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Abstract

This paper is devoted to proposing hybridized discontinuous Galerkin
(HDG) approximations for solving a system of coupled Burgers equations
(CBE) in a closed interval. The noncomplete discretized HDG method is
designed for a nonlinear weak form of one-dimensional x—variable such that
numerical fluxes are defined properly, stabilization parameters are applied,
and broken Sobolev approximation spaces are exploited in this scheme. Hav-
ing necessary conditions on the stabilization parameters, it is proven in a the-
orem and corollary that the proposed method is stable with imposed homo-
geneous Dirichlet and/or periodic boundary conditions to CBE. The desired
HDG method is stated by using the Crank-Nicolson method for time-variable
discretization and the Newton-Raphson method for solving nonlinear sys-
tems. Numerical experiences show that the optimal rate of convergence is
gained for approximate solutions and their first derivatives.
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1. Definitions and notations

This paper deals with the system of nonlinear CBE which has many applications
such as modeling acoustic waves, heat conduction phenomena, and many other
fields in physics and engineering. For all z in a closed interval Q C R, ¢ € [0, 7],
and with fixed values a, 3, 1, and -y, we consider the following CBE

w4+ (—u, + gu2 + auv), = 0,
(1)
o; + (—v, + %02 + fuv), = 0,

where o and S in (1) depend on different system parameters such as Peclet number.
In general, a Peclet number is a dimensionless number that relates convective
and diffusive transport phenomena together in a continuum. Due to gravity and
Brownian diffusivity, the Peclet number is the Stokes velocity of particles in the
theory of CBE. The coupled equations (1), that is introduced by Esipov [1], can be
considered as modelling under the effect of gravity for sedimentation or evolution
of scaled volume concentrations of two kinds of particles in fluid suspensions or
colloids [2].

Nonlinear partial differential equations such as Burgers equations [3], KdV
equations [4], and RLW equations [5], are applicable for modeling of science and
engineering and so analytic or numerical solutions of the corresponding equations
are a high degree of importance and concern for the detection of physical phe-
nomena. Because the analytical solution of the system (1) is not expressed by an
explicit form or this solution needs high operational costs, hence it is requested
to design numerical methods for computing numerical solutions. Some significant
numerical methods for solving (1) can be listed as the conjugate filter method [6],
Chebyshev spectral collocation approach [7], the Adomian-Pade technique [§], a
cubic B-spline collocation method [9], a generalized differential quadrature method
[3], a fully implicit scheme and Crank-Nicolson scheme [10, 11], weak Galerkin fi-
nite element method [12], a high-order implicit hybridizable discontinuous Galerkin
method [13], and local discontinuous Galerkin method [14]. It should be pointed
out that solving linear and/or nonlinear partial differential equations with non
sufficient smooth given data and/or spatial domain with non-adaptive methods
fail to achieve the best possible rate with respect to the generated mesh. Indeed,
for producing a sequence of approximation solutions with the best possible rate,
an alternative is an adaptive method, e.g., wavelet adaptive method [15, 16].

The aim of this work depends on the DG and LDG methods. The DG method
was utilized and proposed in [17]. To solve nonlinear time-dependent problems,
the DG method was developed in [18, 19] some time-independent linear hyper-
bolic equations. Based on the DG method, the local discontinuous Galerkin (LDG)
method was proposed for solving a second-order time-dependent convection-diffusion
equation [20]. The significant part of the LDG method is based on the transfor-
mation of a high-order equation into a first-order system of equations and then
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solving the new system by the DG method. With the elimination of all auxiliary
variables locally, all flexibilities of the DG method will be available for the LDG
method.

The HDG method was introduced by mixing the DG method and continuous
Galerkin (CG) method for steady-state problems [21-24]. In the HDG method, the
DG method preserves the optimal convergence rate for approximate solutions and
their derivatives. Moreover, the CG method is exploited in the HDG method for
the high performance of the method. Numerical traces, as extra global unknowns,
are entered into the HDG method. One of the main advantages of the HDG
method is that the global unknowns produce a smaller global system of equations
in comparison with other DG methods. This can be achieved by eliminating the
local unknowns which are fundamental factors in the superiority of the method.
The advantage of the HDG method in the comparison with DG method is to
reduce the degree of freedom. Numerical fluxes of the HDG method are not defined
uniquely, but the definitions of the numerical fluxes have to guarantee the stability
of the desired method. Recently, the HDG method has been combined with other
methods so that the new methods have applications in many areas of scientific
fields of engineering for instance in biomechanics[25].

The rest of the paper is organized as follows. A semi-discrete HDG method
for coupled Burgers equation, that is designed by the use of numerical fluxes and
stabilization parameters, is proposed in Section 2. The stability of the proposed
semi-discrete HDG method is investigated in Section 3. In fact, we prove that
the method is stable in the L? norm under certain conditions on the stabiliza-
tion parameters. To solve semi-discrete HDG approximation of problem (1), a full
discretization approach is designed in Section 3 by exploiting the Crank-Nicolson
method for time discretization and Newton-Raphson as a nonlinear solver. Nu-
merical experiments in Section 4 show that the order of accuracy and motion of
soliton waves are derived by the proposed method. Finally, the conclusion is given
in Section 5.

2. Construction of the semi-discrete HDG method

To design an appropriate HDG method for solving (1), the initial step is to refor-
mulate the coupled Burgers equation into a first-order system of equations. By
defining p = u, and q = v,, the corresponding first-order system of (1) is as
follows:

w4 (—p+ qu + auv), = 0,
— Uy = 07

Y )
b + (—q+ 59 + Buv), = 0,
q—v, = 0.

Having a corresponding conditionally well-posed problem of system (2), this system
has to be equipped with some suitable initial and boundary conditions.
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To design a system of weak formulation of the system (2), it is needed to define
some notations and relevant approximate spaces for a desired HDG method. With
final time 7" and for all 0 < ¢t < T, we consider the first-order system of equations
(2) over the spatial domain Q = [z, zr] C R with the following partitioning

T =2 <m%<x%<--~<xN,%=l‘R, (3)

where N specifies number of subintervals, h = #ELFL is the spatial step size,
and z; it =@+ h, for j =0,1,...,N — 1. With setting K; = [xj_%,asj+%],
7=0,...,N—1, we consider the followmg non-overlaping elements and the set of
the boundary points of the partition (3)

J 1 ’
Suppose that F; and .7-'}? indicate the set of sub intervals and boundary nodes,
respectively, and Fp, = }'g U ]-',? is the set of all nodes. Mean and jump of one
variable function v on a given node z; 1€ F ,?, respectively, are defined as:

1, _ -
{{’Uj+%}} = 5(1}]4»% + U;_Jr;)a [[%‘4—%” =V /U;:,%7

+

where v’ 1 = = lim,_,g+ v(x il T €) and v 1= = lim,_,o- v(x it €). Note that

the mean and j jump of function v at boundary faces x_ 1, Ty 1 are determined as:

] =—vt,, [[UN,%]] = U;;_%» {{Ufg}} =vt,, {{UN—%}} = U;/_%-

2

Let n,- b1 = = +1 and n ~, = —1 be corresponding outward unit normal vectors
2
with respect to KC;. Mean and jump of function v are

(vt +v7)/2, e F}, (fvn]]
v, 66.7:,‘?, vn

wn={

_fv™Tnt+vnT, e€ F,
~n, ee FY.
It is needed to define suitable approximate spaces that fit the method for obtaining
weak formulation associated with the first-order system (2). Based on the structure
of DG method, broken Sobolev spaces are relevant spaces for approximating the

solution of system (2) by an HDG method [26]. Discontinuous finite element space
Sh i, as a subspace of a broken Sobolev space, is defined by:

Shi = {w € L2(Q) : w e PF(K),VK € %}

where P¥(K) is the set of polynomials of degree at most k on the element K € .#;,.
The approximation space of the broken Sobolev space over Fj, is given as:

My = {p € L*(Fp) : p|€ PH(e),Ve € Fp}.
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We need to define appropriate broken trace spaces w.r.t. boundary conditions.
Suppose that I'y, 'y, I'y, and I'y include boundary faces which boundary data are
specified on u, p, v, and ¢, respectively. Regarding to the boundary conditions, we
consider

My x(I,T) :={p € My, : p(z) =1Ili(x), z €T},

such that IT is L? projection of the skeleton space restricted to the boundary of
interval domain 2. The inner products of S, ; and My, j, are defined as:

(wlan)Ji/h - Z <w17w2)}Ca <M17M2>8%}L - Z <,u'17,u'2>8’Ca
KeAn Keth

where

+
2,j—3

(w1, w2 = /’Cwl(a:)wg(ac)dx, (1, p2)orc; = H;j+%ﬂ2_,j+%+ﬂ;j_ iz (4)

3
Weak form of system (2) can be formulated by multiplying relevant test functions
into each equation of (2), integrating over each element K € %, and using inte-
gration by parts formula. To find u, p, v, q € S, such that for all £ € %} and for
all test functions wy,we, w3, ws € Sy, 1 , the following system holds

(Uta wl)lC ( wlx))C + <fn7w1>alc - Oa

(p,w2)k + (u, w2z )k — (tn,wa)ox = 0, (5)
(e, w3)k — (9, wse)xc + (gn, w3)ax = 0,

(¢ wa)k + (v, Waz)k — (I, wa)oc = 0,

where

o f= p—|—2u + auv, g——q+2v + Buv.

e With global unknown pair (§,¢) € Mpx(0,Ty) x M}, 1(0,Ty), numerical
traces 4 € Mp, (by,T'y) and 0 € My, x(by,I's) can be defined on the faces
0K as:

-~ bba FU)

~ bua Fu) _
u:{§7 ‘Fh\rua U_{Ca ‘Fh\FUa (6>

In (6), b, and b, are added to numerical teaces @& and 0, respectively, on
Iy and T'y. Since the CBE (1) can be equipped by the periodic boundary
conditions and this type of boundary conditions are studied in the stabil-
ity analysis, therefore it is required to specify relevant numerical fluxes for
periodic type of boundary conditions. With periodic boundary conditions
Uz, = Uy, and v|,, = v|zy, the numerical traces @ and ¢ are defined as:

,a — £|CEL = 5‘237 f}?v 7./) — C|IL = C|ZL’R) f}?ﬂ
3 Fis ¢, Fis
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e Numerical fluxes fand g, with non-unique definitions, are defined as:
o~ . o R N R
f=-p+ gu2 + g(uv + ud) + 7(u — 4)n,
(7)

g=—q+ g@Z + E(ﬂv + u0) + o(v — 0)n,
where 7 and o are stabilization parameters so that they will be determined
somewhat more in the stability theorem of the next section. Also in (7),
n is the outward unit normal vector where its value is determined in the
definition of the inner products over the determined face in formula (4).

In order to balance the number of unknowns and the equations, it is needed
to enforce the conservation of the fluxes by considering the following extra global
equations

{ pn=by, e€ly, { m=b,, ecly, (8)
([fn]] =0, ec 7. [gn]] =0, e 7},

global unknowns are obtained and then local unknowns u, p, v, and ¢, are com-
puted by solving weak formulation (5) in each node K € J#,. For the case of
periodic boundary conditions, global equations (8) are considered as follows:

p‘/chnjc_L :p‘anx_Ra €€ ]:}?7 Q|an:L = Q|:1:RH;R7 €€ ]:}?7
[[fn]] =0, ee Fp, [[gn]] = 0, e € Fy.

3. Stability analysis

Now we are aiming to review the numerical stability of the weak formulation
(5) w.r.t. the time variable ¢ € [0,T]. For this purpose, it is needed to impose
boundary conditions to the CBE and we select periodic or homogeneous Dirichlet
boundary conditions. The analysis is started by multiplying the first equation of
(1) to u and then we have

1
iatuZ — Uy u+ g(u‘n’)m + a(uv)u = 0.

Applying integration by parts over 2 = (z1,xr) to the above equation leads to

d
—/uQ dm+2/ui dx — a¥(u,0,Q) =0, (9)

where

U(es, A) = / ()5 da.
A

Similar to (9), it holds that

d
— [ v? d:c+2/ 02 dx — B (v,u,Q) = 0. (10)
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Integrating (9) and (10) over [0,¢], where 0 < t < T, leads to the following
inequalities, respectively,

lu()lf — o fy T(u,0,9) dt < [u(0)]3,
(11)
lo()I3 = B fy (v,u,2) dt < [[o(0)[3

where || - ||q is the L? standard norm with respect to domain . Thanks to (11),
we figure out that CBE (1) is well-posed in the sense of energy method under the
following conditions

t t
/ U(u,0,Q) dt <0, / U(b,u,Q) dt <0, for all t € (0,7T].
0 0

We need to propose some splitting for stabilization parameters o and 7 and
functions f and g, and corresponding numerical fluxes, namely, f and §. Let
functions f and g be decomposed, respectively, as:

f=-p+ fi+ fo g=—q+g1+92

where f; = 7u , fo= auv, g1 = %02, and go = fuv. Then, we propose following

decompositions for fluxes f and g, defined in (7), as:

~
~

F="p+fi+f G=—a+3+a

where
“p=—p+7o(u—0)n, ]?1 =24* + 7 (u—a)n, fg = 5 (ud +0) + m2(u — a)n,
Zg=—q+ oo(v—"0)n, g1 = %1}2 +o1(v—"0)n, g = g(dv + 4d) + o2(v — O)n.

(12)
In (12), the stabilization parameters 7 and o are split as 7 = 79 + 71 + 72 and
0 = 0g + 01 + 03, respectively.

Theorem 3.1. We consider formulation (5) with periodic boundary conditions.
Under the following necessary conditions on stabilization parameters

70 >0, 0g >0, 71 > 71, T9 > Ta, 01 > 01, 09 > 0o, (13)

it is proven that the method of weak formulation (5) is stable in the sense of energy
method, i.e.,

lu(®)%, - a / U0, H5) di < [[u(0)]]%, (14)

lv(®)11%, *5/0 U (v, u, A1) dt < [[v(0)]1%,. (15)
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A @) = ooy [A(fuls) — fi(@)nds,  7(6) = |ad]/2,
1(0,0) = oo [2(91(r) — u())ndr,  Ga(@) = |Bal /2.

Proof. Setting wy = u, ws = p,ws = v, and wy = ¢ in (5) leads to

(16)

(ue, )i, + (P — fi — fasuz)ie, + (—pm, ok, + (fin, u)ax, + (fon, w)orx, = 0

- (p:p)xc, + (u,p2)x, — (I, p)oxc, = 0

(v, V)i, + (g — g1 — g2, v2)ic; + (—qm,v)ax,; + (G110, v)ax,; + (gan, v)ax,; = 0
(¢, Ok, + (v, )k, — (tn, q)ax,; = 0.

(17)

Summing the first and second equation of (17), adding and subtracting <f1, W) or

and (fg, U)ok, and finally by doing some simplifications and expanding boundary
terms, we obtain

10

«
salulk, =S¥ vk + [ ot B+ B, =0 (19

K;

where

Eik; = f;c up)ada + ((Zp)n, wox, — (@, pn)ox; + (fin, @)ox, + (fon, @)ox,

= (Coyy 00, ) wy+ (-0, - R )ul
—ljy1 (P)j+2 + 4 (p) 1 +flj+luj+1 - flj 1l 1+ A2j_+%ftj+%
—J?zjtlﬁjfu
Bax, = (fin,u)ax, + (fan,war, — (fi,us)x, — (fin, @)ox, — (fon, @)ox, -

We take sum the third and fourth equations of (17), add and subtract (g1, ?)ax
and (g2, 0) ok, ,and apply some simplifications and expanding boundary terms, then
it holds that

(o, u, Kj) + / Pdi+ By, + Eog, =0, (19)

K;

1O -2
20t J 2

where

Bsx, = Ji,(0@)adz + (Za)n,v)oic, — (0, qn)ox, + (gin, 9)ax, + (g2, 0)ax,
= (Cay+ @5y )y + (- @7, - <—+q>j_;)vj_§—
i+ (L]) +1 +Uj—%((1)j 1 +91J+IU 41 _glj %Uj_%
~— N ~+ N
+025040541 — 925 3051

Eyx;, = (gin,v)ax; + (g2, v)ax; — (91, Uz )k, — (911, D)ok, — (Gom, D)ox; -
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Numerical fluxes defined in (12) at z;, 1 and ;1 are

(2’);'++% = _pi-&-% + T(ij% (uy}% —d44);

Oy = iy =Ty (g ~0ia) 0)
(_Q)j+§ = T T (Uj+% — 1),

s S + + -

(074 = a7y —og,; 1 (04 —04)-

Substituting all formulas (20) into Fj x, and E3x; leads to

Ey k; T(;j+%((uj_+%)2 - ﬂj+%uj_+%) + T(L;%((u;;%)Q - ﬁj_%u;%)+
o3 () — i ) g 3 (85 4)° =85 g )+
(f);-%ﬁj-&-% - ( )]_ ﬁ’j—%a

- N2 _ 5 - + + 2 5 +
Es k; %JJF%((% %2) _UJ+§7}J+%)"‘io,j,%((?}j,%) _”];%fj,%)"‘
%05+ ((O5+3) _fj+%vy+%)+00,j—%((vi—%) —U-3v )t

By taking sum over all elements of K;j on Ej ic; and Ej x,, using conservation of
the fluxes, and applying periodic boundary conditions, we get

2 2

_ _ - - 4 + + e
Bv= 2k eom Bk, = 20T 54 (“a‘+% uﬁ%) o4 (uj,% “J—%) ’
2

_ _ - - 5 + + s
By =Y e By = 2500 41 (”j+$ ”J+%) t 901 (Uj—é ”J—%) :

If 79,09 > 0 then it is simply concluded that E; and Ej3 are strictly positive values.
Taking sum on Ep x; and Ey i, over all elements and then using

~(h(w. ) =~ " f()ds, mo s — (91(0),va)opn = —{ / " g1 (r)dr, m)oss,

leads to

—

By= —(Ji(fi(s) — fu(@)ds. oz, — (Fi(w) — f1(@), (i — u)n)on, +

(fon, w)oog, — (fon, 0)o.x;,

Es= —([2(1(r) — g1(8))dr,m)oss, — (91(0) — g1(8), (b — v)m)or; +
(g2m, v) o, — (G2m, 0)o.x, -

Using the definitions of j?l, ]/”\2, J1, g2 in (12) and (16), it can be shown that:

E2 == <Tl - 771) (U - a)2>8fh + %<’Dnvu2>3<%/h + <7_2; (U - ﬁ)2>6%m
FEy = <(71 — 01, (’U — ﬁ)2>3)gh =+ §<ﬂn,’l}2>alfh + <O‘2, (’U — @)2>6Xh'



358 S. Baharlouei et al. /Application of the Hybridized Discontinuous...
e

Based on the definitions of E5 and Ej4, we define the corresponding auxiliary terms

By = (11 — 71, (u — ) Dos, — (Fa,u) o, + (T2, (u — @) o,
~ 1 2y S o (21)
Ey = (01 —01,(v—0)%) o, — (F2,v)ax, + (02, (v — 1)) o,

Due to (—|58],u) o, < ($0n,u?) o, and (—|Za],v%) o, < (5an, 0o, , one

can conclude the following significant results
Ey < By, E4 < Ey.

With considering assumptions (13) and two possible cases in the following, we
show that Fy, E4 > 0.
e The case when (u — @)% > u? and (v — 9)? > v%. From (21), we get

- . . Fou? . .
By = (r — 71, (u — 0)*) o, — (@27, (u = 0)%)os, + (12, (u — @))an,
Tou? ~\2
= (n =71, (u— @)oo (2 — 25z (4= 0)*) o, < B,

~ 2 ~ “

Ey = (o1 =01, (v = 0o, — (245 (v = 0o + (02, (v = 0)%)oxs,

- 2
= (o1 = 01, (v = 0)?)aom, + (o2 — 2552, (v = 0)*)oms, < Ea.

Under assumptions (13), one can show that E5 and E, are strictly positive and it
results that F5 and F, are strictly positive.
e The case when (u — @)? < u? and (v — 9)? < v%. Taking into account (21), we
have
~ 2
By = (r1 — 71, (u— )2 o, — (72,u%) a0, + (247" u2)or,
= (r = 71, (u = 0))ou6;, (72 — 2052 02000, < B,
By = (01— 61 (0 — )2, — 0002 0ps + (20 v2)5 0,

_5)2 .
= (01 — 1, (v — )Xo, + (25 — 6o, 0%) g0 < Eu.

Similar to the previous case, with assuming (13), we can conclude that Ey and Ey
are also strictly positive.
Hence, from (18) and (19) we get
10 o 10 B
5ol — 5w v, ) <0, Sl — 5P, u, Hh) <
Finally by integrating the above formulae over the time interval [0, ], the results
(14) and (15) can be obtained. O

Stability of the method for homogeneous Dirichlet boundary conditions is
proved in the following corollary.

Corollary 3.2. Let CBE (1) be equipped by the following homogeneous Dirichlet
boundary conditions

u(xL,-) = u(xR,-) = U(LCL7 ) = U(xR7~) =0.
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Then the relations (14) and (15) hold under the necessary conditions To,0¢ > 0,
Ty > T1, Ty > To, 01 > 01, and 09 > do. In other words, if the semi-discrete
proposed HDG method is stable over time interval [0,T] in the sense of energy
method, then the mentioned specific conditions on the stabilization parameters will

be fulfilled.

Proof. The proof is almost similar to the proof of Theorem 3.1. The only difference
is that the following terms

(J?);+%ﬂj+% - (J?);r_

over all inner faces become zero since the conservation of the fluxes f, g hold on
the inner faces. Due to zero boundary conditions for 4, 0, the terms in (22) become
again zero on both sides of the domain 2. The rest of the proof follows the proof
of the theorem. O

~ ~N— oA ~+ oA
%uj*%’ (g)]+%vj+% - (g)j_%vjfév (22)

Corollary 3.3. Usmg the mean value theorem, we get

7= o [1(A(s) — J1(@)nds

= ey i () (s — nds < dsup,ey, |2 (s)]

71 = gyz Jo (91(r) — g1(0))ndr
7(1)_1@)2 ﬁv %gul (11)(s — d)nds < L sup,¢;.

G (),
where
I, = [min{u, 4}, max{u, 4}], I, = [min{v, 9}, max{v, 0}].

Thus, the stabilization parameters T, and oy satisfy the condition T > 71 and
o1 > 01, respectively, when

1 af1 1
7'1>fsup , 01> Zsup
sup |52 (s) 5 5P | )
Thus, it is easier to choose the stabilization parameters 11 and o1 regarding to
above formulas than conditions in Theorem 3.1.

4. Full discretezation of HDG method

To derive a full discretization HDG method for CBE (1), we apply the Crank-
Nicolson method, as a standard time-discretization approach, to the weak for-
mulation (5). With At = T'/J and t, = nAt, for n = 0,...,J, weak form (5)
becomes

~

1

S wn) — (7w + o (o wax = (),

(p", wa2)k + (u", wa )k —1<@"n, wa)ax = 0, (23)
AV wsle = 59" wae ) + S (g, wa)oe = ls(ws),

(™ wa)c + (V" waa)k — (07N, wa)ox = 0,
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where
1 n—1 1 n—1 1 n—1
lhi(wy) = E(U ,wi) g + §(f JWig)K — 2<f n,w1i)sK,
1 _ 1, .. 1 _
l3(w3) = E(?f” 1,11)3)1( + 5(9 1aw3x)K - 5@” 1n7w3>aK,

where superscripts m = n,n — 1 stand for the values at time levels t,,.

Regarding to the structure of approximate spaces, the aim is to seek u™, p™, v, ¢"
€ Shi, and (£",¢") € My, 1(0,Ty) x My, 1(0,T), such that (8) and (23) are sat-
isfied for n = 1,2,...,J. By summing over all elements, inserting the fluxes (7)
into (8) and (23) at ¢, and imposing boundary conditions (6), we get

li(wy) = E(U W), — 2(pwaw1)% - Z((UQ) s Wix) A, — 5(“ V", Wig) A,

a T a n
+ (&%) ™, w1 ) o\, + Z<C ‘", wi) o, + Z<< "N, w1) 9.\

+3 (T wi) o, — 3 (TE" wi)asgAT.

la(wa = (p", w2) ., + (u", waz) 5, — (€M, Wa)p\1, 5
1 1
ls(ws) = (", ws)o6, — 5 (@, ws)or, — %((Uz)"aw:’m)% - g(unvn7w3x)m
ol 2\n B n,n B n, n
+3((¢%)"n, w3)a.,\1, +Z<£ v"'n, w3) o, +Z<€ ¢"n, w3) 9. 4\1,
+3(0™0™, ws)as, — 5(0™C", Ws)aT,»
li(wa) = (¢, wa) 5, + (0, Waz) 5, — (N, Wa)a5\1, 5
N e2 (e} «
Is(pa) = §<f n, [i1) g0\ 50 + 5<Cun,u1>axh\f;3 + §<§Cnv 1) o\ F2+

<7—U7M1>8J£/h\]-',? - <T§aM1>axh\f,? = (pn, p1)ox,
v s s
lo(p2) = §<C2n7 H2) o\ Fo + §(§vn, H2) o\ Fo + 5(501’ H2) g\ Fo+
<UU,M2>aygfh\f,? - <UC7U2>6%L\}‘S — (g, p2)o.25,,

(24)
where p1 € My}, (0), p2 € My ,(0), and

ll(w) = —

13

o 1 )
((b2)"n, w)o8,nr, — 7 Osbun, w)aus,ar, + §<T"bﬁ7w>ayfmru

_ 1 .- Ui _
+ﬁ(un 1,'[1}1)(}{;” + 5(292 1,'[1}1)(%/;,’ + Z((U?)n 17w1x).}£/h,+
a
S o wie) g — (), wi) e, — Z<C" ", wi) o,
2" in, w ) pogar, — 3 (T T wi)osn, +

n—1lyn—1
<T Au 3 wl)a()(h\f‘u )

N — |
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153 1
l3(w) = —%((b%)"n, w)otinr, = 5 Oubym, w)oz ar, + 5(0"b], w)asar,
_ _ vy —
+§(vn 1aw3)<}i/h + §(q2 1aw3)<%/h + Z((,U2)n law3z)<%’h,+
Bt wsy) o — 2((C)" I, ws) T, — Z(ﬁn_lv”_ln7w3>8%
_%<£n—1cn—1n’ w3>8%h,\Fu _ %<0.n—1,un—17w3>8%h
+§<Un71/\371,w3>axh\ru,
and also

la(w) = (byn, w)os,nr., la(w) = (byn,w)s.,nr,,
15(:“) = <bgv #>Fp? lG(:u’) = <bgv /‘L>Fq .

The variational formulation (24), that is arisen by using the Crank-Nicolson ap-
proach in (5), is nonlinear and so a technique with the order of at least two is
requested for solving (24). Regarding the nonlinear weak form (24), one has to
convert this weak form to a linear variational form by an appropriate iterative
method. Among iterative methods with the order of at least two, we apply the
Newton-Raphson method to nonlinear variational formulation (24). We set

Wn = (ﬂn’pn’,l—)nvqnvgnvén) S S]ik X Mh,k(ovru) X Mh,k(oarb)a

where (", p", 9", q", ", (") is the exact solution vector of problem (24) and
(u™, p™, v, q", €™, (™) is corresponding approximate solution of problem (24) at
time ¢,. With appropriate initial guess W, o, the following sequence of solution
vectors is created

Wn,i = Whni-1+ §Wn7i, 1= 1, 2,.. .

where W), ; tends to analytical solution of the problem (24) W, at ¢,, where i goes
to infinity, and

6Wn,i = (6an7ia 6ﬁn,ia 617n,i; 6&n,ia 6gn,ia 5611,1');

is approximated by the Newton-Raphson method. By applying the Newton-
Raphson method to (24), §W,, ; is the solution of following linear weak form such
that all wy, we, ws, ws € Sp i and (w1, p2) € My £(0,Ty) X My £(0,T'y) satisfy

li(wy) = a1 (0up,i, wi) — %blT(fspn,i,wl) — a2(0vp4, w1) + a3(0&,,,;, w1)

} +84(6Cn i, w1), )

l2(wa) = b1 (6up i, w2) + ba(0pn,i, w2) — bz (O 4, wa),

I3(ws) = —& (Ot i, w3) + E(vn, 5, w3) — %B1T(5qn,i, ws) +E(0n.isws)  (25)
} +€4(0Cn, i, ws), )

14(11.)4) = bl(évmi, w4) —+ bg(éqmi, ’LU4) — b4(5<n71', IU4),

|5(/i1) = 2

d
le(p2) =€

1(0Un, 4, 1) —Ei (0Pn,iy p1) + 33(5&1,@',,&1) + 84(5@,1‘,#1)7
1(0vn,i, p2) — da(0qn, i, p2) + €2(8n4, f12) + €3(0Cn 45 pio),
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such that the multilinear forms and linear functionals in (25) are defined as:

51(571”71', w) :é(éun iy W ):%/h

77(Un1 10Uy, 17“&)%’;1 (Un1 10Uy, z7wz)%h+

<<nz 15un i1, w>89£/h + 1<Tn1 15un i, W >8J£/h7

52(6vn,i7 ’U)) =3 (un,i—lfsvn,h ww)ifh )

53(557117 ) g(gnz 1§§n i1, w>89£/;l\F +7 <an légn i1, w>8%h\F

%<7’nZ 15§n iy >a=)£/h\ru 1<Unz 1(5£)nz 16§nza >a%h\rl.
l<§nz l(ag)nz 1657117 >6=%/h,\ru7

2
54(6<n7i7 ) %<§nz 16477, i1, w>6%ﬁz\Fb <un7, I(SCn 1, w>89£61\F +

%<un i— 1(34 )n i— 15<n 3 >8%h\l“u
%<£n, (ac)nz 16<n 7y >89£/;L\Fu7
b1(5u7l,i7 w) = (un,u wx)fm b2(5pn,i7 w) = (5pn,i7 w)%u
bs (06,4, w) = (8&p.m, W)Yo\ T ba(6¢n,i,w) = (8Cn,im, w)am\r,
62(51]7171',10) = ?(61}”,&7 )Jﬁ’; ’Y(Unz 10Uy, 17w.L)J£/} ﬂ(unz l(svn l)w‘L)')ﬁf} +
Z<£n,i716vn,m >8)€’h + 5 <Un i— lévn i, W >89£/)17
63(5571,7,7/“}) = §<<n i— 15571 i1, w>3<}i/h\l‘u + §<Un,i715§n,ivw>8%h\Fu+
%<'Un i— 1(25 )n i— 15§n i >8%h\Fu_
3 (Cnjie (ag)nl 16806, W) 9. 45\T »
€4(0Cn i, w) = 3(Cn,i—10Cn,im, W) op T, + §<§n,i716§n,in7w>8(}(h\l‘u_
2 0n,i—16Cn i, W)amT, + %<Un,i—1(%g)n,i—15<n,iaw>8%L\FU
_%<Cn7i71(giz)n,i716<n,iaw>8%/h,\Fua
&1 (Otn,iyw) = 2 (Vn,im10tn iy Ws) 4, do(0pn,is 1) = (Opn.in, (1) 0.2,
d1 (Ot iy 1) = ${Cnim10Un 00, 10) g5\ 70 + (Toni 100 iy 10) 05\ 70
(5571 is 1) = n{€n,i-10&n,in, N>8%fh\}'5 +3 <Cn i—10&n znv/~L>8)(h\]-'a_
<Tn 71— 16571 79 M)a%h\]-"@ + <un i— 1(8§ )n i— 16€n 79 /~L>8.){h\]:‘3
(i1 (G )m,i—106m,i5 1) o5\ 70
84(5<n,ia N) g <§n i— 15Cn i1, M>8%h\f8 +3 <un i— 15<n,in7 H)B%L\f,?_F

&1 (0vn,i, ) = D)

&(6&,i, 1) =

<unz 1(a<)Tn1 15anaﬂ>8%h\f8
<5nz 1(3C)nz 16<nz7u>8%h\]:8

<§n’i,15vn7in, /‘L>8<}{(h\]:}? + <0'n,i7157)n,i’ /~L>8%1\}'ﬁ’7

§<Cn1 15571 i1, /1'>89£/h\}'9 +3 <’Un1 155” i, /”L>37(h\~7:a+
<Un,z 1(35 )nz 10&n, Z>M>8%h\F6
<<n,1 1(35 )nz 15671 17M>dJK;L\]——8’
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é3(5<n,inu) <an 15<n i1, M>8%’h\fa+ <§nl 10Cn znnu>8<)£’h\]:5
(Onie 15Cnuu>afh\f3+<”m 1(a<)m 10Gn,is ) o\ Ff
<an l(gc)nz l(SCn zaM>8%L\.7'—d

h(w) = =3 (tn,io1,0) 5, + 5((P2)n,i—1, W) + F(Uh ;1 w0) 05
+%(un,z 1vn,i71aww)%h - %<<nz 1£ni 1n, w>8.)£/h_
%(U’n iflgn,iflny w>8%h - g<(€)%z 11, w>8%h 1<Tnz 1Un,i—1,W >8Xh
+%<Tnz 1£n,i—1aw>8%l + Ait(un ! wl)%l + 35 (P;L ! wl)}i’;1+
1((w? ) L wig) o, + %(unqvnq’wm)% <(52)"71n7 W1) 945\ —
%(ﬁ" u™n, wi) o, — %(Cn_lﬁn_ln,w1>axh\ru—
(T w) ooy, 4+ 3 (TN L w)asgar,

L(w) = —(Pniz1,w)o5 — (Unim1,We) s, + (Enim10, W) 08,

Ti’»(w) = Alt (Un,i—1, W), + %((‘h)n,ifl’ )ots, + Fy(vi i—1>Wa) 5,7+

g(un,i 1Vn,i— 1>wz)%h_g<Cni 16n,im1D + Vp i— 1,10, W) o1,
_%«C)ELZ 11, w>8l/h 1<Unz 1Vn,i—1,W >8.1/h+ 1<Unz ICTL’L 1,W >8Xh
0T )+ ()t + F((02) )+

?(U” Yot wse) g, — F((C)" o, ws)amr, — §<£"*1v”*1n, w3) .45
?(5" '¢"n w3>alh\ru — (0" ws) o,
+5 (oAt w3>a./£fh\ru7
T4(“7) = _(Qn,i 1, W )‘%/h (/Un,iflvwz)éifh + <Cn,i71n7 w>8<fha
I5 (1) = ((Op)nsi—1, 1)n, = 37 i1 W asg o — 5 (Ensi=1Cn i1, 1) g\ 0+
<pnz 1n, M>8%h <Unz ICnZ 1n, M>8J£’; \].‘d — <Tn,i—1un,i—17/~‘t>a7’h\}‘g
+<Tn,z—1€n,z—lvﬂ>aﬁl\fh7

To(1) = ((ba)mi—1, )1y — 32511, i\ 70 — 5 (Emi—1Cnim 11, 1)1\ 0+

(Gn,i—10, )05, = 5 (Un,i1Eniam, N>afh\f8 — (On,i=1Vn,i—1, ) o5\ F0
+<Un,z—1<n,z—1au>axh\fg

To solve the huge and sparse linear weak form (25), we decompose it to the
corresponding linear systems with smaller size by applying the Schur complement
scheme. It can be shown that (25) can be reformulated to the following vector-
matrix equations

{ M1 X, + Mi2Y,; = R,

Mo Xy j + M22Y, 3 = Ra, (26)

where Xn,i = [51—1477.,1 51371,1 51—177,,1' 5@71,7,] 5 nl = [5£n 7 5Cn z] s

Ay —4BT -4, 0 Ay A

By By 0 0 -B3 0

My=| % ; Mo=| 3° 3
"l - 0 Cc2 iBT |0 TP Cs Ci |’

0 0 B B2 0 —B4
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Ds D Dy -Dy —-E; 0
Mggz[ /3 ~4},M21:[ O1 2 —&3

E, F; 0 E, -Dy |’

Ri=[Li Ly Ly Ly], Re=|[Ls L],

In the above decompositions, capital letters are the matrix and vector repre-
sentation of multi-linear forms and linear functionals which are given in (25) to
standard bases functions. Regarding to (26) and the Schur complement technique,
the following system of equations has to be solved

(Mg — Moy M Mi9)Y,, s = Ro — Moy Mi' Ry, (27)
then X, ; can be gained by
Xni = M{'Ry — My MoY,, s, (28)

and finally set 0W,, ; = [X,,;, Yi]7.
Regarding the HDG method, Newton-Raphson approach, and Schur complement
decomposition, one can design numerical HDG scheme.

5. Numerical experiments

In this section, we intend to demonstrate the validation and efficiency of the pro-
posed HDG method. Numerical results of the HDG method are shown in four
examples so that the CBE with specific boundary conditions are considered in
[12, 14]. In the first example, we intend to investigate the numerical spatial and
temporal order of accuracy for the HDG method. In the second example, we test
the HDG method on the non-homogeneous CBE. In the third example, the motion
of the single soliton wave will be tested. And finally, in the fourth example, the
behaviour of the solution of the nonlinear system of equations (1) will be verified
with different coefficients.

Example 5.1. We consider nonlinear system of equations (1) over Q = [—m, 7],
with @« = f =1, and n = 7 = —2 where exact solutions are u(x,t) = v(x,t) =
exp(—t) sin(x) [14]. Tt is clear that u(z, t) and v(x, t) satisfy homogeneous Dirichlet
boundary conditions at * = —m, 7 and ug(xz) = vo(z) = sin(z) are the initial
conditions. By setting appropriate small time step sizes and 79 = o9 = 2, L?
error norms and corresponding numerical spatial orders of accuracy of u, v, and
their derivatives at the final time T' = 0.1 are reported in Table 1 for different
mesh sizes and approximate polynomials of degree kK = 0,1,2,3. It is observed
that the approximate solutions, derived by the HDG method, converge to exact
solutions with k + 1 spatial order of accuracy. Also in Table 2, the temporal order
of accuracy are shown for approximate polynomial of degree three and different
time step sizes. As expected, due to utilization the Newton-Raphson and the
Crank-Nicolson methods, the temporal order of accuracy is two.
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Table 1: L? error norms and corresponding spatial orders of accuracy for Exam-
ple 5.1.

F N Ju-ula [o—vla order [p—pla  g—dla order
10  2.9820 E-1  2.9820 E-1 4.0312 E-1 4.0312 E-1
20 1.4916 E-1  1.4916 E-1 1.00 1.9685 E-1  1.9685 E-1 1.03
40 7.4476 E-2  7.4476 E-2 1.00 9.7111 E-2  9.7111 E-2 1.02
80 3.7199 E-2 3.7199 E-2 1.00 4.8271 E-2 4.8271 E-2 1.01
1 10 3.5395 E-2 3.5395 E-2 7.4563 E-2  7.4563 E-2
20 7.2460 E-3  7.2460 E-3 2.29 1.9767 E-2  1.9767 E-2 1.92
40 1.7083 E-3 1.7083 E-3 2.08 5.1862 E-3 5.1862 E-3 1.93
80 4.2109 E-4 4.2109 E-4 2.02 1.3317 E-3 1.3317 E-3 1.96
2 10 1.9436 E-3 1.9436 E-3 6.0240 E-3  6.0240 E-3
20 1.7369 E-4 1.7369 E-4 3.48 4.3302 E-4 4.3302 E-4 3.80
40 2.1382 E-5 2.1382 E-5 3.02 5.6864 E-5 5.6864 E-5 2.93
80 2.6667 E-6 2.6667 E-6 3.00 7.2313 E-6  7.2313 E-6 2.98
3 10 9.7931 E-5 9.7931 E-5 3.3861 E-4 3.3861 E-4
20 3.3945 E-6  3.3945 E-6 4.85 9.7606 E-6  9.7606 E-6 5.11
40 2.1353 E-7  2.1353 E-7 3.99 6.2487 E-7  6.2487 E-7 3.97
80 1.3281 E-8 1.3281 E-8 4.01 3.9355 E-8  3.9355 E-8 3.99

Table 2: L? error norms and corresponding temporal orders of accuracy for Exam-
ple 5.1 with 60 number of elements and approximate polynomial of degree three.

Al u-wln _ Tvo—vln oder  [p—pla _ lg—ala _ order
10 1.336454 E-4 1.336454 E-4 1.336456 E-4  1.336456 E-4

% 3.332776 E-5  3.332776 E-5 2.0036 3.332802 E-5 3.332802 E-5 2.0036
ﬁ 8.306256 E-6  8.306256 E-6 2.0044 &8.307134 E-6 8.307134 E-6  2.0043
% 2.065220 E-6  2.065220 E-6  2.0079 2.066753 E-6 2.066753 E-6  2.0070
1(1)0 5.127025 E-7  5.127025 E-7 2.0101 5.166183 E-7 5.166183 E-7  2.0020
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Example 5.2. ([14]). In this example, HDG solutions for simulating motion of
two single soliton waves will be examined. Consider the coupled Burgers equation
(1) with @ = 8 = —2, and v = n = 5/2. The exact solutions of this coupled system
is
3
u(z,t) = v(z,t) = )\(1 — tanh(JA(z - 3>\t))).

It is clear that the boundary and initial conditions can be extracted from the
exact solution. Here Q = [—20,20] and we set 79 = o9 = 20. The curve of
numerical and analytical solutions for A = 1 and A = 10 are plotted in Figures 1
and 2, respectively with approximate polynomial of degree one and 500 number
of elements.

Ve, v)

Figure 1: Exact and numerical solutions (lines and dots respectively) of Example 5.2
for Equation (1) with n = v = -2 and o = 8 = 5/2 at T = 0,2.5,5. The results are
reported for A = 1, degree of polynomials one and 500 number of elements.

e, v

Figure 2: Exact and numerical solutions (lines and dots respectively) of Example 5.2
for Equation (1) withn =~ = —-2and a = 8 =5/2 at T'=0,0.25,0.5. The results are
reported for A = 10, degree of polynomials one and 500 number of elements.
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Example 5.3. ([12]). In this example, we aim to achieve numerical solution of
(1) with zero boundary condition and the following initial conditions

0) — sin(2rz), 0<ax <0.5, 0) — 0, 0<z<0.5,
u(z,0) = 0, 05<x<l1, ’ o(z,0) = —sin(2rz), 05<z < 1.

By setting At = 0.001, the number of partitions as 300, and 79 = g9 = 20 it can
be seen the numerical solutions in Figures 3 and 4 forn =v =2, a = 8 =10 and
n=v=2,a= =100, respectively. In addition, in Figures 5 and 6, we show the
results for « = § = 10 and n =« = 20, 200. It can be concluded that the solution
decays to zero with increasing time levels and with increasing the values of n and

5.

6. Conclusion

In this paper, the system of CBE with order two has been studied such that initial
and boundary conditions with periodic conditions are enforced to the desired sys-
tem. By proposing suitable broken Sobolev spaces, the semi-discrete variational
formulation of the CBE is set up when the initial system is converted to a first-order
system of PDEs. The proposed HDG method is formed by introducing numerical
traces and uses for the reduced system from second order to first order. Numerical
traces are global unknowns and also depend on boundary conditions that are peri-
odic and homogeneous Dirichlet boundary conditions. Numerical traces depend on
the form of the CBE, numerical traces, and stabilization parameters. By defining
numerical traces properly and adding enough global equations, the L2-stability of
the desired HDG method has been investigated while considering mild conditions
on the stability parameters. To gain a fully discrete method, the Crank-Nicolson
method is used for temporal discretization. After applying the Crank-Nicolson
scheme, the Newton-Raphson method has been exploited to the nonlinear terms
discrete weak form. By using the Schur complement idea, the final matrix-vector
the equation is split into smaller matrix-vector equations. A similar HDG method
has been applied to CBE in two dimensions [27|. L?-stability of CBE in one dimen-
sion, in this work, is more complicated than L2-stability of CBE in two dimensions.
Also, the implementation issues of CBE in one and two dimensions are consider-
ably different. For verifying the applicability of the proposed HDG method, the
method is applied to some problems. In fact, in an example, we show that for
a mesh with an approximate polynomial of degree k, approximate solutions and
their first derivatives converge with the best possible rate £ + 1. Moreover, the
HDG method has dealt with some physical concepts such as the motion of single
soliton waves.

Conflicts of Interest. The authors declare that they have no conflicts of interest
regarding the publication of this article.
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Figure 6:  Numerical solutions for Example 5.3 with v =7 =200 and « = 8 = 10 at
times T' = 0.2,0.3,0.4,0.5 (respectively from top to bottom in the boxes).
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