for all ¢ > 0.
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Moreover, since cdgl’ = s we have Ext{ﬂﬂ(R, Homp(G, L)) =0 for all j > s. Thus,
Lemma 4.8 implies that Ext{m(G, L) = 0 for all j > s, which in turn implies
that GfedrrG < s, by [28, Theorem A]. On the other hand, since G is clearly
cotorsion as an RI-module, so by Remark 2 (ii), there exists an exact sequence of
RI-modules

0 H L, e Lo G 0, (1)

where the L; are flat-cotorsion and H is Gorenstein flat-cotorsion. By splicing it
to (), we obtain an exact sequence of RI-modules

0——H —F, 151 Fy C 0,

with the F; flat-cotorsion and H a Gorenstein flat-cotorsion module. Therefore, if
we use Remark 2 (ii) once again, the inequality GfedrrC < r + s is obtained.

Now suppose A is an arbitrary RI-module. We claim that GfcdgrA < r + s.
To prove this, we apply the same technique used in the last part of the proof of
Theorem 3.3 of [29]. More precisely, let

F: o —>F,y F, Fy A 0,

be a minimal flat resolution of the RI'-module A. Since C;(F) is cotorsion, hence
the RT-module C,4y1(F) must be Gorenstein flat-cotorsion. By [40, Corollary
4.10], there exists an exact sequence

0 F C G 0,

where C is semi-cotorsion and G is acyclic and semi-flat, and in view of [28,
Fact 1.4] C is a semi-flat-cotorsion replacement of A. Also, considering the exact
sequence of RI™-modules

it is easy to see that, for all ¢ > 1, G; is cotorsion. So by applying [28, Lemma
5.6] to the exact sequence

Go1:-o- G3 G Gy 0,

we infer that C,1441(G) is flat-cotorsion. It follows that the short exact sequence
00— Crys541(F) —= Cr1541(C) — Cri541(G) —0,

is split and so C,4s41(C) is Gorenstein flat-cotorsion. Hence GfcdrrA is finite.
Finally, we must show that GfcdrrA < r + s. But this holds from [28, Theorem
4.5] in view of the fact that A can be fitted into a short exact sequence

0 A C’ F’ 0,

with C’ cotorsion and F” flat.
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If R is a ring, its global Gorenstein dimension, Ggldim(R), is defined as
Ggldim(R) = sup{GpdrA4| A is an R-module},

where GpdrA denotes the Gorenstein projective dimension of the R-module A,
see [16]. Althought this definition is based on Gorenstein projective dimension of
modules, it has been proven that it can be defined using the Gorenstein injective
dimension of modules, see [15]. As a direct consequence of the above theorem and
[29, Theorem 3.3], one has the following corollary.

Corollary 4.10. IfT is a group, then GFCD(RI) < Ggldim(R) + cdgT.

Example 4.11. Assume that R is an n-Gorenstein ring (meaning that R is
Noetherian and has self-injective dimension at most n). According to [39, Theo-
rem 12.3.1], Ggldim(R) < n. Therefore, by Corollary 4.10, for a given group T,
the group ring RI satisfies the inequality GFCD(RT') < n + cdg['. In the special
case that R is the ring of integers Z, we have GFCD(ZT") < 1 + cdzI', because Z
is 1-Gorenstein. In particular, by [35, Examples VIII 2], we have

e (i) If T is the trivial group, then GFCD(ZI") < 1.
e (ii) If I" is free and non-trivial, then GFCD(ZI") < 2.
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