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Abstract

In this paper, we deal with calculating the laplacian coefficients of a finite
simple graph G with the Laplacian polynomial ¢(G, A) = Y7 _,(—=1)" *cpA*.
We also explore the relationship between the number of closed walks in a
graph and a series of its line graphs with the Laplacian coefficients. Our
objective is to find a way to determine the Laplacian coefficients using the
number of closed walks in a graph and its line graph. Specifically, we have
derived the Laplacian coefficients c¢,_j of a forest F' (where 1 < k < 6) in
terms of the number of closed walks in F' and its line graph.
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1. Definitions and notations

A simple undirected graph is a pair G = (V, E) consisting of a set V = V(G)
of vertices and a set E = E(G) of 2—element subsets of V. The elements of
E are called edges and the number of elements in V is called the order of G.
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The notations n(G) and m(G) denote the number of vertices and edges of G,
respectively. There are two other graph notations worth mentioning now. The
first one is degq(v) which is the number of edges in G with one end point v and
the second one is degs(e) which is defined as the degree of vertex e in the line
graph of G. Obviously, degg(e) = dega(u) + degg(v) — 2, where u and v are the
end points of edge e.

We use the notation uvw to denote the path of length two such that vertices u
and w have degree one and the vertex v has degree two. In a similar way, we use
the notation uvwz to denote a path of length three.

A graph G is said to be connected if for arbitrary vertices z and y in V,
there exists a sequence x = xg,x1,...,2, = y of vertices such that z;z;11 € E,
0 <i <r—1. The distance between two vertices v and v in a connected graph G,
dg(u,v), is defined as the length of a shortest path connecting these vertices and
the sum of such numbers is called the Wiener index of G, denoted by W(G) [1].
The hyper-Wiener index is a generalization of the Wiener index. It was introduced
for trees by Randi¢ in 1993 [2] and for a general graph by Klein et al. in [3]. This
topological index is defined as WW(G) = %Zu,vEV(G)(d(u7 v) + d?(u,v)).

A subgraph H of a graph G is a graph with a vertex set V(H) and an edge set
E(H), such that V(H) C V(G) and E(H) C E(G). We write H < G to denote
that H is subgraph of G. If Z C V, then the induced subgraph G[Z] is the graph
with vertex set Z and the edge set {uv € E | {u,v} C Z}.

In 1972, Gutman and Trinajsti¢ [4] introduced the first degree-based graph
invariant applicable in chemistry. This invariant is the first Zagreb index and
is defined by the formula M2(G) = Y,y degg (v)?. The second Zagreb index
M3(G) = ¥, erdegqs (u) degg (v) was introduced by Gutman et al. [5] three
years later in 1975. The complete history of these graph invariants together with
the most important mathematical results about them are reported in [6-8].

The forgotten index of G is another variant of the Zagreb group indices defined
as MP(G) = 3 oy degq(v)® = 3, cpldegg(u)? + degg (v)?] [9]. It can be seen
that M{(G) =3¢y dega(u)®, R 3 a # 0,1 is the general form of the first Zagreb
index. Zhang and Zhang [10] obtained the extremal values of the general Zagreb
index in the class of all unicyclic graphs. Mili¢evié¢ et al. [11], reformulated the
first and second Zagreb indices in terms of the edge-degrees instead of the vertex-
degrees. These invariants Were defined the ﬁrst and second reformulated Zagreb
indices defined as EM:(G) = > rgldegg(e) +degg(f)] = Do cp degq(e )2 and
EM>(G) = X cnfr0 degG degG f;é respectively.

A {0, 1}-matrix is a matrix whose entries consist only of the numbers 0 and 1.
Suppose G is a graph with vertex set V' = {u1, ..., u,}. The adjacency matrix of G
is a {0, 1}-matrix A(G) = (a;;) in which a;; = 1 if and only if u;u; € E. It is clear
that A is a real symmetric matrix of order n and so all of its eigenvalues are real.
The matrices D(G) = [d;;] and L(G) = D(G) — A(G) in which d;; = deg(u;) and
di; = 0,1 # j, are called the diagonal and Laplacian matrices of G, respectively.
It is well-known that all eigenvalues of L(G) are non-negative real numbers with
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0 as the smallest eigenvalue.

The Laplacian polynomial of a graph G is one of the most important polyno-
mials associated to a graph. If G is a graph, then the Laplacian polynomial of G is
the characteristic polynomial of L(G). The roots of this polynomial are called the
Laplacian eigenvalues of G. Suppose ¢(G, z) = det(zl, — L) = Y ¢ _,(—1)"*cpa®
denotes the Laplacian polynomial of G. Since the coeflicients of the Laplacian
polynomial have graph theoretical meaning, some authors took into account the
coefficients of this polynomial. For those interested in the latest developments
on the Laplacian polynomial and its coefficients, we recommend exploring the
following publications and their references: [12-22].

Let f be a topological index and G be a graph. For simplifying our arguments,
we usually write f as f(G).

Theorem 1.1. Suppose G is a graph. The following statements hold:

1. (Merris [19] and Mohar [20]) ¢o(G) = 0, ¢1(G) = n7(GQ), cn(G) = 1 and
cn—1(GQ) = 2m, where 7(G) is the number of spanning trees of G,

2. (Yan and Yeh [22]) c2(G) = W(G), when G is a tree,
3. (Gutman [18]) c3(G) = WW(G), when G is a tree,

4. (Oliveiraet al. [21]) c,—2(G) = 3[Am*—2m—MZ{] and ¢, —3(G) = 3[4m?*(2m
— 3) = 6MZEm+6MZ+2M3 —12t(G)], where t(G) is the number of triangles
in G.

Suppose A and £ are two arbitrary real numbers. We now define two invariants
that are useful in simplifying formulas in our results. These are:

e(G) = Y [derg(u)® doag(0)f + degg(u)¢ degg(v)],
uwveE

1(0) = Y (dezg(u) degg(v))

uwveE

Note that the second Zagreb index is just the case of A = 1 in M3. Let G and H
be graphs. Set Sy(G) ={X | X < G and X = H}. In [12, 15-17| we proved the
following theorems for the coefficients ¢, _4(G), ¢n—5(G), and ¢,—¢(G), when G is
a forest, respectively.

Theorem 1.2. ([12, 15]). Let G be a graph with n vertices and m edges. Then
o a(G) =1 [4m(4m3 —12m2+51m— 6M2m — 33M2 +AM} +3) +3M2 (17TM? —

20) + T2M} — 54ME = 24M3| =16,y cvie (“55) (55 ) = 4 [4m (4m? -
12m2 4 3m — 6 M2m+ 15 M2+ AM} +3) +3(M2 —2) = 24 M} — 6 M — 24 M} — 12} .
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Theorem 1.3. ([16]). Let G be a graph with n vertices and m edges. Then
cn—5(G) = % {2m(16m4 —80m® 4 60m? — 40MEm? + 60m + 180 MEm + 40M$m +
15(M37)% — 120M7 — 140M3 — 30M{ — 120M3 ) — 20MF (3ME + M +6) +120M7 +
1200 + 24 M + 240M} + 12004172} .

Theorem 1.4. ([17]). Let G be a graph with n vertices and m edges. Then
cn-6(G) = & {64m6—480m5+720m4+600m3—360m2—480m—720M15—216004172—

7201 3 + 540(M2)? — 2340m2M?Z + 2160mM;} — 1080M; + 720M3 — 120MF —
240MEM3Pm — 720M3 + 600M3ZM; + 1680M2m? — 810(M32)*m — 1920Mm? +
1620Mtm + 3600Mim — 72002 — 1260mM3 + 720M7 + 480M3 — 240m* M3? +
320m3 M3 + 360MZ M} + 90MEM{ + 180(M3?)*m? — 360Mim? — 1440Mam? +
988 MPm + 144001 ym + 40(M?)? — 15(M12)3} ,

where O3(G) = waespg(g) degq (u) degg(w).

2. Laplacian coefficients and the number of closed
walks

Let G be a graph. A walk in G is a sequence W : v; €;,vi,€5,i, - .. €, Vi, Of
vertices and edges of G in such a way that for each j, 0 < j < k — 1, v;; and
v;, ., are end points of the edge e;, , in G. The walk is said to be closed if it
begins and ends at the same vertex. The number of edges of a walk is called the
length of the walk. The number of closed walks of a given length k, is denoted by
Wi(G). Tt is easy to see that, in each graph G, Wi (G) = 0, Wa(G) = 2m(G) and
Ws(G) = 6t(G), where t(G) is the number of triangles in G.

The line graph of a given graph G is another graph L;(G) that represents the
adjacencies between edges of G. This graph is constructed in this way: any edge
in G will be a vertex in L1 (G) and for two edges in G with a common vertex, make
an edge between their corresponding vertices in Li(G). For integer k, k > 2, we
define: Ly (G) = L1(Lg—1(G)) and Lo(G) = G.

Theorem 2.1. ( See [23, Theorem 1.9]) Let G be a graph with adjacency matriz
A and let k be a positive integer. Then tr A¥ = Wi (G).

The complete, star and cycle graphs on n vertices are denoted by K, S,, and
Ch, respectively. Suppose V(S5) = {v1,v2,v3,v4,v5} and E(S5) = {viva,v1v3,
v104, V105 }. The graph S2¢ is constructed from the graph Ss by adding two edges
vov3 and v4Us.

Lemma 2.2. Let G be a graph. Then
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2. ME(E) = 2(m(@) + m(Li(3))),

8. M3 (G) =2[m(G) + 3m(L1(G)) + 3t(L1(G)) — 3t(G)].

Proof. 1. Suppose that ej,es € E(G) = V(L1(G)). By definition of line graph,
eres € E(L1(G)) if and only if e; and ey have a common vertex. This proves

that |Sp, (G)| = m(L1(G)).

2. Choose a vertex v in G. The number of subgraphs of G isomorphic to P and
middle vertex v is equal to (degg(v)). Hence |Sp,(G)] = 3 ,c v(a) (degg(“))
= sM%(G) — m(G). By the case (1), MZ(G) = 2(m(G) + m(L1(G))), as
desired.

3. Suppose that e1,e2,e3 € E(G) = V(L1(G)). By definition, L, (G)[{e1, e2, e3}]
=~ (5 if and only if e;, es and eg construct a cycle of length 3 or the star
graph Sy. Therefore, t(L1(G)) = 3, e (degg(v)) +t(G) = :(MP(G) -
3M32(G)+4m)+t(G). We now apply Lemma 2.2(2), to show that t(L;(G)) =
H(M}(G) —2m(G) — 6m(L1(G))) + t(G). Hence the result follows.

O

Let Cy, : v1v2 ... viv; be the cycle graph on k vertices. The graph Cj[1%,2!2 ...,
k'] is constructed from Cy by adding I; pendant edges, 1 < i < k, to the vertex
v;. For simplicity, if [; = 0, for some 7, then we omit i in our notation.

Lemma 2.3. Let G be a forest with m(G) edges. Then

(i) MHNG) = Wi (L1(G)) + 2m(G) + 12m(L1(G)) + 36t(L1(G)) — 4m(L2(@)),

(i1) M2 (G) = Ws(L1(G)) +5ME(G) — 5M37 (G) —15M32(G) +12m(G) —5ay o(G) +
30M3(G),

(i) 3\416(61) = Ws(L1(G))=56m (L1 (G))+6 M7 (G)—6a1,3(G)—6M3 (G)—60m(G)—
M3 (G) —IME(G) +61M3E(G) —102M3 (G) — 12m(L2(G)) + 4201 2(G) —602(G) —
6t(L1(@)).

Proof. Let H be an arbitrary graph.

(1) It can be easily seen that
Wa(H) = 2m(H) + 4|Sp,(H)| + 8|Sc, (H)]. (1)

Since G is a forest, |Sc, (L1(G))| = 3|Sk,(L1(G))| =33 ¢ o) (degg(v)) _
2 (M} (G) — 6M}(G) + 11ME(G) — 12m(G)), and by Lemma 2.2(2,3),

S0, (L1(G))| = 234 (M{(G) = 2m(G) — 14m(L1(G)) = 36t(L1(G))) . (2)
Also, by Lemma 2.2 (1), |Sp, (L1(G))| = m(L2(G)). We now apply Equations
(1) and (2) to deduce that M{(G) = Wy(L1(G)) + 2m(G) + 12m(L1(Q))
+ 36t(L1(G)) — 4m(L2(G)), as desired.
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(#7) By an easy calculation, one can see that

Ws(H) = 30t(H) + 10[Sc; (H)| 4 10[Scy 1 (L1 (G))]- (3)

Since G is a forest, |Sc, (L1(G))| = 12|k, (L1(G))| = 123 ¢ v (q (*%6")
= %(Mf(G) — 10M{1(§) + 35]?13(63) —50M32(G) + 48m(G)) andd |303[111]
(LU = Xpnemel(*5e7Y) (degg(u) + degg (v) — 4) + (Y8e{™)
(degg(u) + degg(v) — 4)] = FMI(G) + 501,2(G) — FMP(G) — 3M3(G) +
8M2(G) —8m(G). Now the result follows from Equation (3).

(#i¢) By some easy calculations, one can see that

We(H) = 2m(H) 4+ 12|Sp, (H)| + 6|Sp, (H)| + 12|Ss, (H)[ 4 24t (H)+
48|Sc, (H)| + 36|Sk,—e(H)[ + 12|Sc, iy (H)| 4 12|S¢, (H))]
+ 24|Sgz- (H)|. (4)
We now assume that z = wow € Sp,(G) = E(L1(G)). Then the number of
paths constructed from three edges in L1 (G) with z as its middle edge can be
computed via (degq(u) + dege(v) — 3)(degqs(v) + degan(w) — 3) — t,(L1(Q)),

where t;(L1(G)) denotes the number of triangles constructed on the edge
of L1(G). Therefore,

8P, (L1(G))]
= Y. [(degg(u) + degg(v) — 3)(degg(v) + degg(w) = 3) = to(La(G))]
uvw€ESp, (G)
= Z deg(u) degq (v)(degg(u) + degq(v) — 2)
uve E(G)
— 3 ) [degg(u)(degg(v) — 1) + (degg(u) — 1) degg(v)] + ©a(G)
uwve E(G)
= @)+ ommi@)+ 3 (T (dogao) - sdegg (v

ve V(G)
Now we simplify the last summation to deduce that
[Sp, (L1 (G))| = ©2(G) = 3t(L1(G)) + 9m(L1(G)) + a1.2(G) — 8M;(G)

7

- T )
Suppose that e = uv € E(G) = V(L1(G)). The number of stars isomorphic
to Sy in Lq(G) with e as its center is computed by (degc(”nggG(”)*Q) and
0

1
+6M(G) + 5 M;(G)

Ssu (L)) = SMEG) + 2o12(G) — 5
~3ML(G) + L;’Mf(c;) — 4m(@). ©6)

M;(G)
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By the proof of Case (1), we have

Se (LG = o (MHE) ~ 6MIE) + 1IMF(G) — 12m(@)).  (7)

Furthermore, it can be seen that
Sk, —e(L1(G))] = 2S¢, (L1(G))]- (8)

On the other hand, by definition of complete graphs,

S (Kl = 0= 1) o)

Note that four edges in G give an induced subgraph of L;(G) isomorphic to
K, if and only if those edges has a common vertex. Thus,

S =3 X [(“F ) o) + dogeo) - 5)

e=uve E(G) 3
+ (1500 ) tese(u) + dega) - )] (10)
= SMH(G) + 301(6) — 5 MY(G) — 301.2(G)

67

— 5 ME(G) + 11M3(G) +30m(G). (1)

41
+ ?Mf’(G)

Furthermore, six edges of G give a cycle in L1 (G) if and only if those edges
have a common vertex. We now apply Equation (9) to deduce that

[Scy (L1(G))] = 60[Sk, (L1(G))| =60 > (degg(v)>

ve V(G)
e g s B P
137
+ = £(G) = 20m(G). (12)

Suppose f =wuwv € E(G) = V(L1(G)). The number of subgraphs of L;(G)
isomorphic to S2¢ with the property that f is a vertex of degree 4 can be ob-
tained from (degGg‘)_l) (degcév)_l) + S(degci“)_l) + 3(degGiv)_1). Therefore,

Ssze (La(G))] = ME(G) — S 2(G) + S MFG) + {MA(G)
— %ME(G) +7Tm(G) + %Mf’(G) - ZM;*(G). (13)

We now apply Lemma 2.2 and Equations (4), (5), (6), (8), (9), (11), (12)
and (13) to complete the proof of this case. Hence the result comes up.
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Lemma 2.4. ([17]). Let G be a graph with n vertices and m edges. Then
EMQ(G) =012 — 6M21 + %M{l - gM% + 6M12 —4m + @2.

Lemma 2.5. Let G be a graph. Then

MJ(G) = JM(L(C)) — 5MF(G) +2M2(@) — 2m(G),

EMy(G) = i HEa(G)) — S MULL(G)) + 2ME (14 (G)) — 2m( L (G)),
01,2(G) = T M(L(G)) — S MH(G) + 2MF(G) + 4MY(G) — AME(G) + Sm(G),
02(G) = 5 MAL2(G)) ~ SME(LI(G)) + 2MF (L1 () — 2m(14(G)
~ SMH(G) + SMYG) + 2MJ(G) — 2ME(G) + 5m(G).

Proof. Suppose that e = uv € E(G). By definition of line graph, deg, g (e) =
degg(u) + degg(v) — 2. Hence MY (L1(G)) = X ,uc p(q)(degq (u) +degg(v) —2)°
= M}(GQ) + 2M3(G) — 4M3?(G) + 4m(G) which completes the proof of the first
equality. The second equality follows from EMy(G) = Ms(L1(G)) and the first
equality.

Next, we prove the third equality. We have M{(L1(G)) =3¢ B (degg(u)+
dege (v) —2)? = 31 2(G) + M (G) — 6 M3 (G) —12M3 (G) + 12M37(G) —8m(G), as
desired. Finally, by Lemma 2.4, ©2(G) = EM(G) — ay 2 + 6M3(G) — s MH(G) +
SM}(G) —6ME(G) + 4m(G). Now, the fourth equality follows from the above
three equalities. O

We are now ready to prove the main result of this section.

Theorem 2.6. Let G be a graph, A = A(G) and Ay = A(L1(G)). Then

1. ¢n1(G) =tr A? and c,—2(G) = %[Hi:o (tr A% — 2i) — tr A3,
2. cn (@) =% [Hfzo (tr A2 — 2i) — 3tr A2 tr A2 + tr(1242 + 243) — 4trA3},

3. cn_a(G) = 2 [H?:o (tr A2 — 2i) — 6(tr A2)2 tr A? + tr A% tr(G0A2 + 8A3) —

4

tr(144 A2 + 48 A3 + 6 A7) + 3(tr A%)Q} , when G is a forest,

4. en_s(G) = é[l‘[ﬁzo (tr A2 — 2i) — 10(tr A2)% tr A2 + (tr A%)2 tr(18042 +
20A3) —tr A2 tr(1040A3 +280A3 +30A7) + 15 tr A% (tr A2)? —tr A% tr(120A2 +
20A3) + tr(1920A4% + 960A3 + 240A1 + 24A?)] , when G is a forest,
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5. en_o(G) = & [H?:o (tr A2—2i)—15(tr A2) tr A2+ (tr A2)3 tr(420 A2 +40A3)
— (tr A%)? tr(4260A3 4+ 960A3 + 90AT) + 45(tr A? tr A)? — 810 tr A*(tr A})?
+ tr A2tr(18480A42 + 752043 + 1620A% + 144A43) — 15(tr A2)? + 3600
(tr A2)? — 28800 tr A2 + tr A? tr(1200A3 + 90A47) + 40(tr A3)? — 120 tr A2
tr A2 tr A3 — tr(1920043 — 72004% — 144043 — 120A‘f)}, when G is a

forest.

Proof. The proof is derived from Theorems 1.1 to 1.4 and 2.1 and Lemmas 2.2, 2.3
and 2.5 along with some straightforward calculations. For instance, by applying
Theorem 1.1(4), we obtain

Cn_a(G) = % [4m(G)? — 2m(G) — M2(G)] .

Consequently, employing Lemma 2.2 (2), we deduce that

ena(C) = % [4m(G)? — 4m(G) — 2m(L(G))] .

On the other hand, it is known that tr A> = 2m(G) and tr A? = 2m(Li(G)).
Therefore, we can conclude that

1

[H (tr A% —2i) —tr A7|.

i=0

Cn_g(G) =

N | =

The proofs for the remaining cases follow a similar pattern, and for brevity, we
have omitted their detailed presentation here. O
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