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Abstract

In this note, we investigate the concepts of uniformly harmonically con-
vexity and uniformly harmonically quasi-convexity, and establish some re-
markable properties and basic examples related to these concepts. In ad-
dition, we will present methods that allow the construction of n-uniformly
harmonically convex and n-uniformly harmonically quasi-convex functions.
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1. Introduction

In past years, the concept of convexity has been expanded in several directions.
The notion of uniform convexity functions was first presented by Clarkson in 1936
[1]. Also, the concept of uniformly convex and uniformly quasi-convex functions
was studied by Vladimirov et al. in 1978 |2, 3].
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In 1983, Zalinescu [4] characterized the uniformly convex functions and gived
some examples of such functions. To study more properties of uniformly convex
functions, refer to [5, 6]. The theory of uniformly convexity is useful in information
theory [7, §].

Let I be an interval in R. A real value function ) is called convex on I if

¥ (tu+ (1= t)v) < tp(u) + (1 = )Y (v),

for every t € [0, 1] and every u,v € I.

An important class of convex functions, called harmonic convex functions, has
many applications in analysis, mean theory, statistics, optimization and entropy
(see [9-14]).

Let I C R\{0} be an interval. A function ¢ : I — R will be called harmonically
convex if

uv

0 () < 0= v + 1), 1)

for every t € [0, 1] and every u,v € I (see [15]).

In this article, we investigate uniformly harmonically convex functions, and uni-
formly harmonically quasi-convex functions, and study some basic properties of
these types of functions. Moreover, we give some examples of such functions.

2. Uniformly harmonically convex function

In this section, we will introduce the concept of uniformly harmonically convex
functions and then study some of their properties.

Definition 2.1. Let > 0 and I C R\{0} be an interval. A function ¢: I - R
is called n-uniformly harmonically convex (n-UHC) if there is ¢ > 0 such that

¢<Mv><ww+ww_&

U+ 2

for all u,v € I with ’% — %’ > .
The function % is called to be uniformly harmonically convex (UHC) if it is n-UHC
for all n > 0.

Let us point out the concept of modulus of uniform harmonicall convexity.

5¢(n):inf{w(u)+w(v) —¢( 2uv ) wvel, i—i‘ >n}.

2 U+ v
Example 2.2. Let n > 0 and I = [a,b] C R\{0}. Then ¢ (u) = |u| is n-UHC with

0= % where o = min{|al, |b|} and 8 = max{|a/, |b|}.
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Let ¢ : I — R be a function and v be a real value function such that % ¢

v—u

Dom(%)) for all u,v € I with u # v. We define infimal harmonically convolution
Yvxp: I —Rby

uv

_u>+go(v):u7év,vel}.

(e =int {u -

Theorem 2.3. Let 1, ¢ be two harmonically convex functions with v is m-UHC
and @ isne-UHC forni,m2 > 0. Then kg is m+ng- UHC by modulus min{dy(n1), 0,(n2) }-

Proof. Assume that u1,us € Dom(¢) x ¢) with

>m +m2 and ¢ > 0. So,

1 1
Ul U2

we can find vy, v2 € Dom(yp) such that

w( S )w(vl) < (b x ) (ur) + ¢,

U1 — U1

" (“2”2) +o(v2) < (% @) (u) +C.

V2 — U2

Also, we obtain

Thus, either

or

holds. If (2) holds, then we have

QU1UQ ) ( QU]_UQU]_UQ ) < 2’011}2 )
ko) () < o ——
<’(/} (‘0) (Ul =+ U9 ’(/) U101 (UQ — UQ) + UQUQ(Ul — ul) L4 V1 + V2

Jvlams) ve(em)

pv1) + o(v2)

< B) —0y(m) + 2
< (¢*QD)(U1) —; (1/)*@)(“2) _51P(771) +C.
Similarly, if (3) holds, then we get
(0 ) (uzluiU;) < (¥ * ) (u1) ; (1 * ) (uz2) —bu(m) + €,
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which implies the statement as { > 0 was arbitrary. Also

Sypxp (M1 +M2) = min{ Sy (1), 5o (12) }-

Theorem 2.4. Let 1) be a harmonically convex function and n > 0. Then

P+ (1=l = 0 (i) > 28 () mindp 1 )

pu+(l—p

where p € [0,1],u,v € Dom(v) and |+ - 1| > .

Proof. First, without loss of generality, we can suppose that p € [0, %] so p =

min{p, 1 — p}. Now, note that

uv _ 1
put+(1—plv  2pLl +(1-2p)L

2uv

Since 1 is a harmonically convex functions, we have

uv

¢(pu+(1—p)v

><%w(%v)+u—%mm)

U+ v
< -2t + 2 (M 6
(1 =p)Y(u) + p(v) — 2pdy(n).

O

The gauge of uniform harmonically convexity for a harmonically convex function
is

p(v) + (1= p)o(u) — ¢ (Mﬁ) 0

L'y (n) = inf 1=

Corollary 2.5. Let ¢ be a harmonically convex function on I andn > 0. Then

26y (n) < Ty(n) < 464(n).

3. Uniformly harmonically quasi-convex function

In this section, we introduce the concept of uniformly harmonically quasi-convex
functions on R = R U {—o00, 00} and investigate some of its properties.

Definition 3.1. A function ¢ : I — R is said to be
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1. harmonically quasi-convex (HQC), if

uv
v (pu + (1 —p)v

for all nonzero u,v € I with v # —v and p € [0, 1].

) < max{y(u),(v)},

2. n-uniformly harmonically quasi-convex (n-UHQC), if for a given n > 0, there
is some § > 0 such that

$ ( 2uv ) < masc{p(u), ¥(v)} — 6,

U+ v
for all nonzero u,v € I with u # —v and |% — %’ >n.

3. uniformly harmonically quasi-convex (UHQC) if it is 7-UHQC convex for all
n > 0.

Example 3.2. (u) = % is a bounded n-UHQC function with modulus § = 7 on
[a,00) for all a > 0.

Proposition 3.3. Let n > 0 and ¢ > 0 be a n-UHQC function with modulus §
and inf{¢(u) : w € I} > 6. Then ? is n-UHQC with modulus 6.

Proposition 3.4. Let n > 0. Assume that v > 0 is a harmonically convex and
n-UHQC function. Then ¢? is n-UHC.

Proof. Since ¢ > 0 and is harmonically convex,
YLV (2

and therefore

)+ 92 0) (2
B u+v

Suppose that |% — %’ >mn and § > 0 as in the definition of n-UHQC.
We consider two following cases:
Case 1: If |¢p(u) — ¥ (v)| > 6, then from (4), we have

P2 (u) + ¢ (v) g ( 2uv ) s

2 u+v =4

Case2: If |1(u) — ¥ (v)] < 4, then

2uv () + () 0
¥ ( ) < max{p(u), p(v)} 5 < DT 2

u—+v 2
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Therefore by using (4), we obtain

V2 (u) + % (v) 2 ( 2uv ) < f
2 u+v) 4

O

Theorem 3.5. Letnp >0 and ¢ : I — R be a n- UHQC function with modulus
0 > 0 and ¢ is bounded from below and 8 := inf{y(u) : w € I}. In addition, if
p: [g, oo) — R be an increasing function which satisfies p(z+1) = 3p(2), then
po Js o is n-UHC, where J5(u) = %.

Proof. Putting ¢ := %g@ (%) Let u,v € I be defined such that |% — %’ > n.
Without loss of generality we may suppose that ¥(v) < (u). Thus

eo s (v (25)) < w0 Bl - o) )
On the other hand,
00 To(B~8) < 9o To((u) ~ 8) = 300 Ti(w(w). (6)
Also, from
2 2
1= 260 (T(6) < 2o (Ts6w),
we have
39 (Ts(0(w)) < @ (T (W) - 16 7
Therefore, from (5), (6) and (7), we get
pods (v (22) < o Ghww) - 4 0
Since ¢ > 0,
300 (4 ( 222)) < ¢ (A0)) + 20 (Fo(5(0). )

It follows from (8) and (9) that

0o s (w (ﬁvﬂ)) - £ (Ts(0(w) te (Js(¥(v)))

_Ca

which say ¢ o Js5 o4 is n-UHC. O
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Example 3.6. Let n > 0 and ¢ : I — R be a n- UHQC function with modulus

4 > 0. Then the function ®(u) = S[W]
put p(u) = 3[* in Theorem 3.5.)

is n-UHC where [-] is floor function. (Just

Example 3.7. Let n > 0 and I = [a,b] C R\{0}. Then ¢ (u) = |u| is n-UHQC
3
with 6 = - where a = min{|al, [b[} and 8 = max{|al, |b|}.
. [w\u\] .
Example 3.8. Let > 0. Then the function ®(u) = 3l 7% is n-UHC on

[a, b] where o = min{|a|, |b|} and 8 = max{]al|, |b|}. (The result follows from the
Examples 3.6 and 3.7.)

Theorem 3.9. Letnp > 0 and ¢ : I — R be a n- UHQC function with modulus
6 > 0. In addition, let ¢ be an increasing function which satisfies p(z) < kp(z+4)
for some 0 < k <1 and B :=inf{p(z) : 2 € Dom(p)} > 0, then p o is n-UHQC
with modulus (1 — k)p.

Proof. Assume that u,v € I and ‘l — %| > 7. Without loss of generality we may

u ¢

suppose that 1(v) < ¢ (u). Therefore

w( 20 ) < ) - 4.

u—+v

Therefore,

o (v(25)) = o - 0) < betviw)
< () — (1 ~ )8 = max{p((u), o) — (1 K)5,
hence, ¢ o ¢ is 7-UHQC with modulus (1 — k). 0
Example 3.10. Let 77 > 0,a > 1 and let ¢ : (0,00) — (0,00) be a 7- UHQC

function with modulus § > 0. Then a¥® is »-UHQC with modulus 1 — a~?.
(Setting ¢(z) = a® and k = =% in Theorem 3.9.)

Let ¢ : I — R be a function and ¢ be a function such that 4% € Dom(y)
for all u,v € I with u # v. We define infimal harmonically quasi convolution
Yxqp: I —Rby

(1 % ) (1) inf{max{¢( ko >,gp(v)} :u;«év,vef}.

v—Uu

Example 3.11. Let ¢)(u) = ¢(u) defined by L on (0,00). Then (¢ %4 ¢)(u) = 5=
(see Figure 1 ).

Theorem 3.12. Let v, ¢ be two HQC functions. Then 1) x4 ¢ is HQC.
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max{1/u -1/v}

1iu

1/2u

Figure 1: max {1 — 1 1

u v’

Proof. Assume that ui,us € Dom(v x4 ¢) and ¢ > 0. So, we can find vy, vy €
Dom(yp) such that

max { (1) gt b < (0 )+
max {u (22 ) ) b < (0 9)u) 4.

2U1U2 > ( 2’LL1U2’01U2 ) ( 2’011)2 )}
* < max )
% ¢) <U1 +uz) v uyv1 (Vg — ug) + ugva(v1 — uy) 7

{ U1 + U2
<o {max (o () o (22 ) e (). )
— |

¥

coton banae {ur (22 o}

which completes the proof. O

Theorem 3.13. Let n > 0 and ¢ : (0,00) — R be a n- UHQC function with
modulus 0 which is bounded from below. Then lim,_,o+ 1(u) = +oo.

Proof. Taking 3 := {inf1(u) : u € I'}. Choose ug > 0 that ¥ (ug) < B+ 3.
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By induction on n, we show that if |1 — uio > 2", then ¥(u) > (n+1)6 + S for

each n € N. Suppose that ‘% - %‘ > n and ¥(u) < B+ §. Therefore,

U+ ug

. ( Zuto ) < max{(u), (uo)} — & = w(u) — b < B,

which is contradiction. Hence ¢(u) > f+4. Now, assume that ¢(u) > (k+1)5+ 5

uo

Let ’5 - ui’ > 251y, then
0

whenever

utug _ 1
2uug ug

> 2Fy. It follows that

w( 2utio ) > (k+1)d+ 0.

U+ Ug

Since ’% — 1710’ > 2F+1y > g then o (31—2‘;) < ¢(u) — ¢ and so

(k+2)6+ 5 < é(u),
whenever ’% — u—lo’ > 2k+1y. Therefore lim,,_,o+ ¥ (u) = +oc. O

The following corollary is an immediate consequence of Theorem 3.13.
Corollary 3.14. Every n- UHQC function on (0,00) is unbounded.
Example 3.2 shows that Corollary 3.14 is not necessarily true on [a, 00) for a > 0.

Theorem 3.15. Let A > 0,B > 0 and ¢ : (0,00) = R be a n- UHQC function
with modulus 6. Then ¥(u) = (ﬁ) is %- UHQC function with modulus 6.

Proof. Suppose that n > 0 and u,v € (0,00) with \% - %| > 1. So

2uv 2uv
\I/ _— =
(u—i—v) w(A(u—l—v)—f—QBuv)
— 2X 55 X A7 B
A+uBu + Ava

u v
<maX{w(A—|—Bu>’d}(fl—FBv)}_67
A_ A

whenever o= ;\ > 1. Therefore,

¥ ( 21“@) < max{U(u), U(v)} — 5,

u

whenever [ — 1| > 1 O
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Conclusion

In this paper, we investigate the concepts of uniformly harmonically convexity and
uniformly harmonically quasi-convexity and establish some remarkable properties.
Moreover, we will introduce methods that allow the construction of n-uniformly
harmonically convex and n-uniformly harmonically quasi-convex functions.
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