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Abstract

In this work, we solve nonlinear Duffing fractional differential equations
with integral boundary conditions in the Caputo fractional order derivative
sense. First, we introduce the cubic Hermite spline functions and give some
properties of these functions. Then we make an operational matrix to the
fractional derivative in the Caputo sense. Using this matrix and derivative
matrices of integers (first and second order) and applying collocation method,
we convert nonlinear Duffing equations into a system of algebraic equations
that can be solved to find the approximate solution. Numerical examples
show the applicability and efficiency of the suggested method. Also, we give
a numerical convergence order for the presented method in this part.
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1. Introduction

The study of fractional derivatives, which speaks to extending differentiation
to non-integer orders, has roots stretching back over three centuries. Although
the idea was first discussed among notable mathematicians such as Leibniz and
L’Hopital in the late 1600s, the systematic exploration of fractional calculus did
not emerge until the 19th century. Pioneers such as Riemann and Liouville formu-
lated foundational theories that formalized this concept, establishing a framework
for understanding derivatives of arbitrary order. Fractional calculus has gained
prominence due to its capacity to model complex systems that exhibit non-local,
history-dependent behavior attributes often overlooked by traditional calculus,
which relies on integer-order derivatives. This unique capability has made frac-
tional derivatives indispensable in various scientific and engineering disciplines,
including materials science, control systems, and biological processes. They en-
able more accurate descriptions of phenomena such as diffusion, wave propagation,
and viscoelasticity, where memory effects play a significant role in dynamics.

Many problems in various fields of science and engineering lead to integrated
boundary value problems (see [1, 2] for examples). In this paper, we want to solve
a fractional boundary values problem (FBVP) in the form:

v’ (z) + ¢ . Diy(z) + F(z,y(z),y' () =0, 0<n<1,z€(0,1),ceR—{0},

y(0) —a ¢'(0) = fol hi(s)y(s)ds, y(1)—0by'(1) = fol ha(s)y(s)ds, a,b e R
(1)
where *D{ denotes the fractional derivative in the Caputo sense and h; and hg
are given continuous functions.

Duffing equation is a nonlinear differential equation, discovered by electrical
engineer German Duffing in the early 20th century and has named after him. This
equation plays an important role in modeling many applications such as brain
modeling, biological systems, disease prediction, orbit extraction, and so on (see
[3-5]). The existence and uniqueness of the solutions for this equation can be found
in [6, 7]. Although many numerical and analytical methods have been performed
to solve the Duffing equation with two-point boundary conditions [8], less research
has been done on the Duffing Equation (1). For example, the reproducing kernel
space method [9, 10], the homotopy perturbation method, the reproducing kernel
Hilbert space method [10], and the Legendre multiwavelets method [11] are being
used for solving Equation (1).

Noori Dalawi et al. [12] have introduced an efficient algorithm based on the
wavelet integration method to solve nonlinear fractional optimal control problems
with inequality constraints. Also, for the first time, by using the interpolation
properties of Hermitian cubic spline functions, they have constructed the opera-
tional matrix of the Caputo fractional derivative. Ashpazzadeh et al. [13], have
used Cardinal Hermit’s intrapolant multiscale function approximation method to
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solve nonlinear quadratic optimal control problems with inequality constraints.
The authors in [14] have investigated the dynamics of infectious diseases using
a fractional mathematical model based on Caputo’s fractional derivatives, while
Shahmorad et al. [15] employed a geometric approach for solving nonlinear frac-
tional integro-differential equations. Bahmanpour et al. [16] utilized a Miintz
wavelets collocation method to solve FDEs. Moreover, high-order and stable nu-
merical algorithms with fractional spectral collocation method and with the help
of space fractional derivative which is defined based on the Riesz derivative, have
been developed in [17]. In addition, a finite element approach with cubic Hermite
element was employed to solve a time fractional gas dynamics equation in [18].
Furthermore, Pourbabaee and Saadatmandi [19] solved distributed order FDEs
using a collocation method based on Chebyshev polynomials. Also, in [20], the
operational matrix of the fractional derivative and the operational matrix of the
distributed order fractional derivative for Miintz-Legendre polynomials are found.
For further research works on this problem, we recommend interested readers to
refer to [21-27].

In this research, based on the work of [28], by using the operational matrix
of fractional derivative for cubic Hermite spline functions (CHSFs) we expand the
unknown function as a linear combination of CHSFs with unknown coefficients.
Using CHSFs and collocation method we reduce the problem (1) to a system of
algebraic equations which can be solved to find the unknown coefficients.

This paper is organized as follows: In Section 2, we give some preliminaries and
definitions needed for our work. In Section 3, the numerical method is presented.
Some numerical examples are presented to show the efficiency and validity of the
method in Section 4. We finish the paper with a conclusion and suggesting ideas
for future work.

2. Preliminaries and notations

2.1 The Caputo definition of fractional derivative and some
other definitions

In this part, we will review the fundemental concepts and definitions of fractional
calculus that will be used in the next sections.

Definition 2.1. ([29]). Let n > 0 be a real number. The Riemann-Liouville
fractional integral operator of order n, denoted by J, is defined on [a, b] and acts
on functions L'[a, b] as:

Tg(x) = ﬁ /w(x O lg)dt, a<a < b,

When n = 0 we define Jig(x) = g(x).
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L/}
Definition 2.2. ([29]). Let n > 0 and m = [n]. The Caputo fractional derivative
(CFD) of order n is defined as:

Dag(e) = J " D™ g(x),

when D™g € L'[a,b).
Applying Definition 2.1, we can write:

nooy_ 1 T g™
Dioo) = g || G et

For the Caputo derivative we have:

D»C =0, (Cisa constant)

" B 0, for B eNg and 8 < [n],
Lar” =9 rern  son
oy L for BeNgand 8= [n] or B¢ Nandf > |n].

Here, the ceiling function [n] is the smallest integer greater than or equal to n
and the floor function |n] is the largest integer less than or equal to n.

+D7 is a linear operator, i.e.,

Dz (e1f(@) + e2g(2)) = e1 LD f(@) + e2 Dig(x),
where ¢; and ¢, are arbitrary constants.

Definition 2.3. ([30]). Let © be an open subset of R. The Sobolev space of order
s, denoted by H*(Q2), is defined by:

H*(Q) = {g € L*(Q); g™ € L*(Q),m =0,1,...,s, s € N}.

The norm for H*(2) is defined by

= <Z lgt™ |L2(Q)>
m=0

Also, for the non-integer value s € (0, 1), the fractional Sobolev space is defined
by [31]:

N|=

W52(a,b) = {g € L*(a,b) : w € L*([a, b] x [a,b])},

with the related norm

1

2 2
2 |
W dr + .
gl (@) l/ l9(x)"da / / | — yIHQdedy}
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2.2 Cubic Hermite spline functions on [0,1]
Cubic Hermite spline functions are defined by [32]
(:L' + 1)2(721, + 1)7 S [7170]3
p1(x) =4 (1—2)?(2z+1), =x€]0,1], (2)

0, o.w.,

(r+1)%z, x€[-1,0],
p2(x) =< (1 —2x)%2, x€]0,1], (3)
0, o.w.,

and satisfy the following interpolation properties

p1(k) = ok, ¢1(k) =0, ¢2(k) =0, ¢5h(k)=2dor (k<)

1, 1=k
51' — ) )
- {0, 0.w.

The integer transformations of ¢; and ¢, form a basis for the space of C'-
continuous piecewise cubic functions on R, which interpolate both the function
values and their first derivatives at k € Z. For [ = 1,2, it is possible to express
any function in this space as a linear combination of ¢;(27z — k).

We put (b'l"k(x) = ¢1(2z — k) for | = 1,2 and Bj, = Supp[qb{k(sc)] It is easy

to show that for j,k € Z, Bj = [’El, k;;l] We also, define a set of indices as

Here,

follows:
S;={Bjxn(0,1) #0}, ke

It is evident that: _
S;=1{0,1,2,..,27}, jeEL

We also need to define the cubic Hermite functions on the interval [0,1]. So, we
introduce , ,
6" (x) = 07" (2) Xpay(0), JEL kES; I=1,2

2.3 Function approximation

Let ®;(.) be 2(27 + 1) vector as:

0 0 i od i 9d T
() =|¢17()s 3 ()t (), 037 ()] . JEL (4)

The interpolatory characteristics of the functions ¢, and ¢s, allow for the to ap-
proximation of a function g € H*[0, 1] using cubic Hermite functions, when j = .J
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is fixed, as:
2J
g@) = > (ern 6" (@) + ea 674 (2)) = CT B,(a), (5)
k=0
where
= g(2 —o gty k=02
Cl7k_g(27)a Co k= 9(27)7 — Yy by )

and C' is a N-vector as:

T
C= [01,07 €2,0y -+, C1,275 C227 |

where N = 2(27 +1).

2.4 Ordinary and fractional derivative operational matrix

The ordinary derivatives of the functions ¢;(272 — ¢),£ = 0,1,2,...,27,i = 1,2
can be approximated as:

02— )2 Yol = 0020 - 1)+ 356/ @)] oy, e -0) @
k=0

" '] 2J " J 1 " .]

5@ )= S {6l (k= 00 @5 = 1)+ 356 @)y @ -0} (D)
k=0

Using the relations (6) and (7) we can find ordinary derivatives of the first and
second order for the vector function ®; in the form:

() = Do . @ (), (8)

D' (z) ~ D2 .®;(x). (9)

Here, Dg is the N x N (six-diagonal matrix) operational matrix of ordinary deriva-
tive, which is defined in [32].

Also, CFD of the functions ¢;(2/x — ¢), of order n,(0 < n < 1) may be
approximated as:

Dii(27x — 1)
2]

~ S {LDjoitk — 06127x ~ )+ 3 D(Dox())|,_,_, =272~ B)}, (10)

0=0,1,...,27, i=1,2.
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Here, D represents the first order classical derivative. Employing Equation (10)
we find the CFD of order n for the vector function ®; as:

Di®y(x) =D, Py(x), (11)

where D,, is the N x N operational matrix of fractional derivative. For J = 0 and

n= %0, the matrix D,, is as follows:

0 0 —600 20
551T (%) 570 (%)

0 0 —10 11
5511—‘(%) 1711—‘(%)

D, = 600 —20
00 5511(5%) 570(5%)

0 0 200 220
4959T(5%)  171T(5%)

3. Description of numerical method
In this section, we solve the FBVP (1) by applying cubic Hermite spline functions.

First, we approximate unknown functions y and h; (i = 1,2) in the problem (1),
by using Equation (5), as:

2]
y(@) = @) = 3 i o @) + Vor 07 @)} = VTR @),  (12)
k=0
hilw) = hig(@) = > {Hiy oM @) + By 07 @)} = BT 0u@),  (13)
k=0

where Y and H? are the following unknown vectors:

T
Y = [Y1,07 YQ,Oa }/1,17 Y2,17 ceey }/1,2*’7 1/2,2"']

)

1 __ 3 3 3 3 1 3
Hi = {HLO,HQ’O,HM,HM,...7H1’2J,H2’21}

Moreover, using the operational matrices in Equations (8), (9) and (11), we can
approximate y'(z),y”(z) and ,Djy(z) as:

Y (x) =2 YTd (2) 2 YT Dg® (), (14)
y'(x) ~ YT (x) ~ YT D2®(x), (15)
Diy(z) = DY e () ~ Y D, & (z). (16)



432 M. Lakestani et al. / Solving Linear and Nonlinear Duffing ...

__________________________________________________________________________________________________________|]

Employing Equations (14), (15), (16) and Equation (1), we obtain:
YTD3®;(2)+Y "D, @ s (2)+F (2, YT @,(2), YT Ds® s (2)) ~0, 0<az <1 (17)

Also by replacing (12), (13) and (14) in the integral boundary conditions (1), we
get:

YT®,(0) —a YT Dg @,(0) = HlT( /0 ®,(s) oL (s)ds)Y, (18)
YT®,(1) —b YT Dy (1) = H2" (/1 @ (s) ¢§(s)d5)y, (19)
0

where ji)l ®;(s) ®T(s)ds is defined as the following N x N (seven-diagonal matrix):

Ay By
By, C B
By, C B
By, C B;
Bg AQ
in which
26 il 26 —1iL 9 13 9
A1<11 3),142(_11 P , Bi=| 13 ¢ , Bo=| _13
3 3 3 3 6 2 6

and

By collocating Equation (17) at N — 2 equally spaced nodes z; € [0,1], for ¢ =
1,2,..., N — 2, we have:

YTDg @5(x;) + YDy @5(2;) + F(2s, Y @y (), Y Do ®y(z;)) ~0.  (20)

The combition of Equation (20) with Equations (18) and (19) creates a system of
algebraic equations that consist of N equations and N unknowns. This system
can be solve to obtain the unknown vector Y. Therefore, the solution y of problem
(1) can be found.

Ju
w

o
N[
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4. Numerical examples

Now, we apply the method described in the previous section to solve some exam-
ples.

For various levels of J, we tabulate Lo, and Lo errors. We assume e;(x) =
O(27?7), and solve for p accordingly

lles—1 (@)l Le=(j0,1))
HGJ(fU)HLoc([O,l])

p = log, (21)

Example 4.1. For n € (0,1), we consider the following nonlinear problem

y" (@) +.Dyy(x) + y(z)cos(y(x)) = f(2), © € (0,1),

with integral boundary conditions(IBCs):

{yw) —24/(0) = [} —wy(x)dz,
y(1) + 2y/(1) = [ 21 + 2)y(x)d,

where

120 1
fz) =122% + T 4" 4 o+ (1 + 2 4 2 cos(1 + x + 2?),

(5—n) I'(2—n)

and the exact solution is y(z) = 1 +z + 2.

In Table 1, we report the L., and Lo errors for various values of n and J.
Moreover, Table 1 shows the numerical convergence order for different values of
n and J. Furthermore, the graph of absolute error functions |y(z) — ys(z)| for
n =0.5,0.6,0.7,0.8,0.9 and J = 6 are given in Figure 1.

It is clear that the exact solution lies in H%[0,1]. The obtained results show
that the numerical order of convergence (21) is as O(2777), where p is close to 4.

Example 4.2. As an other example, for n € (0,1), we consider the following
FBVP

y"(x) + . Dyy(x) — 5ny(x) = f(z), = € (0,1),
with IBCs

1
29(0) + 5259/ (0) = [, wy(:ﬂ)diﬂ,
359D + ey () = [ 2y(a)dz,

2" — B5na® — bnx — 5n.
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Table 1: Lo, and Lq errors for y(z) using presented method for Example 4.1.

Figure 1:

J L error Lo error p
2 773x1072 4.49 x 1072
3 1.92x1072 1.10x 1072 4.02
4 481 x107% 2.73x10% 3.99
n=05 5 120x107% 6.82x107* 4.00
6 320x107* 181x10~* 3.75
7 801x107° 453x10"° 3.99
2 732x1072 4.25x 1072
3 181x1072 1.03x1072%2 4.04
4 4.52x1073 257x 1072 4.00
n=07 5 112x10"% 6.40x10~* 4.03
6 282x107* 159x10~* 3.97
7 7.05x107° 3.99x107° 4.00
2 6.66x1072 3.87x 1072
3 162x1072 930x1072%2 4.11
4 4.01x1073 228 x10~2% 4.03
n=0.9 5 999x10~* 5.61x10"*% 4.01
6 249x107* 1.41x107* 4.01
7 622x107° 3.52x107° 4.00
0.00030 ,‘.~
._;
4
0.00025+ "/'/
7
B/
0.00020 RS
s
K7
0.00015 NSl
Lo
i
om0} .;";/
2
0 02 0‘.4 0.6 013 1

The graph of absolute error functions
0.5,0.6,0.7,0.8,0.9 and J = 6, for Example 4.1.

ly(z) — ys(z)| with n
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Table 2: Lo, and Ly errors for y(z) using presented method, for Example 4.2 .

J Ly error Lo error p

2 210x107Y 1.29x 107!

3 409x1072 253x1072 5.13

4 832x107% 517x107% 4.91
n=0.7 5 180x107% 1.12x1073 4.62

6 4.10x107* 257x107% 4.39

7 9.67x10"° 6.07x107° 4.23

2 342x107! 206 x 107!

3 799x1072 483 x1072 4.28

4 1.89x1072 1.14x1072 4.22
n=08 5 459x1073 278x 1073 4.11

6 1.13x1073 6.84 x10~* 4.06

7 280x107* 1.69x10~* 4.03

2 4.70x 107t 278 x 107!

3 118x107!' 6.98x1072 3.98

4 290x 1072 1.71x1072 4.06
n=09 5 T7.17x1073 4.24x107% 4.04

6 1.78x1072 1.05x1072 4.02

7 443 x107* 2.62x 107 4.01

3 »
p
2.54 ‘/_.’
7
) N4
)4
o
1.51 ./';/
=

Figure 2: Comparison of y(z) for J =6 and n = 0.3,0.5,0.7,0.9 and the exact solution

for n = 1, for Example 4.2.
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-0.0010

-0.0015

-0.00201

= o oapn=0.5 === e=)7 n=0.8 === (.9 me— =]

Figure 3: The graph of absolute error functions |y(z) — ys(z)| for J = 6 and n =
0.5,0.7,0.8,0.9, 1, for Example 4.2.

The exact solution of this problem is y(x) = 1 + x + z°".

We provide the results for L., and Ly errors for various values of J and n
in Table 2. Also, we plot the numerical solutions for y(z) with J = 6 and n =
0.3,0.5,0.7,0.9,1 in Figure 2 and absolute error functions |y(z) — ys(z)| for n =
0.5,0.7,0.8,0.9,1 and J = 6 in Figure 3.

Example 4.3. For n € (0, 1), consider the following FBVP
y'(z) +.Dyy(z) — 2y(z) = f(x), = € (0,1),
with IBCs

1
5y(0) —4'(0) = [, y(x)dz,
iy(l) + my/(l) = fo vy(z)dz,
where (3 )
( n + )x2n72x3n
I'2n+1)
The exact solution of this problem is y(z) = 1 + 23".
We report the L., and L errors for different values of n = 0.5,0.6,0.7,0, 8 and

J in Table 3. For the cases 3n = 1.5,1.8,2.1, 2.4, the exact solutions approach to
w3n2[0,1].

f(x) =3n(3n —1)z%"2 + -2

Example 4.4. As the last example, for n € (0, 1) we consider the following FBVP

y' (@) +.Dgy(x) + (z — 2*)y’(2) = f(2), = € (0,1), (22)
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Table 3: Lo, and Ly errors for y(z) using presented method, for Example 4.3 .

J

L error

Lo error

p

~N O T W N

9.01 x 10!
3.78 x 107!
1.79 x 10~1
9.63 x 102
5.75 x 1072
3.69 x 102

6.98 x 10!
2.99 x 1071
1.44 x 1071
7.85 x 1072
4.73 x 1072
3.05 x 102

2.38
2.11
1.85
1.67
1.55

N O O W N

7.42 x 101
2.67 x 10!
1.10 x 1071
5.14 x 102
2.61 x 1072
1.60 x 102

5.36 x 10!
1.94 x 1071
8.05 x 102
3.75 x 102
1.91 x 10~2
1.02 x 102

2.77
2.42
2.14
1.96
1.86

~N O O W N

7.86 x 102
2.59 x 102
0.48 x 103
3.79 x 1073
1.55 x 1073
7.19 x 10~*

5.31 x 1072
1.73 x 1072
6.32 x 1073
2.52 x 1073
9.24 x 1074
477 x 1074

3.03
2.73
2.50
2.44
2.15

~N O Ot W N

5.77 x 1072
1.69 x 10~2
5.42 x 1073
1.84 x 1073
6.56 x 104
2.39 x 10~*

3.68 x 1072
1.06 x 10~2
3.38 x 1073
1.14 x 1073
4.07 x 1074
1.48 x 10~*

3.41
3.11
2.94
2.80
2.74
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with IBCs

Jo —y(x)dz,

{y(@) - 2y (0)
fol —zy(x)dz,

y(1) + =y’ (1)

where
f(z) = —sin(nz)(7? + (2 — x)sin’*(7z) + mcos(nx),

The exact solutions for the values of n # 1 are not exist. The approximate solutions
obtained by the present method for various values of n = 0.5,0.7,0.8,0.9 and 1 are
plotted in Figure 4, which shows that as n tends to 1, the approximate solutions
approaches to the plot of y(x) = sin(rx).

0.84 / \\‘

\‘ I

0.44 :t — 1.06

1.04

021 ‘ 102

\ = ——
049 030 051 052 03

Figure 4: Plot of approximate solutions for n = 0.5,0.7,0.8,0.9, and 1, for Example 4 .

5. Conclusion

In this study, we employ cubic Hermite spline functions to address nonlinear Duff-
ing fractional differential equations subject to integral boundary conditions. The
operational matrix associated with the Caputo-type fractional derivative, along
with the collocation method, was utilized to derive the solution. Our findings
indicate that the proposed method demonstrates a strong correlation with the nu-
merical order of convergence when the exact solution is in H*[0, 1]. However, when
the exact solution is in the fractional Sobolev space W#2(0,1), where 1 < s < 4,
we see a decrease in the convergence order to O(27%7). Future research may aim to
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theoretically establish the convergence order of our method within the framework
of fractional Sobolev spaces.
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