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Abstract

Consider a graph G = (V(G), E(G)), where a perfect matching in G is

defined as a subset of independent edges with &QGM elements. A global
forcing set is a subset S of F such that no two disjoint perfect matchings
of G coincide on it. The minimum cardinality of global forcing sets of G is
called the global forcing number (GFN for short).
This paper addresses the NP-hard problem of determining the global forcing
number for perfect matchings. The focus is on a Genetic Algorithm (GA)
that utilizes binary encoding and standard genetic operators to solve this
problem. The proposed algorithm is implemented on some chemical graphs
to illustrate the validity of the algorithm. The solutions obtained by the GA
are compared with the results from other methods that have been presented
in the literature. The presented algorithm can be applied to various bipartite
graphs, particularly hexagonal systems. Additionally, the results of the GA
improve some results that have already been presented for finding GFN.
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1. Introduction

Matching theory plays a vital role in the connection between Graph Theory and
Chemistry [1, 2]. Let G = (V(G), E(G)) be a graph with vertex set V(G) and edge
set E(G), where |[V(G)| = n and |E(G)| = m. A subset M C E(G) of non adjacent
edges of G is called a matching of G. A perfect matching in a graph G is a matching
M with @ elements. A forcing set S of a perfect matching M in graph G is
any subset of M that does not appear in any other perfect matching of G. The
minimum cardinality of the forcing sets of M is called the forcing number. In earlier
chemical literature, the concepts of perfect matching and the forcing number are
also called the "Kekulé structure" and the "innate degree of freedom", respectively.
These concepts were introduced in a paper by Harary, Klein and Zivkovié [3], with
their origins traced back to the work of Randi¢ and Klein [4]. The forcing number
of a perfect matching finds resonance structures of a given molecule in organic
chemistry. Note that forcing sets and forcing numbers are defined with respect
to particular perfect matching of G. Vukicevié¢ et al. [5] classified all the Kekulé
structures of Cgq into six classes based on their innate degree of freedom. However,
there were still considerable different structures among the Kekulé structures with
the same innate degree of freedom. Hence Vuki¢evi¢ and Sedler [2] introduced
the "global" concepts, considering all perfect matchings. They defined the global
forcing set (GFS) of G as aset S C E(G) that can distinguish all perfect matchings
of G. In other words, let u(G) denote the set of all perfect matchings in G and
S = {e1,..,eq} € E(G). In what follows, we will use notation M|s to denote
MnS. We define r(M|s) = (di,...,d4) where d; = 1if e, € M and d; = 0
otherwise, i € {1,...,q}. If r(M|s) # r(Malg) for each My, My € pu(G), then S
is termed the global forcing set for perfect matchings of G. Any GFS for u(G)
in G with the smallest cardinality is called a minimum global forcing set and its
cardinality, denoted by ¢, , is called the global forcing number (GFN) for perfect
matchings [6].

Example 1.1. Consider the graph Naphthalene (C10H8) shown in Figure 1,

which is an organic compound with two hexagons. Naphthalene contains three

different perfect matchings as follows:

p(C10H8) = {M; = {ea, €5, e7,€10, €11}, Mo = {ea, eq, €6, €5, €10}, M3 = {e1, e3, €5,
€7, 69}}.

The set S; = {eq, e5,e7} is a GFS for G, since we have: r(Mi|s,) = (1,1,1);
r(Mals,) = (1,0,0); r(Msls,) = (0,1,1). However Sy is not minimum GFS be-
cause Sp = {ez,e5} is also a GFS with smaller cardinality. In addition, the set
S3 = {ez2} is not GFS because r(Mi|s,) = r(Ma|s,) = 1.

The computation of the GFN for perfect matchings poses a formidable chal-
lenge due to the NP-hard nature of enumerating all perfect matchings, see [7].
Despite this complexity, efforts have been made to find GFN in certain families of
graphs. In [8], Vukievié¢ and Sedler presented a bound on the GFN for the partic-
ular triangular grid graphs. Vukicevié et al. [9] obtained a formula for the GFN
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Figure 1: Naphthalene.

of grid graphs. Klavzar et al. [10] proposed an integer programming model for
determining minimum GFS and GFN for perfect matchings of G. Their proposed
model is based on the fact that the GFS should have a non-empty intersection
with the symmetric difference of every pair of perfect matchings in G. Indeed,
the computational applicability of their model is limited since the number of con-
straints of the presented model is huge. In this paper, our focus is on bipartite
graphs, especially hexagonal systems. In the next section, we will discuss further
on the related works.

Although the GFN problem is an NP-hard combinatorial optimization problem
and the size of its solution space can grow with the problem dimension, heuristic
methods can be useful in solving such problems. In this paper, we present a genetic
algorithm that uses the binary encoding for the GFN problem. This algorithm can
be applied to any bipartite graph.

The rest of this paper is organized as follows. In Section 2, we present a
review of some results related to GFN for hexagonal systems and emphasize the
necessity of employing algorithms such as what we propose. In Section 3, we
propose a genetic algorithm for determining the GFN of perfect matchings in a
given bipartite graph. The computational results of the GA implementation on
various chemical graphs are presented in Section 4.

2. Background and some results

Let us now consider the related works on GFN of the hexagonal systems. We refer
the reader to [11, 12] for terminology and notation not defined here. A hexagonal
(benzenoid) system (HS) is a finite connected plane graph with no cut vertices
such that every interior region is a regular hexagon with a side length of one. The
benzenoid graphs are simple and bipartite, see [13, 14]. Let H be an HS. Graph
H is called catacondensed if each vertex of H is on the border of H, otherwise
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the graph is pericondensed. H is said to be normal, if each edge of H appears in
some perfect matching of H. It is clear that all catacondensed HS are normal.
In [11] Dosli¢ et al. proved two results concerning GFN of catacondensed and
pericondensed HS.

Theorem 2.1. ([11]). Let H be a catacondensed benzenoid with f hexagons. Then
ngm (H) = f’

Theorem 2.2. ([11]). Let H be a pericondensed benzenoid with f hexagons. Then
$g (H) < f— 1.

Cai and Zhang [15] provided an exact formula for the GFN of two kinds of
pericondensed H S, parallelogram B, , and zigzag multiple chain Z(I, k).

Theorem 2.3. ([15]). Let B, , be a parallelogram with q rows, each row consisting

of p hexagons. If ¢ < p, then ¢,, (Bp.q) = pq;—q

Pq+p

if ¢ is even and @y, (Bp.q) =

otherwise.

Theorem 2.4. ([15]). Let Z(l,k) be zigzag multiple chain with I row and k
columns of hexagons. Then ¢4 (Z(1,k)) = l[g] + ng

Cai and Zhang [12] gave a sharp lower bound on the GFN of a normal HS.
Besides, they presented a formula to find the GFN for a divisible HS.

Theorem 2.5. (/12]). Let H be a normal HS with f hexagons. Then g, (H) >
(Qf — 50|

not in a hexagon of H.

1, where Sy is a mazimum subset of S such that any two edges of S are

Based on the above theorems, there are few results for a pericondensed HS. It
is obvious that according to Theorem 2.2, only the upper bound can be obtained
for the GFN of pericondensed HS, in general. By Theorems 2.3 and 2.4, there
exist exact formulas for the GFN of two kinds of pericondensed H .S, parallelogram
B, 4 and zigzag multiple chain Z(l, k). On the other hand, Dogli¢ [11] proved that
the GFN of an HS is equal to the sum of the GFN of its normal component. Hence
it makes sense to achieve the GFN of normal HS. Theorem 2.5 provides a lower
bound for GFN of a normal HS, and the explicit value for GFN is not available.
Hence computing of the GFN for every kind of normal pericondensed HS is a
challenging task. In response to this challenge, our paper presents a genetic algo-
rithm for determining the GFN and minimum GFS of a bipartite graph including
hexagonal systems, in general. We present the results of our algorithm’s perfor-
mance on several normal pericondensed HS which involve, Benzo and Ovalene. In
the present work, we show that the results of our algorithm improve the bounds
for GFN presented in the mentioned theorems. For instance, we implement our
algorithm on two categories of HS to illustrate the process and the validity of the
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algorithm. These categories are some normal pericondensed graphs which includes
perylene, Benzo, coronene and Ovalene on one side, and H.S including catacon-
densed, parallelogram, zigzag multiple chain on the other side, see Figures 2 to 4.

Figure 2: Catacondenesed: (a) Phenanthrene(C14H10) (b) Biphenylene(C12H8).

3. Genetic algorithm for the GFN problem

The GFN problem is a well-known NP-hard problem in combinatorial optimiza-
tion, where the size of its solution space exponentially increases with the problem,
see [16]. It is reasonable to seek an approach to solve such problems. One powerful
technique to solve this category of problems is the use of meta-heuristics. Although
meta-heuristic algorithms cannot always guarantee to obtain the true global op-
timal solution, they can provide results for a range of problems in a reasonable
amount of time.

In this section, we employ Genetic Algorithm (GA) as one of the meta-heuristic
tools. The basic steps of GA are described as follows:

1. Evaluation

At each iteration (generation), GA operates on a set of individual solutions
known as a population. Each individual in the population, referred to as a chro-
mosome, represents a potential solution to a given problem, starting from either
randomly or heuristically produced one. The fitness function is applied to rank
individuals and guides the algorithm in selecting candidates during the phase.
Hence a fitness score is assigned to each individual. In our algorithm, we have
considered fitness score as the cardinality of the GF'S described by a chromosome.

2. Selection

The selection operator among the population selects the best individual that
has higher fitness scores for the next generation. Here, the selection operator
utilizes the roulette wheel. This selection is a technique to randomly choose parents
for reproduction based on their fitness scores.

3. Crossover

In the crossover stage, two individuals are chosen to be parents for the next
generation and some portions of chromosome are exchanged between the individ-
uals to produce the new chromosomes. There we have single-point crossover. This
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Figure 3: (a) Multiplechain (b) Bs 2 (¢) Perylene(C20H12) (d) Z(2,2).

crossover is a technique where the selected two parents, is cut at the crossover
point to create the child.

4. Mutation

By applying the mutation operator, new individuals are created and they re-
place some of the individuals from the current population.

A cycle of the selection, crossover, and mutation forms one iteration in GA.
In this section, we describe a GA algorithm for determining the GFN for perfect
matchings of a given bipartite graph G. The main reason for focusing on bipartite
graphs is that the enumerating of all the perfect matchings in a graph is NP-
hard in general [17]. Fukuda[l8] presented a polynomial time algorithm to find
all the perfect matchings for bipartite graph, where the input of this algorithm is
an initial perfect matching of the graph. Thereby, we apply Fukuda’s algorithm
to find all the perfect matchings of the bipartite graph. The details of our GA
implementation are given in Algorithm 1. The binary encoding of the fitness score
of individuals used in presented Algorithm 2. Each solution S (candidate for a
GFS) is presented in the population by a string of length m. Character 1 at the
i-th place of the string shows that edge ¢ belongs to S, while 0 denotes that it
is not. If vectors of r(M;|s) for all M; € p(G) are different, then S is a GFS.
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Figure 4: Normal pericondensed HS: (a) Coronone(C24H12) (b) Benzo(C22H12)
(c) Ovalene(C32H14).

Algorithm 2 is applied in order to determine whether S, current individual by
code ind, is a GFS and if the answer is positive, to reduce its cardinality.

Algorithm 1 GA

1: Generate the initial population of m chromosomes randomly.
2: while number of iterations<Max do

3 fitness evaluation by Fitness-Function.

4 selection based Roulette Wheel selection.

5: crossover based Single-Point crossover.

6: mutation based Swapping.

7: return the GFN of the best solution.
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Algorithm 2 Fitness — Function

1: for solution S, sort all vectors r(M;|s) for all M; € u(G), i =1,...,t accord-
ing to the lexicographically increasing (or decreasing) order in the sequence
r(Milsg)y ..y 7(Mels).

2: fori=1,...,t—1do

3: find j(¢) as the minimal coordinate where the vectors r(M;|s) and
r(M;11]s) are different.

4: end for
5: if for some 4, r(M;|s) = r(M;11]s) (S is not a GFS) then choose an additional
edge randomly from E \ S and add to S and go to step 1.

6: determine r = max{j(1),5(2),...,j(t — 1)} and keep in S the first r elements.

As mentioned in step 5 of Algorithm 2, if the solution S is not a GFS, then
the "reparation" technique is applied: S is updated randomly by adding an edge
from E\ S to S, and Algorithm 2 is applied again. This would be iterated until S
becomes a GFS. The cardinality of the final GFS, S, becomes the fitness score for
the current individual. In step 6, r is the maximum of the minimal coordinate j(7)
where the vectors r(M;|s) and r(M;11|s) are different. Thus the vectors r(M;|s)
for all M; € u(G), i =1, ...t are different at the first r elements i.e. 7 is minimum
GFS for the current solution.

4. Experimental results

In this paper, we provide a genetic algorithm for determining the minimum GFS
and GFN for perfect matchings of a bipartite graph G. Oskoueian et al. [19] pre-
sented a hybrid greedy approximation algorithm to find the minimum GFS and
GFN for the perfect matchings of a bipartite graph G. Their algorithm generates
a solution with acceptable approximation ratio. They implemented the proposed
algorithm on several functional chemical graphs and obtained the minimum GFS
and GFN for these graphs. Table 1 compares the results obtained by the GA with
the result of the greedy algorithm (Gd) presented in [19]. The fourth column of
Table 1 contains the best greedy GFN and the fifth column contains the minimum
GFS. It can be seen that for graphs such as Coronone, Benzo, and Ovalene the
generated GFN obtained by GA is better than the generated GFN obtained by
the greedy algorithm. Besides, the mentioned graphs are in the category of nor-
mal pericondensed. For this category of HS, Dogli¢ [11] computed a bound for
the GFN. In Table 1, U, denotes the upper bound of GFN for pricondensed H.S.
Meanwhile, GA gave a better GFN than bound. Also, in Table 1, E, denotes
the exact value of GFN for catacondensed H.S and some pericondensed H.S that
is described by Theorems 2.1, 2.3 and 2.4. Observe that the results obtained by
GA match the exact value of GFN for these graphs. In addition, it is important
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to notice that the minimum GFS is not necessarily unique and so the set S ob-
tained by GA may be different from the set S obtained by the greedy algorithm.
Algorithms 1 and 2 has been coded in MATLAB R2019b (Intel(R) Pentium(R)
CPU2117U@1.80GHz). The performance plot of GA for Ovalene are shown in

Table 1: Results on chemical graphs.

Chemical name GApest Sca Gdpest  Sad U, E,
Phenanthrene 3 {eg, €10, €14} 3 {e1,e3,eq4} - 3
Biphenylene 3 {eg, €11, €14} 3 {e1,e3,e4} - 3
Z(2,2) 3 {67,687617} 3 {63,612,613} 3 3
Perylene 4 {eg, €10, €14, 5 {e1,e2,e3, 4 -
617} €14, 616}
Multiplechain 5 {es, €13, 17, 5 {e1, e4, €17, 6 5
€23, 629} €21, 625}
Bg}g 4 {61,667610, 4 {65,611,615, 5 4
e} eir}
Coronone 6 {es, €11, €15, 7 {e1,ea, €5, 6 6
€17, €24, €,4 } es, €9, €17, €20}
Benzo 5 {es, €9, €10, 6 {e1, e2, eq, 5 -
€22, 624} €9, €15, 624}
Owvalene 9 {es, €9, €15, 9 {e1, €6, €7, 9 -
€16, €20, €31, €12, €15, €20,
€38, €40} €21, €31, €39}

Figure 5. The parameters setting of GA in our algorithm are detailed in Table 2.

Table 2: The GA parameters setup.

Parameters Value
Population size 25
Mutation probability 0.3
Number of iteration 100

Crossover probability 0.8

5. Conclusion

The development of the GFS concept in graph theory has been significantly influ-
enced by applications in chemistry. It would be useful to precisely determine the
GFN for perfect matchings in a graph G. However, this is challenging to calculate,
as finding all perfect matchings is generally considered NP-hard. As discussed in
Section 3, there have been efforts to find the GFN for perfect matchings in specific
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Figure 5: Performance plot for Ovalene with 100 generations.

graphs, including hexagonal systems. The algorithm described here can be applied
to various bipartite graphs, particularly hexagonal systems. Additionally, the re-
sults of the genetic algorithm (GA) improve the results presented in the theorems
mentioned in Section 3 for finding the GFN.
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