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Abstract

The pantograph equation improves the mathematical model of the sys-
tem includes modeling the motion of the wire connected with the dynamics
of the supports and modeling the dynamics of the pantograph. The subject
of this paper is the existence and Ulam stability of solutions for a cou-
pled system of sequential pantograph equations of fractional order involving
both Riemann-Liouville and Caputo-Hadamard fractional derivative opera-
tors. By applying the classical theorems in nonlinear analysis, such as the
Banach’s fixed point theorem and Leray-Schauder nonlinear alternative, the
uniqueness and existence of solutions are obtained. Furthermore, the Ulam
stability results are also presented. Finally, we have shown the results in
the applications section by presenting various examples to numerical effects
which provided to support the theoretical findings.
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1. Introduction

It is well known that the fractional differential equations theory plays an important
role in applied sciences and engineering. Recently, a significant development in this
theory has been achieved, for more details, the readers can refer to [1-5] and the
references therein. Moreover, existence theory and the analysis of the stability of
the solutions is one of the most important areas concerning research on fractional
differential equations, for more details, see [6-9].

The pantograph equation is a famous delay differential equation that has been
known since 1971. Till the present day, the continuous and the discrete cases of the
pantograph equation are well studied. In fact, the equation improves the mathe-
matical model of the system includes modeling the motion of the wire connected
with the dynamics of the supports and modeling the dynamics of the pantograph.
Recently, the existence and the Ulam-stability problems have been attracted by
many authors, we refer to the papers [10-15] and the references therein. So, in
this current research work, we establish the existence and Ulam-stability of solu-
tions of an important type of differential equation that has several applications in
engineering and scientific disciplines, called pantograph equation (PE). We note
that the classical PE model, is

D' [h(p)] = Bib (p) + Babh (wg) peA:=[0,T],

under condition h(0) = bho, where 0 < w < 1 [16]. For more information, we
refer the reader to the research papers [17-19]. In [16], the scholars considered the
C-fractional version of the PEs type,

c2"b(p)] =3(p,b(p),b(wp)), peA, O<w<l,

with § (0) = ho. The PEs including different kinds of fractional operators such as
Caputo (C), Riemann-Liouville (R.L), Hadamard (H), Katugampola-Hilfer (KH)
and g—fractional operators, etc., have recently been studied by many researchers [20—
26]. Also, by using different techniques of nonlinear analysis, several scholars have
obtained results of the existence, uniqueness and Ulam-stability of solutions for
different classes of fractional pantograph equations (FPEs). For more details see
monographs [27-31]. In [32], the authors studied the existence, uniqueness and
Ulam-stability for a class of C.H type fractional pantograph differential equations
(FPDEs) described as form,

cu?"(p) =5(0,h(p),b(wp)), pel,T], 0<w<I,
under the condition h (1) = by — ¢ (h), b1 € R, where order 0 < n < 1 and
3:[1L,T) xR? 5 R,¢: C([1,T],R) — R are given continuous functions. In [33],
the authors considered a FPDEs with R.L and two C fractional derivatives of the
form

rRL2" [c2% [c272]] b (p) = A5 (0,5 (9) , b (wp))
+Br1I 3 (0,0 (), b (@p))] s

pel0,1],0<w,w<1,0<nd,<1l,a>0,ABeR,



Mathematics Interdisciplinary Research 10 (1) (2025) 1 — 33 3
L e

and A\; # Ar"T91+9271 with the boundary value condition b (0) = 0, A1h (1) —
Xob () = ¢ (h), cZ2™h(0) =0,0 < v <1, A, A\ € R, and 3,5 : [0,1] x R? —
R,¢ : C([0,1],R) — R are given continuous functions. Also in [34], the authors
established the uniqueness and different kinds of Ulam stability for sequential FP
DE involving Caputo g—fractional derivative given by,

(2 +mc22] 0 (p) =35 (0,0 (p), b (wp), cZi?h (wp)),  pEA,

formeRsp, 1 <1 <2,0<2<1,0<qw<1 me€eR, =12 with
H(0) =0, mbh(T) =mb(s)+ A4, 0<n<T, AR, where mTM "2 #£ qa¢m 12
and 3 € C(A x R3).

In this present work, we study the existence, uniqueness and Ulam-stability of
solutions for the following coupled system of R.L and C.H sequential FPEs:

rR1Z™ [cu?’ + B1] b1 (9) = 31 (9, b1 (), b1 (W), b2 (9))

RLZ™ [c.nZ®* + B2] b2 (p) = 32 (9, b1 () , b2 (p) , b2 (wp)) , (1)
pEN 1< <20< <1, 0<w<l, B k=12,

supplemented with coupled conditions
{ [cu?® + B1] b1 (0) =0, b1 (T) = R [b1 (61)], b1 (0)
[c.H?”? + B2] B2 (0) = 0, b2 (T') = R.LI* [b2 (62)], b2 (0)

where 0 < 0, < T and 31 : A x R® = R, k = 1,2 are given continuous functions.

We recall auxiliary concepts and definitions about fractional calculus in the
next section. In Sections 3 and 4, the existence of a solution for the proposed
coupled system R.L and C.H sequential FPE (1) is presented by using suitable
theorems in the existence of its solution and the Ulam stability of the system is
defined and is studied. Some applications to show the validity of the existence
results in Section 5, are presented. At the end, the conclusion is expressed to
introduce future works in Section 6.

O 2
0. (2)

2. Prelimeneris of fractional calculus

Definition 2.1 ([3, 4, 35]). The operator g..2" is the fractional derivative in the
sense of R.L, defined by

w200 = (&) [ o0 ks 1=+ L

where T' (+) is the Euler Gamma function.

Definition 2.2 ([3]). The operator ¢ y2”° is the C.H fractional derivative defined
by,

t -1 i
C‘H@‘f’[h](p):/o (m%) 5L%%,
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where i —1 <9 <i,i=[0]+1,6= pd% and [9] denotes the integer part of 9.
The R.L and H fractional integral of order p > 0, are defined by

R 7 (0] () = / p(p—mﬁ‘lh(ﬁ)%, p>0,

0

£ p—1 -
b)) = [ (wg)" M2 s,

respectively [3, 4, 35].

Lemma 2.3 ([3]). Let p > 0. Then for h € C(0,T)N L' (0,T) and r1.2"h €
C (0, T)NL(0,T), we have

RiZ? [R12” 0] (0) = b (0) + Y e’
=1

fore,eR,i=1,2,...,0,1=[p]+ 1.
Lemma 2.4 ([36]). Let h € C%(A). Then

-1

w?” [cu?” 0] (p) =b(p) + > eilnp)’, e €Ri=1,2,...,1—1,
=0

where Ci (A) ={h: A =R : 6" 'he C(A)}.
Lemma 2.5 ([3]). For p>0 and A > 0, we have n.g° [p*] = A~Pp*.

Lemma 2.6 ([13]). Let 1,9 > 0 and X > 0 be given constants. Then, we have

17 [r s 1] (9) = w7,
r? [17° [wn s W] (90) = ritgm o

3. Existence results for proposed system

In this section, we investigate the existence and uniqueness of solution for coupled
system R.L and C.H sequential FPEs (1). First, we give the following auxiliary
result.

Lemma 3.1. Let T (n;,) 0* ™1 £ T™=T (ny + ay) and suppose that gy, €
C (A), k=1,2. Then the unique solution of the fractional problem

rRLZ™ [c.u?®* + Br] br (p) = gk (),

[c.u? + B b (0) =0, br(T) =rLI b k), sk (0)=0, (3)
gaeA71§17k§2,0§19k§1,ak>070<9k<T, k=12,
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s given by

b () = 17" [R1I™ [gx]] (9) — B u? " [01] ()

+ % (R,Lfa’“ [H«ﬂsk [RL?™ [gi]]] (Ok)
=17 (R ™ (9] (T) + Bens™ (1] (T)
— Brr1I " [0 [i]] (0k) ), (4)
where B
I = (g — 1) 7" <% - Tnkl) k=12 5)

Proof. Applying the operator g 1.#", k = 1,2 to both sides of equation in (3) and
using Lemma 2.3, we get:

[c.HZ® + Br] bi (9) = RLI™ [gx] (0) + e1rp™ " + earp™ 2, (6)

where ey, ear € R, k = 1,2. Next, using the operator p.#%%, k = 1,2 to both
sides of equation in (6) and applying Lemma 2.4, we obtain:

br (9) = 52" [RI ™ [gx]] (9) — Bens " [bi] ()
+erp s [0 '] + ean AL (0™ 2] + eok, (7)

where eg € R. Since [c.u?”* + B by (0) = 0 and b (0) = 0, we get:
€2 = 0, €0k — O7 k= 1, 2. (8)

Now, applying the fractional integral g .#*", k = 1,2 to both sides of equation
in (7), we get,

RLI (0] (0) = I [0 [R 2™ [0]]] ()
— Brr1 I [0 [hi]] (p)

—1) kT (ny _
e (nkF(177)k+:k)(nk) pnk—&-ak 1

Since b (T) = R1L7** bk (0k), k = 1,2 and from Equation (8), we obtain:

e = [(nk ST (T s ] :
(res o [17% (s g] (00) = w8 [k ™ ] (T)
B weT O [0 [04]] (00) + B 0™ 104 (T) )
= i (™ (567 ™ ul] (00) = 08 [ i) (1)

= B wr [0 [04]] (00) + B s 04 (7)),
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inserting the values of eg, e1x and esr, k = 1,2, in Equation (7) yields the solu-
tion (4). O

Let us now define the space Z = {h; : hr € C (A)}, k = 1,2 endowed with the

norm [|(h1, h2)l| z2 = [[h1ll + [|b2l, where [[bx | = sup {|bx (0)] : p € A}. Tt is clear
that (22, ||| z2) is a Banach space. In view of Lemma 3.1, we define an operator

©: 225 Z2 by
(b1, b2) (9) = (01 (b1, b2) (9), @2 (h1,b2) (), p €A,
where for all k = 1,2 and p € A, we have:
o1 (0102) (9) = 7™ [ (310 || (0) = B w ™ [01] (0)
o e (e [ [ [ || 00)
0 R (51 5, || (0) + 81 ™ 1] (D)
— Bt [ )] 00)),
and
@2 (01,02) () = 17" [R1I™ [35, 6000 | (9) = Bons™ [0 ()
o R (0 [ [k (55 0] || (62)
= I (R (35 e || (T) + B2 0™ [02] (T)
— B rns® [0 o] (82) ),

where

31.(5102) (0) = 31 (0,01 (), b1 (wp) , b2 (9)) ,
35, (h1,52) (9) = 32 (9, 01 (0) . b2 (0) , b2 (wp))
and for k =1, 2,

©
* ~ -1 % ~ dp
R [sh o] 0 = [ (0= 9" 5y () 5.

w22 (0] (p) = /Og (111%)7%71 br (D) %.

For convenience, we introduce the quantities:

Akl

—9 _ _ —dp gt —dp
My kng ("]k*l) ﬁkT”k 1 um ké'k]k k un kg
C(nk+1) [Ty T(ne+ax+1) T(nx+1) |°

—Sank—l

Viom Bl T+ BED T 5 T |6y s ©)
k=Bl T+ iy 1B k|F("7k+2) ’
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__________________________________________________________________________________________________________|]
k=1,2,, and for all (b1, bh2) € B,

Rl (61,60) (0)] = 131 (0,01 (9) . b1 (wp) , b2 ()]

<131 (9,01 (p) , b1 (W) , b2 (p))
=31 (9, 0,0,0)| + [31 (,0,0,0)]
< [b1 (p)] + |b1 (we)| + [h2 (0)]
< v (201l + [[h2l) + €2
< 371 [[(h1s b2)l 22 + Q1 < 3yie+Qy, (10)

35, 601.00) (9)] = [32 (b1 (), b2 (w9) ;B2 ()
< |32 (9, b1 (p) , b1 (wp) , b2 (p))
=32 (9,0,0,0)[ + [32 (,0,0,0)]|
< [b1 (p)] + |2 (we)| + b2 (0)]
<2 ([[ball + 2 [|b2]]) + 22
<372 ||(h1, b2)|| z2 + Q1 < 3y2e + Qo. (11)

In the sequel, base on the Banach’s contraction principle, we give the existence
and uniqueness of solutions of the system (1).

Theorem 3.2. Let 3, € C(A x R3), k = 1,2 satisfying the following hypothesis
(Hy). There exist a constants v, > 0, k = 1,2 such that for all p € A and
hj,b; €R, j=1,2,3, we have:

’Z&k(@ahl,fh,hs) —31@(@,61,62,63)’ < %23: 'hj - f)]‘ )
j=1

In addition, we suppose that
3Ak’7k + vk < %a k= 1; 27 (12)

where Ay and Vi, k = 1,2 are given by (9). Then system (1) has a unique solution
on A.

Proof. We first show that pB, C B, where B. = {(h1,b2) € Z2 : ||(h1,b2)|| < €}
such that

€ > max {Aka (L - BAm+Vi)] ' k= 172} :
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and Qi = sup ¢, |3k (9,0,0)] < oo, k = 1,2. From (10), we get:

o1 (91,b2) ()| < sup {Hﬁl (R [51 00w ] | (0) + 18] 02 [91] ()
PEA

+ OB (r s [0 (R ™ (5 |] | (00)

-I-H«ﬂ‘91 [R.Lfm [5?((;1,(;2)” (T)

1B 0] (1) + 8] mar [ ] 00)) |

< s [R_LJ’“ {Zﬁ,(bl,hz)

)y o1t

)
4 o) T na (R.L’jal [erl I:R,L’ﬂnl [ H} (61)
+ s [R.Lfn1 Héi(hl»b2) ” (T)

181 5™ (102l (7) + Bl ™ [0 (2] (61) ).

| @+ 181 wr ™ oal) (7

*

31,(b1,b2)

which implies that
ler (01, 02) [ < 57t [Ref™ 1] (T) Bryre + Q1) + [Bi| ews ™ [|1[](T)
+ BT (s [0 ™ 1] (601) B + )
+ s R [(T) Byre + Q) + |Br] ens™ [1](T)
+1B1] er " [0 [1]] (91))~

Thanks to Lemma 2.6, we get:

=91 -9 —1 =91 gn1taq
n rald! (q1—1)"%17mMm n ]
o (. 5e)| < |Fery + =™ (e
-9

17n
+ npl(mfllﬂ (3716 + Q1) + [51|T

_1y=91pm—1 pmtl
+W<|B1T+|51|M>]f
=/ (3’)’16 + Ql) + Vie= (A13’71 + Vl) e+ A1Q.

Also, one can observe that [[¢1 (h1,b2)|| < (41371 + Vi) e+ A1Qy < 5. Similarly,
we have:

o2 (b1, b2)|| < (A23y2 + Va) e+ Al < 5.

From the definition of ||(-)||, we have:

e (b1,02)[l z2 = llo1 (b1, b2)[l z2 + [|02 (b1, b2)]| 22
< [B(A1y1 + Agy2) + Vi + Vo] e+ A1Qy + Ay <,
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which implies that B, C Be. For (b1, h2), (61, hg) € B, and for each p € A, we
have:

l¢1 (b1, b2) (p) — 901(61 f)z)( )|
<sup{Hf [RLJ Hzl(b ba) — 31 (61 h)m ()

pEA

+181] 157 [l — 1] () + P=H A

% (r1r [ o™ [[35, 6100

=51 i) )] @) 55 [m1™ [[55. 61
=51 (i ] @ + 1811w [0 =84 (@)
#1607 [ [ 6:f]] 00)

By (H;) and Lemma 2.6, we can write:

|01 (b1, b2) = @1 (t1,2) ||

=91 -9
n PTT ) (=1 0iTm
< {F(n T I
7]—1910771-%-(‘4 ‘91
x( HTn + oy ) |30
-1
+ [|51|T+<"1 P (|51T

—d1gm

+1B1] B +1))] (th B 61“ + Hb2 B 62“)
= (A1371 + V1) (Hh1 - h1‘ + th - f)zH) .
Hence,

‘ ¢1 (h1,b2) — 1 (fh f)z) H (34171 +V4) ’(bl, ba) — (61, [)2) H22 )
Similarly, by (11) and Lemma 2.6, we get:

‘ w2 (h1,b2) — 2 (hl [72) H (34272 + V2) ‘(f)l, ha) — (61, [’)2) H22 )

Consequently, we obtain:

o (b1, b2) —¢ (61> 02) sz = H% (b1, b2) — ¥1 (61, 52) sz
+ H<,02 (h1,b2) — 2 (61, 52) HZ2
< [3(A1m + A2ye) + Vi + Vo H(fh, b2) — (617 f)z) H22 .
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So, from (12), ¢ is contractive. Hence, the Banach contraction principlec implies
there exists a unique fixed point which is a solution of system (1)-(2). O

In what sequel, by employing the Leray-Schauder nonlinear alternative, we
present the existence of solutions of fractional problem (1)-(2).

Lemma 3.3 (Leray-Schauder alternative [37]). Assume that @ : W — W be a
completely continuous operator, and let E, = {h € W : h = Ep(h) for some
0 < ¢ < 1}. Then either the set By is unbounded, or @ has at least one fized
point.

Theorem 3.4. Let 3, € C(A x R3), k =1,2. In addition we assume that:
(Hy) There exist real constants p;, w; >0, i =1,3 and po > 0, wg > 0 such that
for any b e R,k = 1,2, we have:

31 (9, b1, b2, b3)| < po + pa D] + p2 [b2] + p3 [bsl,
32 (9, b1, b2, b3)| < @o + @1 |b1]| + @2 |h2| + @3 |h3].
If
Arpin + Ajpp <1 — (Vi + Agwoy)
A2w2 + AQWg <1- (VQ + Al,LLS) ) (13)

where Ay, Vi, k = 1,2 are given by (9). Then the problem (1)-(2) has at least
one solution on A.

Proof. We begin by showing the operator ¢ : 22 — Z? is completely continuous.
By continuity of the functions 3, & = 1,2, it follows that the operator ¢ is
continuous. Let © C Z2 be bounded. Then there exist positive constants @,
k =1, 2 such that

‘32,(h1,h2) (p)‘ S q)k:a k= 1727 v (hla h2) S O.
Then for all (h1,h2) € ©, we have:

1 (b1, b2) ()] < 8™ {R.Lfm [5?<h1,n2>
7\91T77171

[ @)+ 1810w (1021) (1)
P (e [ 00 ]| 00
+ s [R.Ifﬂm HZ’?(hhhz) H (T)
1815 101]) () + 181 57 ™ [r?™ 0]} (61) ).

which implies that,

=91y —9qmy—1 =91 pn1toy =91y
n T (m-1)""17™M N6y n T
”‘Pl ([717’]2)“ S |:F(711+1) + [T, | T(ni+oi+1) + T(ni+1) (I)l

)7\‘)1T71171

(n1—1 9;71+1
18 T+ e T (g 8y ) |
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Indeed ||<p1 ([’)1,[)2)” < APy 4+ Vie < 0o. We have ELISO7 ||<p2 (h17h2)H < Ag®y +
Ve < co. Thus, these follows that ¢ is uniformly bounded. Next, we show that ¢
is equicontinuous . For all 0 < g1 < po < T, we have:

lle1 (b1, b2) (92) — @1 (b1, b2) (91) ||

®
< F1n7711+1 lpg' — o' |+ €|B1] |p2 — o1

I YO Vi ny Loyt +’ifBle pl—t_ om—t
[T14 | L(ni+oi+1) T(n1+1) 2 1

elBal(m—1) 1 oyt - -1
+ - 7\711[1| <T+ F(U1+2) pg pi]

)

and

|2 (b1, b2) (p2) — @1 (1, b2) (91) ||

o ;
< F(27722+1) |@ p?2| + € |52| |P2 - @1|

@2(7]2_1)—62 17—320772+02 17—'92T772 na—1 na—1
+ [TI2] (F%U2+géz+1) + 13(7]2+1) 2 !
e|B2| (2 =1)~*2 02" " n2—1
+ T <T+ IO ¥2) PP — o
Obviously, these inequalities tend to zero independently of h; and ho as ps —

©1. Therefore, the operator ¢ (b1, h2) is equicontinuous and thus it is completely
continuous. Finally, it will be verified that the set

W= {(b1,h2) € Z 5 (B1,h2) = v (b1, ba) , 0<v <1,

is bounded. Let (h1,bh2) € U. Then, for each p € A, we have by (p) = ve1 (b1, b2) (p)
and ha (p) = vea (b1, h2) (). Then, (Hy) implies

NCTES N ] CTETTEs))

1m

+mwm)hm+wﬁwamm+MMﬂ>

1)~ Pipm—1
#1817+ ST (15T 4 | i )| Il

and

Timti) T ] T(mtas+1)

—V2pmg _1)—®f2pm2—1 “V2gn2tas
|h2 (@ | < |:772 (n2—1) <772( 2

192T 12

+mm0hm+m%mﬂm+m>m>

—1)"P2pm2-1
R e (LR == T
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which imply that

11|l < Avpo + [Ar (1 + p2) + Va] ||ba]| + Arps [[b2]],
b2l < Agwo + Agwoy [[h1]| + [A2 (w2 + @3) + Vo [[b2] -

In view of the above estimates, we get:

61]] + b2l = Arpo + Aowwo + (A1 (1 + p2) + Vi 4 Aswor) [[b4|
+ (Vo + Arpz + Az (w2 + @3)) [|b2]| .

Consequently,
”(hh b?)”zz < m (AIMO + AQWO) ;

here

T,:=1-— [A1 (/Ll + ,UQ) + Vi + Agwl] ,
To:=1—[Va+ Aus + Az (w2 + @3)],

where Ay, Vi, k = 1,2 are given by (9) and p;, w; > 0, ¢ = 1,2,3. This shows
that ¥ is bounded. Hence, by Lemma 3.3, the operator ¢ has at least one fixed
point. Hence, the system! (1)-(2) has at least one solution on A. The proof is
complete. 0

4. Ulam stability of coupled system (1)

We will define and study the Ulam stability of the system (1). For p € A and
k =1,2, we give the following inequalities

k12 (0P + Be] b (9) = 3k (5,5 (9)] < D0 (14)

and
‘R.LQ"’“ (c.n2® + Bi] b (p) — 35.(b1,b2) (@)‘ < Sk vk (0), (15)

where ¢, are positive real numbers and ¢, : A — R>¢, £k = 1,2 are continuous
functions.

Definition 4.1. System (1)-(2) is

e Ulam-Hyers stable if there exist a real number x;, ;, > 0, such that for
each § = max {6 : k = 1,2} > 0 and for each solution (h1,hs) € Z2 of the
inequality (14), there exists a solution (h1,ha) € Z2 of the system (1)-(2)
with

H (hh h2> - ([)17 b?)” S X317326'
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e Ulam-Hyers-Rassias stable with respect to 1, € C (A), k = 1,2 if there exists
a real number €y, 4, > 0 such that for each § = max{d; : k =1,2} > 0 and

for each solution (b1, h2) € 22 of the inequality (15), there exists a solution
(h1,b2) € 22 of system (1)-(2) with

| (51282) = (01,82)|| < bevuiato (9), oA,
where ¢ = max {¢y : k = 1,2}.
Theorem 4.2. Let hy € C(A x R?), k = 1,2, satisfying (Hy). If the inequality

T[,Zsk Tk

7km<%(1_|5k|T)a k=12, (16)
is valid, then the system (1)-(2) is stable in Ulam-Hyers sens.
Proof. Let b, € Z, k = 1,2 be the unique solution of the system

RLZ™ [c.n?* + Bi] b1 (9) = 35 5,50y (0)5 9 €A,
[c.uZ% + B1] bi (0) = [c.u2® + Br] br (0),
bi (T) = by (T) , b (0) = by, (0)

where by, € Z, k = 1,2 is a solution of the inequality (14). Thanks to Lemma 3.1,
we have:

b () = s ™" {R.Lfm [3270)1,*)2)” (p

— Br u? [bi] (p) + e1p nI "
+ eak Hj‘()k [@nkiq + eok, k=1

—_— —

Nk —1
£

where ey, e1x, eax € R, k = 1,2. By integration of (14), we can obtain:

bi () — ws [R.Lf"’“ {32,(51@2)}] () — B s [f)k] (p)
—c1p uI 0k [P = cop wI 0 [ 2] — COk’

, Sy Tk Tk
<ok ns ™ k1™ U] (0) < P, k=12
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Using (H;), we get:

be (9) = i (9) | = [B1 () = 107 [0 515000 ] | ()
= B [Be] (9) = evk s [ ]
— cn 17 072 = con + B ws ™ [ = b ()
+'wﬁm[Rhﬁ%[ﬁ(&ﬁﬁ‘*ﬁ(mhgﬂ(@w
<[Bk () = w7 [m17™ [sh 0000 )| (9)
— By nI [hk} (p) — cur w7 [p™ 1]
— eI [ 2] — COk’ + |Be] wI ku - f)kH (0)

+ ’Hf‘()"’ [R.Lﬂnk [32}(51’52) - 52,(h1,bz)ﬂ () ‘

§kn;‘9kTﬂk TNk

Ok ;o
< T T <|5k|T+3%> H(hl»bz) - (hlahQ)’

This implies that

z2

Sy Tk Tk

’ =9 n ’, s
ku - th < Tetl) + <5k|T+3%>H(b1362) - (h17b2) HZz'

Consequently for k = 1,2, we obtain:

, =91my —92m
H(hl’ 52) - (hlva?)sz < min{All,Az} (nrl(mfn + 71’“2(7,;1)2)5’

if we put
=91 g =92 my
p— 1 T T
Xs1.32 ‘= mm {41, A2} |:717“1(n1+1) + 7%‘2(712+1) :|7 (17)
where
’YkU;Bank’
Ap =1 Bl T+355 5 ), k=12 1

then H(bl,hg) - (hl,hg)HZQ < X;1,320- Hence, the system (1)-(2) is stable in
Ulam-Hyers sens. O

Theorem 4.3. Assume that 3, € C(A x R3), k = 1,2, satisfying (Hy) and (16)
holds. If there exists €y, >0, k = 1,2 such that

17 [R1I ™ []] (9) < ey tn () pel k=12, (19)

where ¥, € C(A,R>o) are nondecreasing. Then the our system (1)-(2) is stable
in Ulam-Hyers-Rassias sens with respect to ¢y, k =1,2.
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Proof. From (15), we see

br () — ns ™ [R.Ljnk [327("17”2)” (p) = Be uo™" [hk} (0)
—cien? O [ ] — eI O [ 7] - Cok‘

< Sk R [l (p) < dreg o (9),  k=1,2,

where fik € Z, k =1,2is a solution of inequality (15). So, for k = 1,2, we have:

51 (9) = b5 (0 =[x (0) = 17 [0 [37, 0000 ]| (9)
— B  [ti] (p) — crem? [
— cor " [p" 2] — cor + Be w?* [br — bi] ()
+ I [R.Ljnk [32,(61,62) —327@,1,};2)“ () ‘
< ’bk (p) — s [R.Ljnk [52,(511;2)” (p)
— B [t] (p) — crend r [ 1]
— cor I [P 2] — Cok‘ + | B |1 O ku - kaH (p)

+ ‘Hﬂﬁk {RiLfnk [327(61,62) _32*(‘“’*)2)” (p)

)

such that by € Z, k = 1,2 is a unique solution of system (1)-(2). Then, by (H;)
and (19), we have:

Hf)k - th < Opep,r () + (|ﬁk|T+3W> H(hl; 52) - (51,52)‘

e
For k = 1,2, we obtain:

| (B1:62) = 00.52)||_, < srmchroms (e + €) 00 (9) = e, i (9).
where ¢ = max {¢p, : k=1,2} and €y, y, = m (€p, + €y,). Hence, (1) is

stable in Ulam-Hyers-Rassias sense. O

5. Examples with numerical study

In Example 5.1, we check the results for system (1) for different values of R.L
derivative order 7; in first mixed equation of the system.
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Example 5.1. According to system (1)-(2), consider the following sequential FPE

rRLZ™ [CH@fﬁ"F ] b1 (p)
— 10 coslp) 90;%;? <COS b1 (p) + b1 (3) + Ihlzb(Qp(;ol)Jlﬂ +1In(p+ 2)) ;
e+ 5010 =0, 011 =i i (2), 5i(0)=0

(20)
r12"° [c w2’ + ln5:| b2 ()
= ﬁ (\h‘;’(lp(ﬂ)-u-?’ +sin b (p) + b2 (22) + arctan (p + 1))
2+ 12215 (0) =0, b3 (1) = 1703 (), 52 (0) =
for p 6 A =10,1], T = 1 and three Valueb of m = {i, g, 0 } [1,2]. Clearly,
Y = EA 772 % [1 },192 EA w—*E( ),81 136 [32 111157
ay = 3, ap =% and 6, = 2 €(0,1), 0 =3¢(0, 1) Furthermore, assume that,
‘R.LQS/s [C‘Hgﬁﬁ + 1%} b1 (p) _5’1"([)1&2) (p)} < 61, 1)
1
’R.L-@4/3 {C.Hgs/7 + 11“75} B2 (©) = 32,(51,) (@)‘ < 02,
and
0127 [cn?™" + 153] b1 (0) = 191y (9)] < B101 ().
Inb (22)

rR12"7° {c u?’" + 152] B2 (9) = 32,(51.52) (@)‘ < dath2 () -

By the given data and definitions,

31 (h1.52) (©) = 31 (9,01 (9) , b1 (wp) , b2 (9))

1072 cos(p) 2 192 ()|
B Wﬂﬁ (COB bi () + b1 (37) + hatoes +n(p+ 2)) ;

33,(61,62) (2) = 32 (9,01 (9) , b1 (wp) , b2 (p))
= % (% +sin by (p) + b2 (22) + arctan (p + 1)) )
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for all p € A and b, 6j eR, j=1,2,3, we have:
‘ﬁml,hz,hg) (9) — 3;(51}52’53) (%) ’
1072 cos(p) coszh (9) +h (%) + [b3(p)]
= | Veorrer 1) T H2 (53 62 (p)[+2
—2 cos ; .
(o +2) ) - [l (ot (o) + 6o (3)

+|'33(@)|+1n(p+2)>”

[h3(9)]+2

1072 cos 4 102 cos o0 ;
< |l Jeos? by (p) — cos? B ()| + | 29222l I, (%f)—bz(%“)]
4 |10 2cos(o) || _Iha(e)]  _ |9s(o)]

\/902_;'_@2 “)3(@)""‘2 |h3(g))|+2

1 w2y a2 1 ¥ 1 2(\‘13(@”*‘63(@)‘)
< gogg |in” b1 () —sin h1(@)‘+gooo b2 =021+ 5008 | s (o)1 +2) ([6a(s)] +2)

< 555 [61(9) = b1 (9)] + gt |[b2 — b

3
1
500 D
j=1

+ 15t |93 (9) = b3 (0)|

f)j—éj

)

and

5;7“)1-,'727*)3) (p) = 3;,(61,62’63) (%) ’

e % b . 20
W<m&5ﬁl’3 +sinbz (o) + b3 ()

- b1 ()
+ arctan (p + 1)) - {372:@2 <|6|1(19T|l3

+sin b () + by (22) + arctan (p + 1) ﬂ ’

e %

< 3724’,&02

() [b1(p)]
[b1(p)]+3 |61(p)|+3

+ ’ sin by () — sin by () ‘ +

bs (32) — b3 (%) H

1
< 37

3|hl(@)*61(@)|
(161 ()1+3) (|1 (9)|+3)

+’h2(@)62(@)’+“f)363” < ;ﬁzi’h]ba’
j=1
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Hence condition (Hi) holds with 71 = 3255 and 72 = 1355 With the given data,
and employing Equations (5) and (9), it is found that

I = (m — 1)781 (F(WI)G?HQII _ Tnl_l)

T(m+ar)
. —1.3806, m =3,
B o =vEs (Te(B)MTE ) _ 5
=(m—1) <F(n1+§) = 1.0781, m =3,
19
—0.9972, g =19,

_9 r 9n2+&2—1 _
My =(n2—1)" "2 <(nrz()n22+az) —re 1)

4\ (y8)3+E1
— (- F(B)F((ZEZ) = —1.1920,

3

o 7,190

(d) II (e) A2 (f) V2

Figure 1: 2D plot of II;, A; and V;, i = 1,2 for three different values of 71 in the system (20)
in Example 5.1.
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[un
©

Table 1: System (20): Numerical values of IT; and A; in Example 5.1 when 1 = %, %, To-

Hl HQ Al AQ
o | m=% m=3 m=1% m=% m=35 m=1
0.00 0.1765 0.0602 0.0370 0.2768 0.0000  0.0000  0.0000 0.0000
0.05 | —0.5598 —0.0943 —0.0328 —0.2643 0.0406 0.0197  0.0152 0.1096
0.10 | —0.6991 —0.1851 —0.0932 —0.4049 0.0802 0.0335  0.0200 0.1497
015 | —0.7925 —0.2612 —0.1505  —0.5036  0.1253 0.0549  0.0325 0.2050
0.20 | —0.8648 —0.3291 —0.2060 —0.5821 0.1742  0.0818  0.0500 0.2682
0.25 | —0.9245 —0.3915 —0.2600 —0.6485 0.2263 0.1136  0.0719 0.3370
0.30 | —0.9758 —0.4499 —0.3130 —0.7064 0.2809 0.1499  0.0982 0.4103
035 | —1.0211 —0.5051 —0.3650  —0.7583  0.3377 0.1904  0.1286 0.4877
040 | —1.0618 —0.5578 —0.4164  —0.8054  0.3966 0.2349  0.1632 0.5685
0.45 | —1.0988 —0.6083 —0.4671 —0.8487 0.4573  0.2831  0.2019 0.6526
0.50 | —1.1328 —0.6569 —0.5172 —0.8890 0.5196 0.3350  0.2445 0.7395
0.55 | —1.1644 —0.7039 —0.5669 —0.9266 0.5835 0.3904  0.2911 0.8292
0.60 | —1.1939 —0.7496 —0.6161  —0.9620  0.6487 0.4491  0.3416 0.9214
0.65 | —1.2216 —0.7940 —0.6648  —0.9955  0.7153 05112  0.3960 1.0159
0.70 | —1.2477 —-0.8372 —0.7132 —1.0273 0.7832 0.5765  0.4543 1.1128
0.75 | —1.2725 —0.8795 —0.7613 —1.0577 0.8522 0.6449 0.5163 1.2117
0.80 | —1.2961 —0.9208 —0.8091 —1.0867 0.9224 0.7164  0.5822 1.3127
085 | —1.3186 —0.9612 —0.8565  —1.1145  0.9936 0.7909  0.6519 1.4157
090 | —1.3401 —1.0009 —0.9037  —1.1413  1.0659 0.8683 0.7253 1.5206
0.95 | —1.3607 —1.0398 —0.9506 —1.1671 1.1391 0.9486  0.8024 1.6272
1.00 | —1.3806 —1.0781 —0.9972 —1.1920 1.2133 1.0317  0.8832 1.7356
and

A _nl—f’lT?u (nl_l)—ﬂle—l 7]1—‘919171+01 7]1—31T'r11
L= Tm+D) [TT1] Plm+oa+1) © T(m+1)

m m— 5
L(m+1) + [TL; |

V57 V5 7‘/5/7 2 "11+3 V57
e T(E) T Y
C(m+32+1) T(m+1)

1.2133, m = 2,
=4 10317, n =3,
0.8832, 1 = 17,

A 772—192:,1712 (,’]2_1)—82T7]2—1 n2—329;72+a2 nz—é‘szz
27 Tz+D) [TL2] T(n2taz+1) T T(p2+1)

_V6, _V6, _V6, 4,7 _V6,
B IR € ) I € I CO KA € Il B
r(4+1) [Tz r(24+Z+1) r(2+1) ) ’
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Table 2: System (20): results of V; and inequality (12) in Example 5.1 when n; = %, g, 22,

Vi Va Ineq. (12), k=1 Ineq. (12)

o [m=53 m=3 m=1 m=% m=3 m=1 k=2
0.00 | 0.0000 0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000
0.05 | 0.0379 0.0350 0.0386 0.0372 0.0380 0.0350  0.0386 0.0375
0.10 | 0.0602 0.0546 0.0540 0.0515 0.0602 0.0546  0.0540 0.0519
0.15 | 0.0825 0.0755 0.0739  0.0673  0.0826 0.0756 0.0739 0.0677
0.20 | 0.1047 0.0966 0.0944 0.0832 0.1049  0.0967  0.0945 0.0838
0.25 | 0.1270 0.1178 0.1152 0.0992 0.1271  0.1179  0.1152 0.0999
030 | 0.1491 0.1390  0.1360  0.1151  0.1493 0.1391  0.1360 0.1160
0.35 | 0.1713 0.1602 0.1568 0.1311 0.1715 0.1603  0.1569 0.1321
0.40 | 0.1934 0.1813 0.1777 0.1470 0.1936  0.1815  0.1778 0.1482
0.45 | 0.2154 0.2025 0.1986 0.1628 0.2157 0.2027  0.1988 0.1643
0.50 | 0.2375 0.2236 0.2195 0.1787 0.2378  0.2238  0.2197 0.1803
0.55 | 0.2595 0.2448 0.2405 0.1945 0.2599  0.2450  0.2407 0.1963
0.60 | 0.2815 0.2659 0.2614 0.2102 0.2819 0.2662  0.2616 0.2122
0.65 | 0.3034 0.2870 0.2823 0.2260 0.3039 0.2873  0.2826 0.2282
0.70 | 0.3254 0.3081 0.3032 0.2417 0.3259 0.3085  0.3035 0.2441
0.75 | 0.3473  0.3292 0.3242 0.2574 0.3479  0.3296  0.3245 0.2600
0.80 | 0.3692 0.3503 0.3451 0.2731 0.3698 0.3508  0.3455 0.2759
0.85 | 0.3911 0.3714 0.3660 0.2887 0.3918 0.3719  0.3665 0.2918
0.90 | 0.4130 0.3925 0.3870 0.3044 0.4137 0.3931 0.3874 0.3077
0.95 | 0.4349 0.4136 0.4079 0.3200 0.4356 0.4142  0.4084 0.3236
1.00 | 0.4567 0.4346 0.4288 0.3356 0.4575 0.4353  0.4294 0.3394

V= (=) "1z oy
1= BT + =g [ 1B T + 8] w5

e I A e e %nﬁ—l
‘m‘+(m}1)1|[|13|+’13|(r(31+2)}

0.4567, m =3,
={ 04346, m =3,
0.4288, 1 = 17,

—1)~V2pmn2-1 g2t
Vo= [l T+ U 3y 7 ) A

:’11115‘+(‘§—|1r22_\/6/7{‘1115‘+’1n5

Tables 1 to 3, show the calculated values. In Figures la to 1f, we have plotted
the results of IIy, Ag, Vi, k = 1,2 respectively for the system (20). Further, in
Figures 2a and 2b, we have plotted 34;; + V;,i = 1, 2 for three different values of
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—8—, =54
1 =5/
0 —b—,5

1,=19110

0 0.‘2 0.‘4 0.‘6 0.‘8 “ 12 0 0‘2 0‘4 D‘E 0‘8 1 12
(a) 3A1v1 + V1 (b) 34272 + V2
Figure 2: 2D plot of Inequality (12), 34;v; + V;, i = 1,2 for three different values of 77 in the

system (20) in Example 5.1.

ny for the system (20). Therefore, conditions

0.4567, m = 2,
3A1m + Vi =1 04346, 7 =2, <1 3027, + V3 = 0.04109 < L,
0.4288, 1 = 12
and
0.000182, 7, = 2,
7191Tm
,Ylnrl(mi“) =< 0.000125, 7 =3, <0.263633 = £ (1 —|B1|T),
0.000099, 7; = 12,
5 2272

Yo By = 0-0005547 < 0.284562 = 1 (1-18/7),

are satisfied. It follows from Theorem 3.2, that the problem (20) has a unique
solution on A, and by considering the Equation (17),

2.00079, m =3,
ovan = sk | Hy + ok | = § 167486, m= 1,
1.52445, m = 13,
is Ulam-Hyers stable with
2.000796, m =3,
H(61,62) — (hl,bz)H <{ 1674865, n =3, 5> 0.
1.524456, ny = 12,
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Table 3: System (20): Numerical values of Ay, k = 1,2, inequality (18) in Example 5.1 when
5 5
m=3 3

s

Al A2

& 771:% 771:§ 7712%

0.00 | 1.0000 1.0000  1.0000 1.0000
0.05 | 0.9895 0.9895  0.9895 0.9927
0.10 | 0.9791 0.9791  0.9791 0.9853
0.15 | 0.9686 0.9686  0.9686 0.9779
0.20 | 0.9581 0.9582  0.9582 0.9705
0.25 | 0.9476 0.9477  0.9477 0.9632
0.30 | 0.9371 0.9372  0.9372 0.9558
0.35 | 0.9267 0.9268  0.9268 0.9484
0.40 | 0.9162 0.9163  0.9163 0.9410
0.45 | 0.9057 0.9058  0.9058 0.9336
0.50 | 0.8952 0.8953  0.8954 0.9262
0.55 | 0.8847 0.8849  0.8849 0.9188
0.60 | 0.8743 0.8744  0.8744 0.9114
0.65 | 0.8638 0.8639  0.8640 0.9040
0.70 | 0.8533 0.8534  0.8535 0.8965
0.75 | 0.8428 0.8429  0.8430 0.8891
0.80 | 0.8323 0.8325  0.8325 0.8817
0.85 | 0.8218 0.8220  0.8220 0.8743
0.90 | 0.8113 0.8115  0.8116 0.8669
0.95 | 0.8008 0.8010  0.8011 0.8594
1.00 | 0.7904 0.7905  0.7906 0.8520

In Figures 3a and 3b, we have plotted the results of Ag, k = 1,2 respectively
for the system (20). Because the values of A; for 7 = %, g, % are very close to
each other, the three curves almost coincide. Let 91 (p) = ¥2(p) = g, then

1 [ ™ )] (0) = 5™ ™ (1] ()

0.821886, 1 =32,
<{ 0564575, p=35, L@ —
< . , M 3 — F(%—i—l) § —E’Iblwl( )a
=T
0.445796, m = 12, Y
0 s al| (0) = 0 [ 1] ()
B~
< 0.75945 = EEEy - = ey, U2 () -
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—8—,=5/4
——n,=53

7,=19/10

0 0.‘2 0.‘4 0.‘6 0.‘5 “ 12 0 0‘2 0‘4 U‘E 0‘8 1 1.2
(a) Ay (b) Az
Figure 3: 2D plot of Inequality (18), Ay, k = 1,2 for three different values of m; in the

system (20) in Example 5.1.

Thus condition (19) is satisfied with ¢4 (p) = ¥2 (p) = p and

_VBq
_ ()Y
€ = Tprn o G

It follows from Theorem 4.3, problem (20) is Ulam-Hyers-Rassias stable with

2.000796¢ (9), m =3,
|(51,82) = (b1,b2) | < 4 167486V (9), m=3F,  6>0,p€A.
1.524450% (p), m = 19,

In the next Example 5.2, the truth of the issues of existence and stability for
system (1) and different values of C.H derivative order 9; in the second mixed
equation of the system are examined.

Example 5.2. We consider the same sequential sustem of FPE (20) in Exam-
ple 5.1, as form

r127 [C‘H@ﬁﬁ + %} b1 ()

10~2 cos(p) _1h2(e)]

= oot (cos? b1 (9) + 01 (%) + poaiisis +In (0 +2)) (23)
23

rR.LI™ [QHQ% + l?*ﬂ 2 (p)

= 3762::;)2 (‘h‘lh(lg()ﬁ)_;'l_'g + Sin b? (p) + h2 (%) + a‘rCta‘n (@ + 1)) )

with the difference is that n; = % € A is fixed but 7y changes for the follow-

ing values {2 =, 2, 12} C [1,2]. Furthermore, assume that the relations (21)
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and (22) be valid. By the given data and definitions 3 (p, b1 (p), b1 (wp) , b2 (p))
and 32 (p, b1 (9) , 51 (W) , b2 (p)), We have shown that condition (Hy) is valid with
v = ﬁ and vo = ﬁ. Now, Equations (5) and (9) imply that IT; = —1.0781,

—1.8723, np =2

=75
_ ) n2taz—1 B
Iy = (12 — 1) ’ (F(T{"()UO;-Faz) - 1) =q —10916, 7 =3,
—0.9519, no = 23,
Ay =1.0317,
AQ _ 7{—‘2—(827—\172 (77271)7827“7271 7];920§2+a2 7];192/1’!772
n2+1) [TI2| T(n2+az+1) T'(n2+1)
24214, 1y = 2T
=q 14412, ny =32,
0.9039, me = 22,
V1 = 0.4346,
Vs = |8 |T+M 1Ba| T + |8 |ﬂ
2= 12 2] 2 21 T(na+2)

_ 27
0.3750, np = 27,
=19 03233, =2

27

0.3072, my = %
Therefore, conditions

0.3803, ny = 27,

3A17 +V1 204353 < 4, 34y +Va=1 03264, 7, =3, <1
0.3092, 7y = 2.
and

m T ) 000125 < 0.263633 ~ L (1— || T
gi! T(m+1) — . *3( |B1| )7

0.000697, 1y = 2T,

5

—Y2pma
Yo Boary =~ 0.000476, o = 2, < 0.284562 =~ L (1 — [5| T),
0.000313, 7, = 2.

are satisfied. It follows from Theorem 3.2, that the problem (23) has a unique
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Figure 4: 2D plot of Inequality (18), Ay, k = 1,2 for three different values of n2 in the

system (23) in Example 5.2.

solution on A, and by considering the Equation (17),

1.9228,
1 “S1pm ~V2pmg
Xs1.32 = min (AT AT |:F1(771+1) oty | =4 1.5398,
1.2573,
is Ulam-Hyers stable with
1.9228, 12 = 24,

H(f)hhz) - (h17h2)H < q 15398, =3,

23

12573, N2 = 127

In Figures 4a and 4b, we have plotted the results

ne = 2,
772:%7
772:%’
6 > 0.

of A, k = 1,2 respectively for

the system (23). Because the values of As for 1o = M, 223 are very close to
n 5 020 12
each other, the three curves almost coincide. Let ¢ (p) = ¥a(p) = p, then
17" [rn ™ []) (9) = 177 ™ (1] (p)
<05615 ~ ol e (p),
F(§+1) =T
w7 [k ]| (0) = ws " [ 1] ()
0.9554, 1o = 27, .
4\=97
<4 0.6527, =3, o~ §El+1)p
23 ’ p=T
0.4294, 1y = 2,

= 611’21/]2 (@) .
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Thus condition (19) is satisfied with ¢ (p) = 92 (p) = p and

A\ _V3,
G

€ = % € = (n2)76/7 (24)
Y1 r(541) Y2 T T(na+1)

It follows from Theorem 4.3, problem (23) is Ulam-Hyers-Rassias stable with

1.92286% (p), 12 = 24T,
H(hl,bz) - (hl,bz)H < ¢ 153988 (p), m2 =3, §>0,p€A.
1.25736¢ (p), m2 = 15,

In the next Example 5.3, we present significant results for system (1) for
changes in the order of the C.H derivative.

Example 5.3. We consider the same sequential sustem of FPE (20) in Exam-
ple 5.1, as form

r127* [cu?” + 5] b1 (p)
10~ 2 cos 2 b
=t (co b )+ 00 (3F) + il + o+ 2).
(25)
rR1L2'° [C.H@6/7 + 1111*15] b2 (p)

= 3752::9@2 (‘h\lh(léﬁ)lg + sin hs (p) + b (%) + arctan (p + 1)) ,

with the difference is that 7 = g eAN = % € A are fixed but &, changes for the

following values {é, %, %} C A. Furthermore, assume that the relations (21)
and (22) be valid. We have shown that condition (Hy) is valid with 71 = 1755 and

Y2 = 1355- Now, Equations (5) and (9) imply that
_ n1tap—1 _
I = (m — 1)~ (F(”;(),fj+a1) — 1)
~1.0781, 9 =2,
~ ¢ —1.1599, 9 =3, Iy ~ —0.9738,
—-1.3642, 9 = 3,

Al B nl—elTnl (n171)731T77171 7];810;/1+a1 7];‘91T"1

= Tt ] T(mtoit) T TOn+D)

1.0317, & =L,
0.8839, 9 = 3,
0.6392, 9, = 3,

1

As = 0.99405,
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—1)"d1pm-—1 pmtl
Vl = |51|T+ % ‘61|T+ |B1| I‘\(,l71+2)

0.4346, 91 = L2,
~q 04346, 9y =1, Va =~ 0.3094.
0.4346, 91 = 3,

Therefore, conditions

0.4353, B = 3,
3A1m + Vi~ 04352, 9 =3, } <3 3Ayp+Vy~03116 < i,
0.4350, 9 = -3,
and
0.000125, 9; = 3,
vl% ~ ¢ 0.000114, 9; =%, <0.263633 ~ £ (1 —|B1|T),
0.000093, 9 = 7%,

—d2pma
Y2 Ty = 0.000342 < 0.284562 =~ (1= T),

are satisfied. It follows from Theorem 3.2, that the problem (23) has a unique

—8— 0, =sq(5)7
——v,=12 ; 03
v,=9110 P

0 0.2 0.4 0.6 08 1 12 UD 0.2 0.4 0.6 0.8 1 12
(a) 3A171 + V1 (b) 34272 + V2

Figure 5: 2D plot of 3Agy, + Vi, k = 1,2 for three different values of 91 in the system (25) in
Example 5.3.

solution on A, and by considering the Equation (17),

1.3075, 9, = L&,
=91 —92
o 1 771 TMm1 n. Tm2 ~
X31,32 = min{A1, Az} | Tom+1) 13(772-%1) = 1.2445, ¥, = %7
1.1240, ¥, =2

—
(=)
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is Ulam-Hyers stable with

S

13075, 9 = &5,
H(ﬁh ba) — (fh,bz)H < 12445, 9y =1,
11240, 9, = 2,

d>0.

In Figures 5a and 5b, we have plotted the results of 3Axyx + Vi, k = 1,2 respec-
tively for the system (25). Because the values of 34y, 4V, for 9, = é, 1 % are
very close to each other, the three curves almost coincide. Let ¢ (p) = ¢2(p) = p,

then

0.5645, 9 = %2,

5\~ Y1
WM ) () <4 08 =4 o= el —en i),
: =T
0.4196, ¥ = 3, ?
6/7 4/3 (?1)76/7
154 I:R.LJ ) Wz]} (p) < 0.5645 ~ m@ = ey, () -
=T

Thus condition (19) is satisfied with ¢4 (p) = ¥2 (p) = p and

_ G

=91 (11)—6/7
€w1_f‘(%+1)’ szzr(%+1).

wlon
—

It follows from Theorem 4.3, problem (25) is Ulam-Hyers-Rassias stable with

1307500 (p), o =L

7
[ (51,82) = (h1,12)|| < € 1244550 (), 9, = 1, 5>0,p€A.
1.12406¢ (p), = 35,

6. Conclusion

The fractional pantograph system involving both Riemann-Liouville and Caputo-
Hadamard fractional derivatives has been explored in this work in points of inter-
est. We investigated the existence and stability criteria of solutions for teh system
by applying the Leray-Schauder nonlinear alternative. Finally, some illustrative
examples are provided to support the theoretical findings.
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