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Abstract

A vertex v in a graph G is said to be over-dominated by a subset S of
vertices of G if |[N[v] N S| > 2. The cardinality-redundance of S, which we
denote by C'R(S), is the number of vertices of G that are over-dominated
by S. The cardinality—redundance number of a graph G, which we denote
by CR(G), is the minimum among all cardinality-redundances C'R(S) taken
over all dominating sets S. In this paper, we study those graphs whose
cardinality-redundance decreases by two upon the removal of any arbitrary
edge. We refer to such graphs as cardinality-redundance strong edge critical
graphs. We give a general characterization for all cardinality-redundance
strong edge critical graphs, and then focus on the cardinality-redundance
strong edge critical graphs having cardinality-redundance 2, and present
several characterizations for these graphs.
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1. Introduction

For notation and terminology not given here, the reader can consult [1, 2]. Here,
we consider undirected and simple graphs G = (V(G), E(G)), where the vertex
set is V(G) and the edge set is E(G). The order of a graph G is given by n =
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n(G) = |V(G)|. For a vertex v, the open neighborhood N(v) = Ng(v) of v is
the set of vertices that are adjacent to v, and the closed neighborhood Nlv] is
N(v) U{v}. For any subset S C V(G), denote N(A) = Ng(A) = UyeaN(v) and
N[A] = UyeaN[v]. The degree of v is the cardinality of N(v), denoted by deg(v).
A graph G is a bipartite graph if the vertex set can be partitioned into two sets X
and Y such that any edge of G has one end-point in X and the other end-point
inY. A complete bipartite graph is a bipartite graph such that any vertex of each
partite set is adjacent to all vertices of the other partite set. A complete bipartite
graph with partite sets of cardinalities m and n is denoted by K, ,,. We refer to
K 1 as the star of order n. We denote by P,,, C,, and K,, the path, the cycle
and the complete graph of order n, respectively. A set S C V(G) of vertices in a
graph is called a dominating set if N[S] = V(G). The domination number of a
graph G, which we denote by v(G), is the minimum cardinality of a dominating
set among all dominating sets of G. A set S C V(G) of vertices in a graph is
referred as an independent set if no pair of vertices of S are adjacent.

The concept of cardinality—redundance in graphs was introduced in [3]. Given a
set S and a vertex v, the vertex v is said to be over-dominated by S if |[N[v]NS]| > 2.
The cardinality-redundance of S, which we denote by CR(S) (or CRg(S) to refer
it to G), is the number of vertices of G that are over-dominated by S. The
minimum of CR(S) taken over all the dominating sets S is called the cardinality—
redundance number of G, and is denoted by CR(G). A dominating set S with
CRg(S) = CR(G) is called a CR(G)-set. The size of a minimum CR(G)-set is
denoted by 7o r(G) and is called dominating cardinality —redundance number of G,
that is, vor(G) = min{|S| : S is a CR(G)-set}. Any CR(G)-set with minimum
cardinality is referred as a ycogr-set. To see more references on the concept of
cardinality-redundance consult [4, 5].

A fundamental question for various graph operations is the concept of critical-
ity which has been already considered for several domination parameters such as
domination, total domination, global domination, secure domination and Roman
domination by several authors, (see, for example [6-17]).

In this paper, we consider this concept for the cardinality—redundance in graphs
upon edge removal. The paper is organized as follows. In Section 2, we determine
the cardinality-redundance number in some classes of graphs, including paths,
cycles, and complete bipartite graphs. In Section 3, we introduce cardinality—
redundance strong edge critical graphs and give a general characterization for
all cardinality-redundance strong edge critical graphs. We then focus on the
cardinality-redundance strong edge critical graphs having cardinality-redundance
2, and present several characterizations for these graphs.

2. Preliminary results

In this section, we determine the cardinality-redundance number in the classes of
paths, cycles, and complete bipartite graphs.
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Proposition 2.1. For the path P,, CR(P,) = 0.

Proof. Let V(P,) = {v1,v2,...,0,}. The result is clear for n = 1,2. Thus, assume
that n > 3. It is straightforward to see that So = {vsr42 : k = 0,1,..., "7’3}
(for n = 0 (mod 3)), S1 = {vsk41 : k = 0,1,..., %52} (for n = 1 (mod 3)), and
Sy = {vskt1 : k =0,1,..., 252} (for n = 2 (mod 3)) are the dominating sets for
P, with CR(S;) =0 for i =0, 1,2. Thus the result follows. O

Proposition 2.2. For the cycle C,,, CR(C,) =0ifn=0( mod3),1ifn=2
( mod 3) and2 ifn=1( mod 3).

Proof. Let V(Cy,) = {v1,va,...,u,}. First, assume that n = 0 (mod 3). It is
easy to see that S = {vgr42,0 < k < ”53} is a dominating set for C,, with
CR(S) = 0. Next assume that n = 2 (mod 3). Then S = {vgp41,0 < k < 252}
is a dominating set for C,, with CR(S) = 1. Thus CR(C,) < 1. Assume that
there is a dominating set D for C,, with CR(D) = 0. Let D = {vi,, ..., i, },
where i; < ijyq for j = 1,...,[D| — 1. Then d(vi,,vi ) = d(vi;,vi,,,) = 3 for
j=1,..,|D|—1. Then n = |[N[D]| = 3|D| = 0 (mod 3), a contradiction. Thus,
CR(Cy) = 1.

Now assume that n = 1 (mod 3). Then S = {vsp41,0 < k < %3} is a
dominating set for C), with CR(S) = 2. Thus CR(C,,) < 2. Assume that there is a
dominating set D for C,, with CR(D) = 0. Let D = {vi,, ..., i, }, Where i; < ij1
for j = 1,...,|D| — 1. Then d(vi,,vi,,) = d(vi;,vi;,,) = 3 for j = 1,....|D| = 1.
Then n = |[N[D]| = 3|D| = 0 (mod 3), a contradiction. Next assume that there
is a dominating set D for C), with CR(D) = 1. Let D = {v;,,..., v, }, where
ij < ij41 for j =1,...,|D| — 1. Then there are precisely one integer ¢ such that
d(vi,, vi,,,) = 2 (mod |DJ) and d(v;;,v;,,,) = 3 for j € {1,...,|D|} — {t}, where
the addition is in modulo |D|. Then n = |N[D]| = 3(|D| + 1) — 1, a contradiction.
We deduce that CR(C,,) = 2. O

It is well-known that y(Cy) = [ %] (see [1]). Also, for any graph G, v(G) < vcr(G)
by the definition of cardinality —redundance number of G. It is now straightforward
to see that the dominating sets S given in the proof of Proposition 2.2 are yor(Ch,)-

set. Thus, we obtain the following.

n

Proposition 2.3. For a cycle Cy, vor(Cn) = [§].

Proposition 2.4. For the complete bipartite graph K, , withm,n > 2, CR(Ky, )
2.

Proof. Let G = Ky, n, where m,n > 2. Let V(G) = AU B, where A =
{a1,a2,...;a,} and B = {by, b, ...,b, } are partite sets of G. Clearly S = {a1,b1}
is a dominating set for G with CR(S) = 2. Thus, CR(G) < 2. Assume that there
is a dominating set D for G with CR(D) < 2. Let D = {vy,va,...,v;}. Clearly
D is an independent set and so, without lost of generality, assume that D C A.
Since |D| > 2 and |B| > 2 we obtain that there are at least two vertices in B that
are over-dominated by D, contradicting the fact that CR(G) = 0. O
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Observe that yer(Km,n) > 7(Km,n) = 2. Now, following the proof of Proposi-
tion 2.4, we obtain the following.

Proposition 2.5. yor(Kmn) = 2.

3. Criticality upon edge removal
We begin with the following.

Proposition 3.1. For an arbitrary edge uv of a graph G, CR(G) —2 < CR(G —
w) < CR(G) + A(G) — 1.

Proof. Let G = (V(G), E(G)) be a graph and uv be an arbitrary edge of G,
and let S be a yor(G — wv)-set. If SN {u,v} = 0 then S is a dominating set
for G and it is evident that CRg(S) = CRg—_uv(S). Consequently, CR(G) <
CRg(S) = CRGg—uvp(S). Thus, assume that S N {u,v} # . Without loss of
generality, assume that v € S. Assume that v ¢ S. Clearly N(u) NS # 0.
If IN(u) NS| > 2, then CRg(S) = CRG—wu(S), and thus CR(G) < CRg(S) =
CRG—uy(S). Thus, assume that |[N(u)NS| > 1. Then CRg(S) = CRG—uv(S5)+1,
and thus CR(G) < CRg(S) +1 = CRg—wv(S) + 1. Next, assume that v € S. If
N(u)NN(v) NS # 0, then CRG(S) = CRG—uv(S) and so CR(G) < CRg(S) =
CRG—uw(S), and if N(u) N N(v) NS = 0 then CRg(S) = CRg—uv(S) + 2, and
thus CR(G) < CR¢(S) +2 = CRg—uww(S) + 2. Thus, the lower bound follows.
Now let S be a yor(G)-set. If {u,v}NS = 0, then CRg_y,(S) = CRa(S), and
so CR(G — uv) < CRg(S) = CR(G). Thus assume that {u,v} NS # 0. Without
loss of generality, assume that v € S. Assume that u ¢ S. If Ng(u)N S # {v},
then CRg_y»(S) = CRg(S), and so CR(G — w) < CRg(S) = CR(G). Thus
assume that Ng(u)NS = {v}. Let S’ = SU{u}. Then CRG—y.(S’) = CRa(S") +
deg(u) —1 < CRg(S") + A(G) —1. Thus, CR(G —wv') < CR(G)+A(G)—1. O

We define a graph G cardinality redundance edge-critical (or just CR-edge
critical) if CR(G — uwv) < CR(Q) for any edge uv. It is cardinality redundance
strong edge-critical (or just CR-strong edge critical) if CR(G — uv) = CR(G) — 2
for any edge uwv, and cardinality redundance weak edge-critical (or just CR-weak
edge critical) if CR(G — uv) = CR(G) — 1 for any edge uv. If G is a CR-strong
(weak) edge critical graph and CR(G) = k then we call G a k-CR-strong (weak)
edge critical. In this paper, we focus on the CR-strong edge critical graphs. The
following is a direct consequence of Propositions 2.1 to 2.3 which shows that for
any integer k > 2, there is a CR-strong edge critical graph G with ycr(G) = k.

Proposition 3.2. For n =1 ( mod 3), the cycle C,, is CR-strong edge critical.

In the following we give a general characterization for all CR-strong edge critical
graphs.
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Theorem 3.3. A graph G is a CR-strong edge critical if and only if for any edge
uv, there is a dominating set S containing both u and v such that Nglu] NS =
Ngv]NS ={u,v} and S is both a vor(G — uv)-set and a CR(G)-set.

Proof. Let G be a CR-strong edge critical graph and let uv be an edge of G and
G’ = G —uv. Then CR(G') = CR(G) — 2. Let S’ be a yor(G')-set. If {u,v} N
S" =0, then CRg(S") = CRg/(S"), and so CR(G) < CRg(S") = CRe/(S') =
CR(G') = CR(G) — 2, a contraction. Thus, {u,v} NS’ # 0. Without loss of
generality, assume that v € S’. Assume that u ¢ S’. Clearly Ng/(u) NS" # 0.
If [Ng/(u) N S| > 3, then CRG(S") = CRg/(S"), and so CR(G) < CRg(5') =
CRg (S') = CR(G') = CR(G) — 2, a contraction. Thus assume that |[Ng (u) N
S'l = 2. Then CRg(S") = CRg/(5") + 1, and so CR(G) < CRa(S") +1 =
CRe (S")+1=CR(G')+1=CR(G) — 1, a contraction. We deduce that u € S’.
Suppose that Ng(u)NS" # {v}. If Ng(v)NS’ = {v} then CRg(S") = CRg/(S7)+1,
and so CR(G) < CRg(5") +1 = CRe(S')+1 = CR(G')+1 = CR(G) — 1,
a contraction. Thus, Ng(v) N S" # {v}. Then CRg(S’) = CRg (5), and so
CR(G) < CR(95"), a contraction. We deduce that Ng(u)NS’ = {v}, and likewise
Ng(v) N S" = {u}. Consequently, Ng[u] NS = Ng[v] NS = {u,v}. Note that S’
is a yor(G — uv)-set. Since CRg(S') = CRe(S") +2 = CR(G') + 2 = CR(G),
S’ is a CR(G)-set, as desired.

For the conserve, assume that for any edge wwv, there is a dominating set .S
containing both u and v such that Ng[u] NS = Nglv] NS = {u,v} and S is
both a yor(G — uv)-set and a CR(G)-set. Let e = wv be an arbitrary edge,
and let S be the dominating set satisfying the assumption. By Proposition 3.1,
CR(G) — 2 < CR(G"). Thus, we show that CR(G) — 2 > CR(G"). It is evident
that S is a dominating set in G’ and CRg/(S) = CRg(S) — 2. Thus, CR(G’) <
CR¢/(S) = CRg(S) — 2, and thus the result follows. O

The following is an immediate consequence of Theorem 3.3.

Corollary 3.4. If G is a CR-strong edge critical graph, then
(1) G has no triangle,

(2)0(G) =2,

(3) ver(G) < ver(G — wv).

We now focus on the 2-CR-strong edge critical graphs. The following is a
general characterization for 2-CR-strong edge critical graphs G with 2 < ycr(G) <
3.

Theorem 3.5. If a graph G is 2-CR-strong edge critical with 2 < vor(G) < 3,
then for any edge uv, there is a dominating set S containing both u and v such
that Nglu] NS = Nglv] NS = {u,v} and S is both a yor(G — uv)-set and a
Yor(G)-set.

Proof. Let G be a 2-CR-strong edge critical graph, and let e = uv be an edge of G.
By Theorem 3.3, there is a set S containing both « and v such that Nglu] N S =
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Ng[v]NS = {u,v} and S is both a yo r(G—uwv)-set and a CR(G)-set. We show that
S is a yor(G)-set as well. Clearly, by Corollary 3.4 (3), vor(G) < yor(G — uv).
Suppose that yor(G) < vor(G — wv). We consider the following cases:

Case 1. Let yor(G) = 2. Then, yor(G—uv) > 3. Let S = {u, v, 21, 22, ..., 2Zk—2 },
where k > 3, be a vor(G — uv)-set and let A be a vor(G)-set with |A| =
Yor(G) = 2. Since S is dominating set for G and G is triangle-free, we find
that AN (N[u] U N[v]) # 0 and for each ¢ = 1,2,....,k — 2, AN N|[z;] # 0. Thus,
we obtain that & < 3, and consequently, |k| = 3. Suppose that A N {u,v} = (.
Then ANN(u) # 0 and AN N(v) # (. Note that AN N[z1] # 0. Then |4| >3, a
contradiction. Thus assume, without lost of generally, that u € A. Clearly in this
state AN N(z1) # 0. If z; € A, then no vertex of N(v) — {u} is dominated by A,
a contradiction. Thus, z; ¢ A. Assume that 21,z € N(z1), where z{ € A. Then
24 is not dominated by A, since G is triangle-free.

Case 2. Let vor(G) = 3. Then yor(G—uu) > 4. Let S = {u, v, 21, 22, ..., 2k—2},
where k > 4, be a yor(G — uv)-set and A be a yor(G)-set with |A| = 3. Since S
is dominating set for G and G is triangle-free, we find that A N (N[u] U N[v]) # 0
and for each 1 = 1,2,...25_2, AN NJz] # 0. Thus, we obtain that k¥ < 4, and
consequently, k& = 4. Observe that N(z1) N N(z2) = 0. If AN {u,v} = 0, then
ANN(u) # 0 and ANN(v) # 0, since G is triangle—{ree. Since, AN N|z;] # 0 for
i = 1,2, we find that |A| > 4, a contradiction. Thus AN {u,v} # 0 and so we find
that |A N {u,v}| = 1. Without lost of generality suppose u € A.

Suppose that A N {z1,22} # 0. Since A dominates all vertices in N(v)\{u},
we find that A N {z1,22} = 1 and the third vertex of A dominates all vertices in
N(v)\{u}. Without loss of generality, assume that z; € A. Then A = {u, 21, 22’ },
where z3' € N(z2). But then A does not dominate the vertices of N(z2) — {25},
since N(z1) N N(z2) = 0. This ia a contradiction. Thus, A N {z1,22} = 0. Then
A ={u, 2,7}, where z1 € N(z1) and z2 € N(z2). Then any vertex in N(z2)—{z5}
is adjacent to z} and any vertex in N(z1)—{z}} is adjacent to z5. Now considering
the edge 2127, by Theorem 3.3, there is a dominating set 7' containing both z; and
2} such that Ng[z1]NT = Ng[2{]NT = {z1, 2]} and T is both a yor(G — z121)-set
and a CR(G)-set. Since T' dominates 2o, we obtain that TN N[zo] # 0. If 20 € T,
then N(z2) N N(z}) # 0, a contradiction, since CR(G) = 2. Thus, zo ¢ T. If
2b € T, then N(z1) N N(z}) # 0, a contradiction. Thus, 25 € T. Then T contains
a vertex z4 # zb in N(z2) . This is a contradiction, since z5 € N(z]). O

We next characterize 2-CR-strong edge critical graphs with 2 < vor(G) < 3.

Theorem 3.6. A graph G with ycr(G) = 2 is 2-CR-strong edge critical if and
only if G = Ky, n, where m,n > 2.

Proof. Let G be a 2-C R-strong edge critical with yog(G) = 2 and let uv be an edge
of G. By Corollary 3.4 (2), |N(u)| > 2 and |N(v)| > 2. By Theorem 3.5 there is a
dominating set S containing both w and v such that Ng[u]NS = Ng[v]NS = {u, v}
and S is both a yor(G —uv)-set and a yor(G)-set. Let N(u) = {uq,uq, ..., ur} and
N(v) = {vy,v,...,u}. Note that so that V(G) = {u, v, u1, us, ..., Uk, V1, U,y ..., Vg
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Considering the edge uuy, by Theorem 3.5, there is a dominating set S’ containing
both w and wy such that Ng[u] NS" = Nglu1] NS = {u,u1} and S’ is both a
Yor(G —uuy)-set and a yor(G)-set. Then u; dominates all vertices in N (v) —{u}.
Since uwu; was chosen arbitrary, we deduce that each vertex of N(u) — {v} is
adjacent to all vertices of N(v)— {u}, and each vertex of N(v)— {u} is adjacent to
all vertices of N(u) — {v}. Consequently, G is a bipartite graph with partite sets
N(u) U{v} and N(v) U {u} that is G = K|n(u)|+1,|N(v)|+1- Lhe converse follows
from Propositions 2.4 and 2.5. O

Theorem 3.7. A graph G with ycr(G) = 3 is 2-CR-strong edge critical if and
only if G = Cf.

Proof. Let G be a 2-CR-strong edge critical with ycgr(G) = 3. We proceed with
Claim 1.

Claim 1. For any edge wv, there is a dominating set S = {u, v, zy, } such that
Nglul NS = Nglv]NS = {u,v}, S is both a y¢r(G — uv)-set and a yor(G)-set,
and any neighbors of z,, is adjacent to all vertices N(u) — {v} or N(v) — {u}.
Proof of Claim 1. Let uv be an edge of G. By Theorem 3.5, there is a dominating
set S containing both u and v such that Ngju] NS = Nglv]NS = {u,v} and
S is both a yor(G — wv)-set and a yor(G)-set. Let S = {u,v,zy}. Let 21 €
N(zyy). Considering the edge z12zy,, by Theorem 3.5, there is a dominating set
S’ = {21, zZuv, y} such that Ng[z1] NS’ = Ng[zuw] N S" = {21, zup} and S’ is both
a Yor(G — z12yy)-set and a yor(G)-set. Since G is triangle—free, y & N(u) — {v}
and y € N(v) — {u}. Thus y € {u,v}. Without lost of generality, assume that
y = u. Then all vertices in N(v) — {u} are dominated by z;. This completes the
proof of Claim 1.

Now let e = uv be an arbitrary edge, and S = {u, v, 2., } be the set satisfying the
Claim 1. We proceed with Claim 2.

Claim 2. No pair of vertices of N(zy,) have a common neighbor in V(G) —
{zuv }-

Proof of Claim 2. Let 21, 20 € N(zy,) have a common neighbor u; # z,,. Since
G is triangle-free, we may assume, without loss of generality, that u; € N(u)—{v}.
Considering the edge zjuy, by Claim 1 there is a dominating set S’ = {uy, z1,y},
where y = zy,,,, such that Ng[ui] NS’ = Ng[z1] NS’ = {u1, 21} and S’ is both
a yor(G — z1uq)-set and a yog(G)-set, and any neighbors of y is adjacent to all
vertices N(uy) — {z1} or N(z1) — {u1}. By Claim 1, v is adjacent to either z,, or
Zo, a contradiction.

By Claims 1 and 2, we find that deg(zy,) = 2. We next prove that deg(u) = 2.
Suppose that deg(u) > 3. Let N(u) — {v} = {u1,uq,...,ux}, where k > 2. Let
21 € N(zyy) be adjacent to all vertices of N(u)— {v}. We consider the edge ujz;.
By Claim 1 there is a dominating set S’ = {u1, 21,y}, where y = z,,.,, such that
Nglui] N S" = Ngl[z1]) N S" = {u1,21} and S’ is both a yor(G — z1uq)-set and a
Yor(G)-set, and any neighbors of z,,., is adjacent to all vertices N(z1) — {u1}
or N(u1) — {#z1}. It is evident that y € N(v) — {u}. By Claim 2, zo € N(y).
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Then by Claim 1, 25 is adjacent to all vertices in N(uy) — {21} or N(z1) — {u1}, a
contradiction, since none of u nor uy is adjacent to zo. We conclude that deg(u) =
2. Similarly, deg(v) = 2. Consequently G = Cf.

The converse follows from Propositions 2.2 and 2.3. O

4. Concluding remarks

We believe that the cycle C,, for n = 1 (mod 3) and K,,, for m,n > 2, are the
only 2-CR-strong edge critical graphs with yor(G) > 2. We thus propose the
following problem.

Problem 1. Is it true that the cycle C,,, where n =1 ( mod 3), and the complete
bipartite graphs K, ,, where m,n > 2 are the only 2-CR-strong edge critical
graphs G with yor(G) > 27

We also were not able to find a k-CR-strong edge critical graph with k£ > 2,
and it seems to us that there is no such graphs. If this is correct then we reach to
the following conjecture.

Conjecture 1. A graph G is CR-strong edge critical if and only if (1) G = K, ,
where m,n > 2, or (2) G = C,, where n =1 ( mod 3).

Conflicts of Interest. The authors declare that they have no conflicts of interest
regarding the publication of this article.

References

[1] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, Fundamentals of Domination
in Graphs, Marcel Dekker, Inc., New York, 1998.

[2] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, (Eds.), Domination in
Graphs: Advanced Topics, Marcel Dekker, New York, 1998.

[3] T. W. Johnson and P. J. Slater, Maximum independent, minimally c-
redundant sets in graphs, Congr. Numer. 74 (1990) 193 — 211.

[4] D. McGinnis and N. Shank, Extremal problems related to the Cardinality-
Redundance of graphs, Australas. J. Combin. 87 (2023) 214 — 238.

[5] E. Mohammadi and N. Jafari Rad, On the trees with maximum Cardinality-
Redundance number, Comput. Sci. J. Moldova 32 (2024) 38 — 45,
https://doi.org/10.56415/csjm.v32.03.

[6] R. C. Brigham, P. Z. Chinn and R. D. Dutton, Vertex
domination-critical ~ graphs, Networks 18  (1988) 173 — 179,
https://doi.org/10.1002 /net.3230180304.



Mathematics Interdisciplinary Research 10 (4) (2025) 397 — 406 405

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

R. D. Dutton and R. Brigham, On global domination critical graphs, Discrete
Math. 309 (2009) 5894 — 5897, https://doi.org/10.1016 /j.disc.2008.06.005.

P. J. P. Grobler and C. M. Mynhardt, Secure domination critical graphs,
Discrete Math. 309 (2009) 5820 — 5827.

N. Jafari Rad, A. Hansberg and L. Volkmann, Vertex and edge critical Roman
domination in graphs, Util. Math. 92 (2013) 73 — 88.

D. Hanson and P. Wang, A note on extremal total domination edge critical
graphs, Util. Math. 63 (2003) 89 — 96.

M. A. Henning and N. Jafari Rad, On total domination vertex critical
graphs of high connectivity, Discrete Appl. Math. 157 (2009) 1969 — 1973,
https://doi.org/10.1016/j.dam.2008.12.009

M. A. Henning and L. C. van der Merwe, Properties of total domina-
tion edge critical graphs, Discrete Appl. Math. 158 (2010) 147 — 153,
https://doi.org/10.1016/j.dam.2009.09.004.

N. Jafari Rad, On the diameter of a domination dot crit-
ical graph, Discrete Appl. Math. 157 (2009) 1647 — 1649,
https://doi.org/10.1016 /j.dam.2008.10.015.

D. A. Mojdeh, A. Sayed-Khalkhali, H. Abdollahzadeh Ahangar and Y. Zhao,
Total k-distance domination critical graphs, Trans. Comb. 5 (2016) 1 — 9,
https://doi.org/10.22108/TOC.2016.11972.

D. A. Mojdeh, S. R. Musawi and E. Nazari, Domination critical Knddel
graphs, Iran. J. Sci. Technol. Trans. A Sci. 43 (2019) 2423 — 2428,
https://doi.org/10.1007 /s40995-019-00710-8.

D. P. Sumner and P. Blitch, Domination critical graphs, J. Combin. Theory
Ser. B 34 (1983) 65 — 76, https://doi.org/10.1016,/0095-8956(83)90007-2.

C. Wang, Z. Hu and X. Li, A constructive characterization of total domination
vertex critical graphs, Discrete Math. 309 (2009) 991 — 996.

Nader Jafari Rad

Department of Mathematics,
Shahed University,

Tehran, I. R. Iran

e-mail: n.jafarirad@gmail.com

Elham Mohammadi
Department of Mathematics,



406 N. Jafari Rad et al. /Strong edge criticality for Cardinality-...
I ——

Shahed University,
Tehran, I. R. Iran
e-mail: elhammohammadi495@shahed.ac.ir



