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Reformulated Zagreb Indices of Trees

Nasrin Dehgardi*

Abstract

Zagreb indices were reformulated in terms of the edge degrees instead of
the vertex degrees. For a graph G, the first and second reformulated Zagreb
indices are defined respectively as:

EM\(G)= Y d*(e), EM,(G) = > d(e) d(e"),

e€EE(G) e,e! €EB(G), e~e’

where d(¢) and d(¢’) denote the degree of the edges ¢ and &’ respectively,
and ¢ ~ ¢ means that the edges ¢ and ¢’ are adjacent. In this paper,
we obtain sharp lower bounds on the first and second reformulated Zagreb
indices with a given number of vertices and maximum degree. Furthermore,
we will determine the extremal trees that achieve these lower bounds.
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1. Introduction

Consider a graph G = (V(G), E(G)). Then we put Ng(w) = {¢ € V(G) | w?d €
E(G)} and dg(w) = d(w) = |Ng(w)| be the open neighborhood and the degree of
the vertex w of G respectively. The maximum degree of the graph is denoted by
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A. Two edges € and &’ are called adjacent if they are distinct and have a common
terminal vertex. The degree of an edge ¢ = w¥ in G is denoted by dg(e) = d(e)
and d(e) = d(w) +d(¥) — 2.

Zagreb indices were first introduced in [1, 2] and most used molecular structure-
descriptors. These invariants are defined as:

M(G)= Y dw)

weV(G)

and

My(G)= > dw)d®),
)

wIEE(G

respectively. Properties of the Zagreb indices and variants of these indices may be
found in [3-9].
Zagreb indices were reformulated by Milicevi¢ et al. [10] as:

EM\(G)= ) d*(e),

e€E(G)

and

EMy(G)= > d(e)d),

e,e'€E(GQ), e~e’

where d(g) denotes the degree of the edge €, and £ ~ & means that the edges ¢
and ¢’ are adjacent.

Some properties of EM; and EMj are presented in [11-13]. In [14], Ghalavand
et al. discussed the maximum and minimum values of trees for reformulated
Zagreb indices. Ji et al. [15] investigated the extermal trees, unicyclic and bicyclic
graphs with given order for the first reformulated Zagreb index. Reformulated
Zagreb indices have recently attracted the attention of many mathematicians and
computer scientists, see [16-19].

In this paper, we obtain lower bounds on the reformulated Zagreb indices and
determine the extremal trees that achieve these bounds.

2. Results

A pendant verter is a vertex of degree 1. A tree with exactly one vertex of degree
greater than 2 is called a spider. A vertex of highest degree in a spider T is called
the center of T. A leg of a spider is a path from its center to a pendant vertex.

In this section, T denotes a tree with a vertex n where dr(n) = A and Nr(n) =
{n1,...,ma}. For positive integers n and A, let T, A be the set of all trees with n
vertices and maximum degree A.
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Proposition 2.1. Let T' € T, Ao have a vertex ¥ of degree more than two in
mazimum distance from 1. Then there is a tree T' € T, o such that EM,(T") <
E M, (T) and EMQ(T/) < EMQ(T)

Proof. Let dp(¥) =~ > 3 and let Np(9) = {¥1,...,9Y,} where 9, lies on the path
from n to ¥ in T. By our assumption, we have dp(9;) € {1,2} for 1 <i <~ —1.
Consider the following cases.

Case 1. ¥ is adjacent to at least two pendant vertices such as 9; and 5. If
T/ = (T - {19191}) U {191192}, then

3
A=) dp(9 ZdT, (00;) Z[dT(w) (dr(99;) — 1)?]
1=3 =
2l
=> [2dr(99;) — 1] > 0,
=3
and
= Y dr(9,)dr(90;) — Y dr(99;) dpe (99;)
3<i<y<y 3<i<j<y
+ > dp(99;) dr(902) — > dye(99;) dp (902)
3<i<y 3<i<y
N
+> YT dr(99:) do(wdy) Z S dp (99;) dpe(wiy)
=3 weNT (¥;)—{0} =3 WEN/(9;)—{V}
= Y [dr (@) dr(99;) = (dr(99;) — 1) (dr(99;) — 1)]
3<i<j<y
+ > [Ar(09) dr(992) — dr(99s) (dr (99;) — 1)]
3<i<y
N
+ D [dr(09:) dr (W) — dr(wd;) (dr(99;) — 1)]
1=3 weN7(9;)—{0}
= Y [dr(@9:) +dr(99;) = 1]+ Y dp(902)
3<i<j<y 3<i<y
Y
+3 Y dr(wd) >0
=3 we N7 (9;)— {9}
Therefore,

EM(T) — EM(T') =)\1 + d2(991) + d>(902) — d2, (9291) — d2 (995)
=M +2(y = 1)° = (=1 -1
=M+ (-1)*-1>0,
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and

EMy(T) — EMy(T") =Xy + dp(991) dr (992) + > dp(99;) dr(991)

3<i<y
— dpr (9901 dr ,(19192)
=X+ (v - 1) (ZdTﬁﬁ) 1) >o0.
3<i<y

Case 2. 1 is adjacent to exactly one pendant vertex. Let ¢ be a pendant

vertex and Yajas...qp be a path in T for [ > 2 and ¥ = a;. Assume that
T = (T — {991}) U {¥104}. Then

vy
A=) dp ZdT, (99;) :Z[dT(ﬂﬁ) (dp(99;) —1)?]
1=2 1=2
Y
:Z[Q dT(ﬁ’l?Z) — 1] > 0.
1=2
If | = 2, then
= Y dp(09,)dp(90;) — Y dpe(99;) dpe (99;)
2<i<j<y 2<i<j<y
Y
+> > dr(99:) dr(wds) Z ST dp(99:) dre(wiy)
i=3 weNr (9:) {9} i=3 weNp (9:)— {9}
= > [dr(99s) dr(99;) — (dr(99;) — 1) (dr (99;) — 1)]
2<7‘<j<«,
+Z Z [dr (90;) dp(wd;) — dp(wd;) (dp(99;) — 1)]
1=3 WENT (¥:)— {9}
Y
= > [dr(@9) +dr(@9;) —1+> > drp(wd;) >0
2<i<j<y i=3 wENT (9;)—{0}

and if [ > 3, then

= Y dr(99,)dr(90;) — Y dpe(99;) dpe (99;)

2<i<j<y 2<i<j<y
2l

+Y >0 dp(99y) dr(wdy) Z S dp(09;) dpe (w;)
1=2 WENT(9;)—{9} 1=2 wENs (9;)—{9}

= Y [dr(@9:) dr(99;) — (dr(99;) — 1) (dr(99;) — 1)]

2<i<j<y
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+ Z [dT(Tg’L%) dT(wﬁZ) - dT((JJ"?i) (dT(ﬂ’ﬁz) — 1)])
1=2 wENT (9;)— {9}

= [dp (99;) + dp(09,) — 1] + i > dr(wd) > 0.

2<i<j<y i=2 wEN7 (9;)—{0}
Therefore,

EM(T) — EM,(T ) =\ + dT(19191) +d? (Oé[ 1041) d%"/ (’1910[1) — d%«/ (—1y)
:)\1+(’Y—1) +1—-1-—-4
Z/\1+(’}/—1)2—4>0.

If ] = 2, then

EMQ(T) — EMQ(T/) =Xo + Z dT(ﬁﬁi) dT(19191) + dT(ﬁﬁg) dT(ﬁgag)

2<i<y
— dpr (V102) drr (V202) — dp (Vo) dpr (992)
=X + (v (ZdTﬁﬁ)-l-’Y—?_?(W_l)
9<i<~y
Sh+2(y—1)—v>0,

and if [ > 3, then

EMy(T) — EMy(T') =Xs + Y dp(99;) dr(991) + dr(cu-100) dr(u—101-)

2<i<y

—dp (Y10q) dr(y—1aq) — drr(u—1oq) drr (ag—10q—2)

s+ (v (ZdTﬂﬁ)+2—2—4

2<i<y
>A3+2(y—1)—4>0.

Case 3. 9 is not adjacent to any pendant vertex. Let 981 ...03:, Yai...q; be

two paths in T such that I,t > 2, ¥; = ;1 and Y5 = a;. Assume that T =
(T — {991}) U {Y1cq} and consider Ay, A2 and A3 defined in Case 2. Then

EMl(T) — EMl(TI) :>\1 + d%(ﬁﬂl) + d%(al_loq) — d%—v/ (1910[1) — d%/ (al_lal)
=N+ +1-4-4
=\ +92-7>0.
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If | = 2, then
EMy(T) — EMy(T") =Xy + Y dr(90;) dp(991) + dr(902) dr(V202)
2<i<y
— dT/ (191042) dT/ (192&2) — dT/ (192042) dT/(ﬂﬂg)
=2 +9( Y dr(@9) +v—4-2(y-1)
2<i<y
> +v—2>0,

and if [ > 3, then
EMy(T) — EMy(T') =Xs + Y dp(99:) dr(991) + dr(cu—100) dr(u—101-)
2<i<y

—dp (Yr0q) dr(q—1aq) — drr(u—10q) drr (g—10q—2)

s +( Y dr(@9) +2-4-4

2<i<y
>A3+27—6>0.

This completes the proof. O

Proposition 2.2. Let T € T, A be a spider with A > 3 and assume T has at least
two legs of length more than two. Then there exists a spider T' € Ty A such that
EM(T") < EM(T) and EM>(T") < EM(T).

Proof. Let dr(n) = A and nB182...0:, najas...a; be two legs of length more
than two such that 8; = n; and ay = 1. Assume that 7" = (T —{S182}) U{ B2 }.
First we show that EM;(T") < EM:(T). If t = 2, then
EMy(T) — EMy(T") =d7(nB1) + d7(B182) + d-(au—1;)
- d%/(nﬂl) - d%, (Brag) — d%/(al—lal)
=A?+14+1-(A-1)2-1-4
=2A —4>0,
and if ¢ > 2, then

EM\(T) — EM\(T") =d7(nf1) + d7.(B182) + d7(cu—1aq)
- d%/(nﬁl) - d%/ (Brou) — dQT/ (u—1ay)
=A’+44+1-(A-1) —4—-4
=2A —4 > 0.
Now, we prove EMs(T") < EM>(T). We have the following cases.
o If t =1=2, then
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EMy(T) = EMy(T') = Y dr(mms) dr(pm) + dr(naa) dr(aras)
2<i<A

+ dr(np1) dr(B1B2) — Z dr (nn:) dr (1)
2<i<A

— dr/(Baa2) drr (1) — dpi (1a2) drr (nay )
Z (A — (A —=1))dr(nmi) + A+ A —2—2A

I/\

= dr(nn;) — 2
2<i<A

>dr(nm) —2=A—-2>0.

o Ift=2and ! > 3, then

EMy(T) — EMy(T') = > dy(nmi) dr(qm) + dr(nB1) dr(B1B2)
2<i<A

+dr(aag—1) dr(—105-2) — Z dps (nm;) dr (nm)
2<i<A

— dp(Beay) drr(cqoy—1) — dpr (cqoy—1) dpr (—10q-2)
= > (A= (A=1)dr(m) +A+2-2-14

2<i<A
= > dr(mm)+A—4

2<i<A
>dr(nne) + A—4=2A—-4>0.

e Ift >3 and [ > 3, then

EMy(T) — EMy(T') = > dr(mms) dr(mm) + dr (nB1) dr (81 52)
2<i<A

+dp(aar—r) dr(arona) = Y dp (i) do ()
2<i<A

—dp/(Ba2ar) dr(qpeq—1) — drr(cqay—y1) dr (o —100-2)
= (A= (A=1)dr(m) +A+4-4-4

2<i<A
= > dr(mm)+A—4

2<i<A
>dp(mme) + A —4=2A—-4>0.

This completes the proof. O
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Theorem 2.3. LetT € Ty A. Then
EM(T) = (A —1)3 + A% +1,

when A =n — 2, and
EM,(T) = A(A — 1),

when A =n —1. Also
EM(T)> (A =1+ A% +4(n — A —2) + 1,

when A < n — 2, with equality if and only if T' is a spider with exactly one leg of
length more than two.

Proof. Assume that for every T € Ty a, EM1(T") < EM;1(T). If A = 2, then T’
is a path and EM;(P,) =4n—10= (A - 1>+ A2 +4(n— A —-2)+ 1. If A > 3,
then by Proposition 2.1, T” is a spider. If T" is a star, then EM;(T") = A(A —1)2
and if A =n — 2, then

EM(T") = (A — 1) + A% +1.

Now let A < n — 2. Then by Proposition 2.2, T’ has exactly one leg of length
more than two. Then

EM{(T)=(A -1+ A% +4(n—A—2)+1.
O

The proof of the following theorem uses the arguments provided in the proof of
Theorem 2.3.

Theorem 2.4. LetT € Ty A. Then

_ _1)3
EMy(T) = W FAA 1) 4 A,
when A =n — 2, and
_1)3
aay(r) = 81
when A =n —1. Also
(A—-2)(A-1)3

EM,(T) > +AA -1 +4(n—A—3)+2A+2,

2

when A < n — 2, with equality if and only if T' is a spider with exactly one leg of
length more than two.

By definitions of EM; and EMs, we have the following observation.
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Observation 2.5. Let G be a graph. Then for every edge e ¢ E(G),
EM;(G +¢€) > EM;(G), EMy(G +¢) > EMy(G).
By applying Observation 2.5, we obtain the next two Theorems.

Theorem 2.6. Let G be a simple and connected graph with n vertices and maxi-
mum degree A. Then

EM(G) > (A—1)*+ A% +4(n—A—-2)+1,

when A <n — 2,
EM(G) > (A -1+ A% +1,
when A =n —2, and
EM;(G) > A(A—1)?,

when A =n — 1. Moreover, the equality holds if and only if G is a spider with at
most one leg of length more than two.

Theorem 2.7. Let G be a simple and connected graph with n vertices and maxi-
mum degree A. Then

EMy(G) > W+A(A—l)2+4(n—A—3)+2A+2,
when A <n — 2,
EMyc) > DDAV Na_p2ga,
when A =n —2, and
EMy(c) > BAZD

2 )
when A =n — 1. Furthermore, the equality holds if and only if G is a spider with
at most one leg of length more than two.
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