Mathematics Interdisciplinary Research 10 (4) (2025) 407 — 430

Original Scientific Paper

Approximate Solution of Magnetic Boundary Value
Problems in Geometrically Complex Domains

Using the Method of Integral Equation Systems

Elnur Hasan Khalilov ™, Lokman Bilen** and Khanlar Residoglu
Mamedov

Abstract

This paper provides a rigorous theoretical justification for the colloca-
tion method applied to a system of integral equations arising in magnetic
boundary value problems governed by the vector Helmholtz equation. At
appropriately selected collocation points, the system of integral equations is
transformed into a system of algebraic equations, for which the existence and
uniqueness of solutions are rigorously established. The convergence of the
algebraic solutions to the exact solution of the integral equations is proven,
and the convergence rate of the method is analytically derived. Furthermore,
within the framework of the proposed approach, explicitly constructed se-
quences are rigorously proven to converge to the exact solution of the con-
sidered magnetic boundary value problems, thereby providing a systematic
and reliable approximation scheme.
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1. Introduction and problem statement

One of the classical approaches to solving magnetic boundary value problems for
the vector Helmholtz equation is to reduce the problem to a system of second-
kind integral equations. Such systems generally admit closed-form solutions only
in exceptional cases. Therefore, the development of approximate methods with
rigorous theoretical justification is of primary importance.

The following function classes are introduced on the domain G C R3. Let
C (G) denote the space of all continuous functions on G equipped with the norm
el = max lo (x)]; Ho (G) denote the space of all continuous functions on G

satisfying a Holder condition with exponent o € (0, 1]; and R (G) denote the
space of vector-valued functions E = (Ey, F3, E3) that are twice continuously
differentiable on G and continuous on G, with divE € C (G’) and rotE € C3 (G’),
where C? (G’) =C(G)xC(G)xC (G)

Let D C R? be a bounded domain with a C%-smooth boundary (2, and let
n(z) = (n1 (z),n2 (z),n3(x)) denote the outward unit normal at point x € Q.
Consider the following boundary value problems for the vector Helmholtz equation:

Interior magnetic boundary value problem. Determine a vector field
E € R (D) satistying the vector Helmholtz equation

AE+Ek’E=0in D,
and the boundary condition
[[rotE, n],n]=f, (n, E)=gonQ,

where A is the Laplace operator, k is the wave number such that I'mk > 0, [a, b]
denotes the vector cross product of vectors a and b, and (a,b) denotes the scalar
(dot) product of vectors a and b. Here, g € H, () is a given function, and f is a
given tangential field, both satisfying a Holder condition with exponent 0 < o < 1,
ie.,
FeH] (@) ={feH ()] (n(x), f(x) =0,z e},

where H3 (Q) = H, (Q) x H, (Q) x H, (Q).

Exterior magnetic boundary value problem. Determine a vector field
EeR (RS\D) satisfying the vector Helmholtz equation in R*\D, the radiation
condition

1
{rotE, :17} + idivE —ikE =0 () ,
=[] [z |z

uniformly in all directions z/ |z|, and the boundary condition
[[rotE, n], n] = f, (n, E)=gon ,

where the functions f and g have the same meaning as in the interior problem.

o (iklz )
exp (ik|z —y

Oy (z,y) = ————F—=

b x?yERE}’ x#y7
4 |z — y|
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be the fundamental solution of the Helmholtz equation. As shown in [[1], Theorem
4.22], the vector field

E(z) = / By (. 1) [n (0) . 1 (4)] A + grad / By (2, y) A (y) Yy, z € D,
Q Q

is a solution to the interior magnetic boundary value problem if the vector function
o= (p1, p2, p3) € HY , () and the scalar function A € H, () satisfy the system
of integral equations

w(z) +2 / [ (@), [0 (2) , rote {®x (2, ) [0 (4) 1 (W)]}]] A = 2f ()

Q

A(I)+2/<I>k (@, y) (n (), [n(y), n(y)]) dy+ (1)
Q

+2/aq;;((xlj)y))\(y)d§2y29(x), x €.

Similarly, the vector field (see [[1], Theorem 4.22])

E(z) = / By (2, ) [n (9) 1 (4)] A + grad / By (v, Y) M (1) d, 1z € RO\D,
Q Q

is a solution to the exterior magnetic boundary value problem if y € H i o () an
A € H, () solve the system of integral equations

p(@) =2 [ @), (@) ot (B0 (o, ) [0 0) s ()] 1) 42, = =25 (0).

Q

A(z) —2/% (z, y) (n(x), [n () 1 (y)]) dSy— (2)

Q

2 on (x)

Ay)dQy = —2g(x), ze€Q.

It should be emphasized that in [2], an approximate solution of an integral equation
of the fourth kind was investigated as a mixed system of Volterra integral equations
of the first and second kind with a constant delay, and in [3], a numerical algorithm
based on Hermite polynomials for solving the Cauchy singular integral equation
in the general form is presented. Approximate methods for solving systems of
integral equations arising in conjugate boundary value problems for the Helmholtz
equation in both two- and three-dimensional spaces were studied in [4] and [5-8],
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respectively. In [9], solution methods for systems of integral equations related
to conjugation problems for Maxwell’s equations were examined. The Cauchy
problem for systems of nonlinear Volterra-type integral equations was considered
in [10], while in [11], numerical methods were proposed for solving systems of
hypersingular integral equations associated with a certain class of boundary value
problems for the Helmholtz equation. Despite numerous studies on approximate
solutions to various boundary value problems using the method of integral equation
systems, approximate solutions to electric boundary value problems for the vector
Helmholtz equation using the integral equation systems (1) and (2) have not yet
been investigated. The present paper aims to address this gap.

2. Justification of the collocation method for the
system of integral equations (1) and (2)

It should be emphasized that the counterexample constructed by A.M. Lyapunov
(see [[12], Chapter 11, paragraph 7]) demonstrates that, in general, the derivative
of a single-layer potential with a continuous density does not exist. However, by
employing the identity

(n(), @), n@) =0, VyeQ,

we obtain (see [[1], proof. Theorem 2.26])

[n(2),rote { @k (2, y) [n (), 1 (Y} =

= () —n(y), W), n®)]) grad: Py (z, y) — [0 (y), 1 (y)] “on()

It is then straightforward to compute that

/[n (@), [n (), rota {®r (2, y) [n (y) , p (y)] ] dy =

Q

er | [ (n2 @) = 00 o) (v o) P25 g (o) PR
Q

aq)k‘ ('T7 y)
8x2
(2 () 2 )+ () ) D) () i+

+/ <(n1 (z) —n1 () ns (y) (ng (z) %ﬂz’y) —na (x) W) +

Q

—na ()

+ (ns (2) = s (1) 2 () (n3 () Wwy)) .

8953
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+ (3 (x) — n3 () 1 (y) (n2 (z) %ﬂz»w g () acb,:agz; y)) -

o (o) () ) i ) a0+

+/ ((m () =1 (y)) n2 (y) <”2 (@) 8@168;? u- na (o) aq)k@;? y)) i
Q

Oy, (z, y)) N

8:53

(2 0) = 2 () m () (ma () P50y 0

g (2) my (y) 22 y)) s ) d%) "

on (2)
+e ( [ (12 @) = 2 s ) (s () P25y (0 PR
g
+ (m (&) — 13 (1) ms (9) (m () “’gz Y () “’ggjj’ y)) -
(o) () 2GS ) () 0
[ (00 @ = m )y ) (m ) S g ) 2L
g
(00 (2) = ) () (m () 220D (o) P
+m (@)1 )+ () s ) ) )+
(0@ = 02 0) (o) Py ) OTLE I
g
() =z 1) ) (o) ZEEED gy ) P

—na (o) () ) )0 ) +

e, ( [ (2@ = ) (11 ) Z2E iy (o) P
Q

+ (n3 (x) — ns () m2 (1) (M () %fly) (@) %x:zy) ) -
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0P (z, y)
On(q:)) p (y) dQy+

[ (00 = ) ra ) (2 ) 225 oy ) SRLEID )
Q

—n1 (z) n3 (y)

8,’E1 8!@2
+ (ng () — 3 (y)) n1 (1) (nl (@) %ﬁzw (@) %ﬁy) ) B
0%y (z, y)

—na (o () ) i ) +

[ (0 @ = m @y ) (m ) S ) L
Q

3x2 axl
T (2 (2) — 2 (4)) m1 () (m () %ﬂiy) (@) %X;y) ) )

+ (n1 (@) 1 () + 12 () ma (3) W) s () de) |

and

an () A(y) dQy, =

/ By (2, ) (n (), [n () , 1 (0)]) A, +
Q

Q

= [ (n2(x)n3 (y) — n3 (z) n2 (y)) Px (v, y) pa (y) dQ2y+

{O\ 9\

+ [ (n3(z)n1 (y) — n1 (2) n3 (y)) @k (2, y) p2 (y) dQy+
+/(”1 (w) n2 (y) —n2 (z)n1 (v)) Pr (z, y) ps (y) d2y, + w)\ (y) dQy,

Q

where © = (21, z2,23) € Q, e; = (1,0,0), eo = (0,1,0) and e3 = (0,0,1). There-
fore, the system of integral Equations (1) can be rewritten in operator form as

I+ K)u=2v, (3)
and the system of integral Equations (2) as

(I - K)u=—2v, (4)
here u = (ul,,ug,,ug,)\)T is the unknown vector function, v = (fl,fg,fg,g)T is a

given vector function, the notation “a™” denotes the transpose of the vector a, I
is the identity operator and
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K1 K19 K13 Kq4

K = Koy Kag Koz Koy
K31 Kszg K3z K3q |’
K41 K42 K43 K44

where
(K1) (z) = / ((ng () —na2 (y)) n3 (y) (n2 (z) %ﬂzy) — g (2) 6<I>k8§j;, y)) "
Q
+ (15 (2) — s (1) m2 () (n () D) ) 0 y)) .
+ (n2 () n2 (y) + n3 () n3 (y)) 84;2((2)31)) 1 () A9,
(Ky2p2) (z) = 2/ ((n1 () —n1 (y)) n3 (y) (n3 () %‘f;w — 1y () 3@giz, y)) N
Q
(2 () = o ) s (9) (i (o) ZEEED gy ) PRI
—na @) ) ) o )
(Kips) () =2 / ((n1 (@) = na (y)) n2 (y) (m (x) aq)’“a;”;’ W g () acp,:?z, y)> +
Q

+ (n2 () — 12 (1)) 1 () (n3 () 2@ ) W) _

8953

() (2) =2 [ (2 (2) = na (5 ma 0) (1 ) 2P LE2) oy () ST )
Q

(2 () = o 1) 0) (i (0) ZEEED gy ) P

9%y (z, y)

(Kaapa) () = 2 / (01 0) = s ) () () ZEED 0 22D
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+ (n3 () — ns () n1 () (n3 (z) %ﬂi»y) (@) a@%gz, y)) .

()1 )+ ma (0 (1) ) ()

(aaga) () =2 [ (2 () = s (D) (o) () 2020 — ) 2200 )
Q

+ (n2 () — na () 1 (y) (m () 22 w) ) 0% (@, y)> -

(9.1'3 8301

—ng (x) na (y) 8‘1:92((2)9)) ws (y) d€y,

(Ka4)) (7) =0,

(Kaapn) (2) =2 [ ((n2(z) = 2 (9)) na () (n (2) W s () 7 f y>) +

Q

+ (g (2) = g () ma (1) (n () 220 (g L))

oy () S ) i ) a,

(Kaapz) (2) =2 [ ((n1 2) = 1 (0)) s (1) (n (@) 22U () P2 y>) "
Q

el O e e

—na @) ) P55 ) () a0,

0P (z,y) 0®y, (z, v)
O na () Ers +

(K3p3) () = 2/ ((n1 () —n1 (y)) n2 (v) (m (z)
Q

+ (2 () — 12 () 1 (3) (nz (@) %ﬂiw (@) %ﬁ;y) ) .

() 9) 2 ) ma 0) ) )

(K34)) (z) =0,

(Kap) (z) = 2/(n2 () n3 (y) — ng (z) n2 (y)) Pk (z, y) 1 (y) dQy,
Q




Mathematics Interdisciplinary Research 10 (4) (2025) 407 — 430 415

(Kazp2) (z) = 2/ (n3 (z) n1 (y) —n1 (z) n3 (v)) Pr (7, y) pa (y) dy,

Q
(Kiaps) () = 2 / (n1 (2) ma (y) — nz (@) nr () Bk (@, ) ps (y) Yy,
Q
(K (2) = 2 ‘WA () d9,.

As can be seen, by taking into account the inequality (see [[13], Chapter V,
paragraph 27, section 4])

it follows that the expressions (K,p¢) (z), € Q, m,p = 1,4, are weakly singular
integrals. Therefore, the operators K,,,, m,p = 1,4, are compact in the space
C (). Consequently, the solutions of the integral equation systems (3) and (4) can
be studied in the broader function space C* (Q) = C (Q) x C (Q) x C (Q) x C (),
equipped with the norm ||p||, = max ||pm| ., where p = (p1, p2, p3, pa)-

m=1,4
We now provide a justification of the collocation method for the systems of
integral Equations (3) and (4). To do so, we first partition the surface Q into

N

"regular" elementary components = (J ;. A "regular" elementary component
=1

is defined as a set of points satisfying the following conditions:

(1) For any [ € {1, 2, ..., N}, the elementary component §2; is closed, and its
0 0
set of interior points relative to €2, denoted €2;, is non-empty. Moreover, mes §); =

mesQ and j € {1, 2, ...N},j #1, ((2]1 ﬂ(gj = 0 hold;

(2) For any | € {1, 2, ..., N}, the elementary component €; is a connected
portion of the surface 2 with a continuous boundary;

(3) For any I € {1, 2, ..., N}, there exists a so-called reference point

T (l) = (1‘1 (l), T2 (l) , T3 (l)) € Qh

such that:

3.1) 7(N) ~ Ry(N) (r; (N) ~ R (N) & C; < 2N < 0, where C; and
Ri(N)
(N)

C are positive constants independent of N), where r;
Ri(N) = —z();
(V) = max |z — =z ()];
(3.2) Ry (N) < 22, where 7 is the radius of the standard sphere for Q (see
[[13], Chapter V, paragraph 27, section 4]);
(3.3) r; (N) ~r (N),Vj€{1,2,..., N}.

= min |z —z(I)| and
€O

From here on we will denote by M positive constants that are different in different inequali-
ties.
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It is clear that r (N) ~ R(N) and Nlim r(N) = I&im R(N) = 0, where
— 00 —00
R(N) = max R;(N) and r (N) = min r; (N).
I=T,N I=1,N
Lemma 2.1. ([14]). When the surface Q is partitioned into “regular” elementary

N
components Q = |J y, the following relation holds: R(N) ~ \/%
=1

Let us now consider the 4N dimensional matrix K4V = (kl]) _, with ele-
ments:
ky=0forl=1, N,

ki =2 ((n2 (z (1)) — n2 (2 (§))) s (x () x
0y (x (1), x (4))

)
(o 2R LU 222U
+ s 2 0)) = i (@ (7)) ma (2 7))

(s o ) 2L U gy g ) PR D2 U
(2 (o @) (2 7)) + o 1) ma o) 2000 ) ey

forl,j =1, N and j # 1,
kinvy=0forli=1, N,

kintg = 2((na (2 (1) = na (2 (5))) ns (2 (5)) x
l

(o 220D g P22 U

(3 2 () — i (2 () i (2 7))
02 (1) 2 () 02 (1), 2 ()))
(o o 1) PR 20D gy o ) 202U
—nz (z (1)) n1 (z (5)) %W) mesQ; for I,j =1, N and j # [;
kionsi =0 for I =1, N,
by = 2((m (2 () =y (2 () m (2 (3)) %

00y (2 (1), 2 (7)) 08, (1), 2 ()
<020 gy o ) P2

+ (ng (2 (1) — na (2 (7)) m (2 (5)) x

x (n3 R R T U>>) B

—n3 (x (1)) ny (= (5)) a%a(;f ((fc)(’lf)(j))

< (ma e 0)

> mesQ; forl,j =1, Nandj #1,
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kvt = 2(ng (2 (1) — na (2 (5))) %

(o) PRIy )

(n3 (z (1)) = na (x (4))) n2 (2 (7))
(ol Q2D Do 02D
—ny (z (1)) na (z (4)) W) mesQ; for 1,j =1, N and j # [,

knyinyi=0forl=1, N,

Enyintg =2 ((n1(z (1) —ni (2 (5))) ns (x(5)) x

y <n1 (= (1) 00 (x (1), = (j)) ns (2 (1) Dy, (a:a(i)l, x(j))) N

(933‘3
+ (s (2 (1)) = s (2 () ma (& (7)) %
(o ) 20Dy ) 22D

+m (@ @)1 (2 )+ ma o (0)ma o () P00 ) ey

forl,j =1, N and j #,
knyiangi=0forl=1, N,

kntien+s =2 ((n (2 (1) = na (2 (5))) na (2 (5)) x

y <n3 (= () oy, (mégi)l, z(j) s (2 (1) Py, (xa(i?g, x(j))) .

+ (n2 (2 (1) = na (2 (7)) m (2 (5)) X

y (m (= (1) Oy, (xa(i); @) . (D) Oy, (xa(i); x(j))) -

—ng (2 (1)) n2 (z (5)) 8(1%8(5 ((lm)(’l)x)(j))> mesQ; forl,j =1, Nandj #;

kntisny; =0forl,j =1, N,
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k2N+l,l =0forl= 1, N,

kanti =2 ((n2 (x (1)) = n2 (2 (5)) ns (z (7)) x

y (m (= () Oy, (xa(?; r@) _,, (D) Py, (:cggl, x (j))) N

+ (ng (2 (1) — ns (2 (5))) na (2 (5)) x

y <n2 (= (1) oy, (a:g;)l, z (7)) (2 (1) OBy, (xegi); x(j))) -

—n1 (z (1)) n3 (z (§)) 8‘1)’“3(5 Ei)(})m)(j))> mesQY; forl,j =1, Nandj # ;

konyinti=0forl=1, N,

konti,n+j = 2((n (2 (1) — na (2 (5))) na (2 (5)) x

y <n2 (= () oDy, (xéic)l, r@) . (D) oDy, (zgi); a:(j))) N

+ (n3 (x (1)) = ns (z(5))) na (z (4)) x
o R L R XU
—ng (z (1)) n3 (x () W) mesQ; for 1,j =1, N and j # [,

kontion+1 =0 for I =1, N,

kanti2n+5 = 2 ((n1 (x (1)) —na (2 (4))) n2 (x (§)) X

y (m (= (1) Oy, (xa(i«); @), (D) Py, (xgi); x (j))) .
+ (n2 (z (1)) — n2 (2 (4))) na (x (4)) %

(o @) (2 )+ o 0 o) P ) sy,

forl,j =1, N and j #1,
kontiany; =0forl,5 =1, N,
kSNJrl,l =0forl= 1, N,

ke = 2 (n (2 () ns (2 (7)) - ns (@ (1) na (2 () x (2 (1), 2 (j)) mes,
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for 1,7 =1, N and j # 1,
ksnyin41 =0for I =1, N,
kanti,n+j =2 (ng (x (1) ny (x (7)) —na (2 (1) n3 (2 (5))) P (2 (1), 2 (5)) mest;
for I, =1, N and j # 1,
ksntian+1 =0 for I =1, N,

Fonstanss = 2 (m (2 () ma (& (7)) — na (2 () my (& (5))) i (2 (1), 2 () mes;
for 1,7 =1, N andj # [,

kantiangi =0for =1, N,

k3N+l,3N+j = 2%{5}(};%7%68(2‘7 for l,_j = 1, N andj 7& l.

Proceeding in the same manner as in [15] and taking into account Lemma 2.1,
it is not difficult to show that the expressions

N

(K%p@ (I (l)) = Z k(mfl)N+l, (p—1)N+j ¥ (J? (.]))7 m,p =1, 47
j=1

evaluated at the reference points x (1), { =1, N, represent cubature formulas for
the integrals (K,,pp) (z), m,p = 1, 4, respectively, and moreover,

mas |(Konp) (2 (D) = (K,0) (2 )] < M (llpllog N™ 3N+ (0,87 F))

where w (p,0) is the modulus of continuity of the function ¢ € C (£2), i.e.

w(p,6) = max lo(@) —w(y)|, ¢>0.
lv —yl < ¢
z,y €N

Let C*YN be the space of vectors
T _
AN = (N 4N L N) T, N e, 1=T14N,

max
I=1,4N

operator in the space C*V. Then, if we denote by zf‘N , L =1, N, the approximate
values of p1 (2 (1)); by 23%,, I = 1, N, the approximate values of ps (z (1)); by

W = |2}V, and let I*N denote the identity

equipped with the norm Hz

zé%H, I =1, N, the approximate values of us (x (1)); and by zgﬁ_‘_l, l=1, N, the
approximate values of A (z (1)), the systems of integral Equations (3) and (4) are
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reduced to systems of algebraic equations with respect to z*N € C*V, which we
write in the form:

(I4N 4 K4N) Z4N — 2U4N7 (5)
and

(1N — KANY AN = 4N, (6)

respectively, where vV = p*Ny and p*V : C* () — C*V is a bounded linear
operator defined by

pNo=(filz D), fi(@(N), fa (@(1)) o fo (@ (V)

f3 (@ (1) s fa (@ (N)) g (2 (1)) 5oy g (@ (N))

Theorem 2.2. Let Imk > 0 and v € C* (). Then the systems of Equations (3)
and (5) have unique solutions u, = (uf,;g,u;),)\*)T € C*(Q) and w*N € C*N,
respectively, and the following estimate holds:

Hw4N—p4Nu*H §M(w(v,N_%) + [Jv]l, N_%lnN).

Proof. To prove the theorem, we use G.M. Vainikko’s theorem on the convergence
of linear operator equations (see [16]). Let us verify the conditions of Theorem
4.2 from [16], using the notations, definitions, and propositions provided therein.
It is shown in [[1], formula (4.64)] that if k is not an eigenvalue of the electric or
magnetic boundary value problem for the vector Helmholtz equations, then op-
erators I + K and I — K are invertible, i.e. in this case Ker (I £ K) = {0}.
Moreover, [[1], Theorem 4.16] proves that if Imk > 0, then the electric and mag-
netic boundary value problems admit at most one solution, i.e., if Imk > 0, then
the homogeneous electric and magnetic boundary value problems have only the
trivial solution. Hence, if Imk > 0, then Ker (I + K) ={0}. It is clear that the
operators I*V + K4V are Fredholm operators of index zero. Taking into account
the method of partitioning the surface € into "regular" elementary components,
it follows that for any vector function p = (py, pa, ps, pa) - € C*(£2), the identity

: AN I T _ _
Jim o] = gim o {9, (o 01§ = o {01} = Dol

00 m=1,4 m=1,4 (T

holds. Therefore, the operator system P = { pN } is linking the spaces C* (Q)
and C*N. Then v*¥ 54, and by Definition 2.1 in [16], I*N + KW 1K
Since, by Definition 3.2 in [16], I*Y — I is stable, it remains, by Proposition
3.5 and Definition 3.3 in [16], to verify the compactness condition. According to

Proposition 1.1 from [16], this is equivalent to the existence of a relatively compact
sequence { K,y z*V} C C*(Q) such that

HK4NZ4N — " ( Ky ') H —0as N — oo,
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given that V { 2V}, 24V € OV and ||2*V|| < M. As {Kyn 2"V}, we choose the
sequence

4N 4N 4N 4N
) )= [ SORD (1) 4, SR (1) N, SO () N, SR (4 28
(Kan z*Y) (x) (Z ki () 27, ij (z) z;™, ij (w) 2™, ij (z) z;
where
K (o) =2 [ (2 0) ~ na ) s ) (o) P22 gy ) PR
QJ
(2 () = 1)) 0) (i o) P2y () PRSI
(2 () 12 1)+ ) (3) e ) a0 forj =T,
5= [ (0@ = m @) (ma (o) Py ) L2
YN
(0 (0) = ma () m () (m () PP — gy () PR )
“na () m1 (y) %{‘;)y)) dQ, for j = N, 2N,
K@ =2 [ ()= ) na o) (e ) 2 g ) RLE )
(2 () =z 1) (9) (i (o) ZEEED gy ) PRI
—na o) () Y i for j =23,

kY (2) = 0 for j = 3N, 4N,

K2 (o) =2 [ (02 0) ~ na ) s ) (ma (o) P20 gy ) P2
Q

81'1 31:3

J

T (ns (2) — s (1)) o () (n (@) 22 @Y o

8953

[“)xl

on (x)

i (@) 2 (9) ) a0, forj =T, N,

T
N
)
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K (2) =2 / ((m (z) —n1 (y)) ns (y) (m (z) %jzy) ~ g () 8@%(;7 y)) N
Q_n
+ (713 (33) —ns (y)) nq (y) (n3 (33) %xxl’y) —n (.T) a‘I)kaECa; y)) n

+ (n1 () n1 (y) + n3 (z) n3 (y)) %&’)y)) dQ, for j = N, 2N,

K@ =2 [ () =m0 na ) (na ) 2 oy ) RLE )

Qj_2n

+ (2 (z) — na (1)) na (y) (m (@) 8@,:9 S; . a<1>,:9 Si y)) -

iy () ma (9) 22 ((“j;)y)) 09, forj = 3N 3N,

k) (z) = 0 for j = 3N, 4N,
K (o) =2 [ (2 0) = na ) s ) (i (0) P25y ) PR
Q-

J

(@) = ma () ma () (m () 22D — gy ) P00 )
—n1 (z) ns (y) %(Z’)y)) dQ, for j =1, N,
K@ =2 [ ()= ) na ) (o) P2 ) P
Qj-n~
+(ma(0) = o ) s 9) (i (0) PP gy () R
—ng (x) ng (y) %) dQ, for j = N, 2N,
6@ =2 [ (@)= @) (m ) S g ) L)
Qj_on
(2 () = na 1)1 ) (o) P2y ) PRELE

+ (n1 () na (y) + n2 (2) n2 () %()y)) dQ, for j = 2N, 3N;
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I —

k) (z) =0 for j =3N, 4N,
kY () = 2 S (2 (@) (y) = na () n2 (1) @ (@, y) Yy for j =T N,
kY (2) = 2Qvf' (n3 (@) n1 () —na (2) ng (y)) Dy (x, y) A, for j = N, 2N,

BV (@) =2 [ (m(@)na(y) —n2 (@)n (v) @k (2, y) dOY, for j = 2N, 3N,

Qj_on
4 0 x, . AN AN
kY (2) = 2 J 2 9) 40, for j = 3N, 4N.

j—3N

As can be seen, the expressions klgm) (z),j=1,4N, m =1, 4, are weakly singular
integrals. Therefore,

4N
Zk](,"”) (x) z;’.LN <M H Z4N|| , YzeQ, m=14

j=1

Moreover, following the approach in [17], it is not difficult to show that

4N 4N
j=1 j=1
<M || 2N 2" — 2| In|2’ —2"||, Va',2"€Q, m=T4
Hence,
’(K4N24N) ()] < MHz4N |, Vzeq,
and

|(Kan 2*N) (') = (Kan 2*N) (@) < M || 2"V ]| |2/ = 2”] |2’ — 2”||, Va', 2" € Q.

Therefore, {K4N z4N} C C*(Q), and taking into account condition || Z4NH <M,
we obtain the uniform boundedness and equicontinuity of the sequence {K an 2V }
Then, by the Arzela—Ascoli theorem, the sequence {K4 N } is relatively com-

pact. In addition, by proceeding as in [15], one can show that
HK4N AN —p4N( K4Nz4N) H —0as N — oo.

As a result, applying Theorem 4.2 from [16], we find that Equations (3) and (5)
have unique solutions w, = (i}, u3, 15, A*)" € C*(Q) and w*N € C*N| respec-
tively, and

oy < || w —p4NU*|| < c20n,

where

¢1 =1/ sup HI4N+K4NH >0, co = sup
N>N, N>N,

(1'N +K4N)_1H < 400,
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i = (1 + ) () — 20t

Since
20 = 2"y = p*V (u. + Ku,) = p*™Nu. +p*V (Ku.),

then taking into account the error estimates of the cubature formulas for the
integrals (K,pp) (z), m,p =1, 4, we obtain

s = [ () ¥ () < A7 (ol N 0¥ 50 (9 2))
Moreover, following the same approach as in [17], one can show that
w (Kug, 8) < M || uy, 6 Indl.

Then, taking into account the inequalities

w(u*, N_%) :w(QU—Ku*7N_%) Sw(%, N_%) —i—w(Ku*, N_%> <

<M (w (v, N—%) + Hu*||4N—%1nN), (7)
and
-1 -1
Juclly = |2+ )"0 || <2+ 07" ol (8)
we obtain
Sy <M (w (U,N—%) +loll, N—%mN) .
The theorem is proven. O

In a similar way, the following theorem can be proven.

Theorem 2.3. Let Imk >0 and v € C* (). Then, the systems of Equations (4)
o N\T
and (6) have unique solutions ., = (/1’{,,&3,/]3, /\*) € C*(Q) and w*N € C4N,

respectively, and the following estimate holds:

||ID4N—p4Nﬂ*|| gM(w(v,Nfé) + [Jv]l, N7%1HN>.

3. On the approximate solutions of magnetic
boundary value problems
In this section, sequences are constructed that converge to the exact solutions of the

interior and exterior magnetic boundary value problems for the vector Helmholtz
equation.
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Theorem 3.1. Let 2. € D,Imk > 0,9 € Ho (Q),f € H? (), and w*™ =

(w%N,ng, ...,wﬁjj\\,’) be the solution of the system of algebraic Equations (5).

Then the sequence

BN (2.) = e BY (2.) + e B (a,) + s B () =

N
= Z ((n2 (= (j) wan s — n3 (2 (5) wi,) Pr (2, = (5)) +

OPy, (2, x(5))
+a—xlw§%ﬂ» mes§d;+

N
te2 ) ((ns (2 () w™ = mu (2 () wiks;) B (2, 2 (7)) +

0%y, (24, 2 (§))
—l—a—mwg%ﬂ- mes§d;+
- OPy, (2, x(4))
Fea ) ((nn (2 (D) Wil = na (2 (7)) w)™) B (o, @ (1) + —— 50 wéﬁﬂ) mesQ;,
j=1

converges to the value at point x. of the solution E (x) of the interior magnetic
boundary value problem, and

1B (2.) — BN (z.)| < M (N*% +N’%1nN).

Proof. It is known that if the vector function wu, = (u¥, u3, i, A*)" is a solution
to the system of integral Equations (3), then the vector field

E(z) = / By (2, 9) [0 (v)  1* (4)] A + grad / By (2, y) N (4) dD, € D,
Q Q

is the solution of the interior magnetic boundary value problem, where p* =
(b1, 13, 15).-
Since z, ¢ €, it is easy to compute that

E () = e1Eq (x4) + eaFs (x4) + e3E3 (zs) =

= en [ (02 0025 0 = 10 05 00) @ o) + 22200 ) i
(y) 1 (y

/
0Py (x4, y)
Q/ k

) =1 () 3 (¥) P (4, y) +
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s A (y)) dQy, v € D.

-m/Qm@@@—m@ﬁ@wmmm+
Q

As can be seen, it suffices to show that the sequence EYV (x.) converges to
E; (z.). Clearly,

Ei (z.) — BY (2) Z/(aq)ka;*’y 8CI)’“(aj*’x(j)))X“(y)deJr

3x1
= 1Q

+Z/¢M% — @y (2 2 (7)) (02 (4) 55 () — 1 (4) 153 (4)) A +

i=1g,
N .
3 [0 - i) a0,
=g,
N
* Z/ (n2 (y) 13 (y) = na3 (y) 13 (y) — 2 (2 () waN 1 +na (2 (7)) wits;) *
=1

X (x4, x (7)) dSYy.
Let the terms on the right-hand side of this last equality be denoted by h
hY, k¥ and RY, respectively.
Taking into account that x, ¢ 2, we have:

0Pk (4, y)  OPk (x4, (7))
_ < S i
‘ oy O <MR(N), VyeQ,

Then, considering Lemma 2.1 and inequality (8), we obtain

0Py (x4, y)  OPy (4, 2 ()
N < k y k * <
<y / el v D))y (), <

M
< MR(N A* dQ, < M ||\, R(N) < —.
<MR®) [ IV (@]d2, < M XL ROV < o
Similarly, it can be shown that
M

Y| < —=.

| 2 | — \/N
Since g € H, () and f € H2 (), then, taking into account Theorem 2.2, inequal-
ities (7) and (8), and Lemma 2.1, we find

M) — wil | S @) =A@ O]+ [A (@ () — wil,,| < w (ug, R(N)) +
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M (w (U,N—%) +lvll, N—%mN) <M (N—% +N—%1nN) . WyeQ,.

It follows that

’h§V|<M(N—‘S+N—§1nN>/‘M‘dQ

<
6.231

Yy
gM(N—% +N—%1nN).

Moreover, also taking into account conditions g € H, () and f € H3 (Q), as well
as Theorem 2.2, inequalities (7) and (8), and Lemma 2.1, we obtain

|na (y) 13 (y) — 13 (y) 13 (y) — na2 (2 (§) wan 4 + 13 (2 (7)) wity,| <
< |(n2 (y) = n2 (2 (7)) 13 W)+ (13 (y) — w3 (2 (7)) n2 (z (j
+ (3 (2 (7)) - w%zjxvrﬂ)”z( D]+ (3 (2 (7)) = na () 15 (y)| +
[ (W = w3 (@ (1)) na (2 ()] + (w3 (= () — 13 () n3 (x (5))] <
SM(N*%+N*%1HN).
Hence,

Y| <M (N—% +N—%1nN)/|<I>k (2., 2 (§))] d, <

gM(N—%+N—%1nN).

As a result, summing the estimates obtained for the expressions kY, hYY, hlYand
hY, we obtain

B
2

By (2.) — EY (2)] < M(N +N—%1nN).
The theorem is proven. O

Similarly, one can prove the validity of the following

Theorem 3.2. Let z* € R¥\D,Imk > 0,9 € Hy (Q),f € H} ,(Q) and 0*N =

(w%N g, .. ﬁ)ﬁ]]\\,’) be the solution of the system of algebraic Equations (6).

Then the sequence

BN (2%) = et BY (") + e2BY (a*) + s EY (a*) =

N
Z ((n2 (= (j)) wan s —na (2 (5) wiy,) P (2, = (5) +
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+6—xlw§%“ mes$d;+

N
+e2 Z ((n3 (2 () wi™ —m1 (x () wany) Pr (@, 2 (5)) +

+a—x2w§%+j mes{l;+

N
+es3 Z ((na (= (7)) Wiy —n2 (z () wi™) @k (@, @ () +

0P (=", x (j))  an
+Tw3N+j mest,
converges to the value at point x* of the solution E () of the exterior magnetic
boundary value problem, and

E (z*) — EN (z¥)

<M (N’% +N*%1nN).

Conflicts of Interest. The authors declare that they have no conflicts of interest
regarding the publication of this article.

References

[1] D. Colton and R. Kress, Integral Equation Methods in Scattering Theory,
John Wiley & Sons, New York, 1983.

[2] S. Pishbin and P. Darania, Piecewise polynomial numerical method for
Volterra integral equations of the fourth-kind with constant delay, Hacet.
J. Math. Stat. 53 (2024) 74 — 87, https://doi.org/10.15672/hujms.1055681.

[3] B. Parsa Moghaddam, J. A. Tenreiro Machado, P. Sattari Shajari and Z.
Salamat Mostaghim, A numerical algorithm for solving the Cauchy singular
integral equation based on Hermite polynomials, Hacet. J. Math. Stat. 49
(2020) 974 — 983, https://doi.org/10.15672/hujms.474938.

[4] E. H. Khalilov, Analysis of approximate solution for a class of systems
of integral equations, Comput. Math. Math. Phys. 62 (2022) 811 — 826,
https://doi.org/10.1134/50965542522050062.

[5] E. H. Khalilov, Substantiation of the collocation method for one class
of systems of integral equations, Ukr. Math. J. 69 (2017) 955 — 969,
https://doi.org/10.1007 /s11253-017-1406-7.



Mathematics Interdisciplinary Research 10 (4) (2025) 407 — 430 429

[6] N. Mustafa and E. H. Khalilov, The collocation method for the solu-
tion of boundary integral equations, Appl. Anal. 88 (2009) 1665 — 1675,
https://doi.org/10.1080,/00036810903330512.

[7] N. Mustafa and M. Caglar, Approximate solution of singular integral equa-
tions with negative index, Gazi Univ. J. Sci. 23 (2010) 449 — 455.

[8] N. Mustafa, On the approximate solution of singular integral equations
with negative index, Complex Var. Elliptic Equ. 55 (2010) 621 — 631,
https://doi.org/10.1080/17476930903394713.

[9] Yu. G. Smirnov and O. V. Kondyrev, System of singular integral equations
in the problem of electromagnetic oscillations of a graphene-coated dielectric
ball, University proceedings. Volga region. Phys. and math. sc. 3 (2024) 3—17,
https://doi.org/10.21685 /2072-3040-2024-3-1.

[10] N. P. Chuev, On the existence and uniqueness of the solution to the Cauchy
problem for a system of integral equations describing the motion of a rarefied
mass of a self-gravitating gas, Comput. Math. Math. Phys. 60 (2020) 663—672,
https://doi.org/10.1134/50965542520040077.

[11] S. L. Stavtsev, An iterative approach to the numerical solution of
the system of integral equations for boundary value problems for
the scalar Helmholtz equation, Differ. FEqu. 42 (2006) 1352 — 1360,
https://doi.org/10.1134/S001226610609014X.

[12] N. M. Gunter, Potential Theory and its Applications to Basic Problems of
Mathematical Physics, Gostekhizdat, Moscow, Russian, 1953.

[13] V. S. Vladimirov, The Equations of Mathematical Physics, Nauka, Moscow,
Russian, 1981.

[14] E. H. Khalilov, Justification of the collocation method for a class
of surface integral equations, Math. Notes 107 (2020) 663 — 678,
https://doi.org/10.1134/S0001434620030335.

[15] E. H. Khalilov, Cubic formula for class of weakly singular surface integrals,
Proc. Inst. Math. Mech. Natl. Acad. Sci. Azerb. 39 (2013) 69 — 76.

[16] G. M. Vainikko, Regular convergence of operators and the approx-
imate solution of equations, J. Math. Sci. 15 (1981) 675 — 705,
https://doi.org/10.1007/BF01377042.

[17] V. O. Safarova, Some properties of one class of vector poten-
tials with weak singularities, Baku Math. J. 4 (2025) 37 — 47,
https://doi.org/10.32010/j.bmj.2025.04.



430 E. H. Khalilov et al. /Approximate Solution of Magnetic Boundary...

Elnur Hasan Khalilov

Department of General and Applied Mathematics,
Azerbaijan State Oil and Industry University,
Baku, Azerbaijan

e-mail: elnurkhalil@mail.ru

Lokman Bilen

Department of Mathematics,
University of Igdir,

Igdir, Tiirkiye

e-mail: lokman.bilen@igdir.edu.tr

Khanlar Residoglu Mamedov
Department of Mathematics,
University of Igdir,

Igdir, Tiirkiye

e-mail: hanlar.residoglu@igdir.edu.tr



