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Abstract

In this paper, we consider a generalization of the real normed spaces and
give some examples.
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1. Introduction

A magma (59, 0) is a set S with a binary operation o : S x S — S, (a,b) — aob for
any a,b € S. An automorphism ¢ of a magma (S, o) is a bijection ¢ : S — S which
preserves the magma operation, that is ¢(a o b) = ¢(a) o ¢(b) for any a,b € S.
The set of all automorphisms of (S,0) is denoted by Aut(S, o). If there exists an
element e € (S,0) such that eoca = aoe = a for any a € S, then e is called the
identity of (S,0). For a € (S,0), if there exists an element o’ € (S,0) such that
aoa =a' oa=e, then a’ is called the inverse of a.

A magma (G, @) is called a gyrogroup if it satisfies the following (G1) to (G5).

(G1) (G, ®) has the identity e.
(G2) For any a € (G,®), a has the inverse Sa.

(G3) For any a, b, c € G, there exists a unique element gyr[a, bjc such that

a® (bdc)=(adb) P gyrla,be.
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(G4) For any a,b € G, the map gyr[a,b] : G — G defined by ¢ — gyr[a, b]c for any
¢ is an automorphism of the magma (G, ®), that is gyr[a,b] € Aut(G,®).
The map gyrla, b] is called a gyroautomorphism of (G, ®) generated by a and
b.

(Gb) For any a,b € G, gyrja & b, b] = gyra, b].
A gyrogroup (G, @) is gyrocommutative if the following (G6) is satisfied.
(G6) For any a,b € G, a ® b = gyr[a,b](b® a).

A concrete example of a gyrocommutative gyrogroup is provided by the ad-
dition of relativistically admissible velocities in Einstein’s special relativity, and
another concrete example is provided by the Poincaré disk model of hyperbolic ge-
ometry. Certain gyrocommutative gyrogroups admit scalar multiplication, giving
rise to gyrovector spaces. The gyrovector spaces are a generalization of the real
inner product spaces, where addition is not necessarily a commutative group but
a gyrocommutative gyrogroup. Ungar studied gyrogroups and gyrovector spaces
in several books [4, 5, 6, 7, 8, 9, 10]).

The author and O. Hatori define in [1] the generalized gyrovector spaces and
give a Mazur-Ulam type theorem for generalized gyrovector spaces. The general-
ized gyrovector spaces is a common generalization of the gyrovector spaces and of
the real normed spaces. A typical example of a generalized gyrovector space is the
positive cone of a unital C*-algebra. The definition of the generalized gyrovector
spaces is as follows.

Definition 1.1. [1] Let (G,®) be a gyrocommutative gyrogroup with the map
® :R x G — G. Let ¢ be an injection from G into a real normed space (V, || - [|).
We say that (G, ®,®,¢) (or (G,®,®) just for a simple notation) is a generalized
gyrovector space or a GGV in short if the following conditions (GGVO0) to (GGVS)
are fulfilled:

[o(gyrlu, v]a)|| = [|¢(a)| for any u,v,a € G;

1® a = a for every a € G,

( )

( )

(GGV2) (rM+mrm)®a=(r®a)®(rs®a) forany a € G, ri,r2 €R;
( ) (rmr)®a=r®(re®a) for any a € G, r1,r2 € R;

( )

(o(Ir @ a))/lo(r @ a)|| = ¢(a)/l¢(a)| for any a € G\ {e},r € R\ {0},
where e denotes the identity element of the gyrogroup (G, ®);

(GGV5)  gyr[u,v](r ® a) =r @ gyr[u,v]a for any u,v,a € G, r € R;
(GGV6) gyr[r1 ® v, ® v] = idg for any v € G, r1,r2 € R;

(GGVV)  [16(@)] = {xll¢(a)]| € R: a € G} is a real one-dimensional vector
space with vector addition @’ and scalar multiplication ®';
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(GGVT)  lo(r @ a)|| = [r| @ [[¢(a)]| for any @ € G, r € R;
(GGV8)  l¢(a@ b)|| < [lp(a)] & [[H(b)|| for any a,b € G.

One may feel that this definition is complicated. In this paper, we give a
definition of a generalization of the real normed spaces, which is simpler and more
general than the generalized gyrovector spaces. Also, we give some examples of
such a space.

2. Definitions and Examples

In the following definition 2.1 we extract the algebraic structures from a gyrovec-
tor space (or a generalized gyrovector space). For consistency, we use the term
"gyrolinear space" in this paper.

Definition 2.1. Let (X, ®) be a gyrocommutative gyrogroup. Let ® be a map
®:RxX, (r,x) » r@x. Wesay that (X, ®,®) is a gyrolinear space if it satisfies
the following conditions:

GL1 lx=x;

GL2) (rm+m)@zx=(rmez)d(roee);
GL4)  gyrfu, v](r @ z) =7 @ gyr[u, v]x ;

(GL1)
(GL2)
(GL3) (mm)®@z =118 (r2 ®x);
(GL4)
(GL5)

gyr[r1 ® v,m2 @ v] = idx;
for any r,r1,72 € R and ,u,v € X.

We consider a generalization of normed spaces in Definition 2.2. For conve-
nience, we use the term "normed gyrolinear space" in this paper.

Definition 2.2. Let (X, ®, ®) be a gyrolinear space. Let ||-|| beamap ||-]| : X —
R>o, « — ||z||. Let f be a strictly monotone increasing bijection f : || X|| — Rxo,
where || X| = {|lz|| € R>o;x € X}. We say that (X,®,®,] -, f) is a normed
gyrolinear space if it satisfies the following conditions:

(NG1) Jz||=0 <= z=c¢;
fllz eyl < Fllzlh) + flylD;
flr @) = [r[fl=]);

| gyr[u, v](2) = |||

)
(NG2)
(NG3)
(NG4)

for any r € R and x,y,u,v € X.
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Lemma 2.3. Let (X, ®,®) be a gyrolinear space. Let |-|| be a map ||| : X — Rxo,
x = |zl Put || X]| = {l|lz] € Rzo;@ € X} and £[|X][| = {£[|l=| € R;z € X}.
Then the following three properties are equivalent.

(al) There is a strictly monotone increasing bijection f : || X| — Rxo which
satisfies the conditions (NG1) to (NG4) for any r € R and z,y,u,v € X.

(a2) There is a strictly monotone increasing bijection f : +||X|| — R with f(0) =
0, which satisfies the conditions (NG1) to (NG4) for anyr € R and x,y,u,v
e X.

(a3) There is a one dimensional real linear space (£||X||, ®', ®") with addition &'
and scalar multiplication ®', which satisfies the following conditions:

(R1) 2] =0 < z=e;
(R2) |z &y < || & |yl;
(R3) Ir@ | = Ir| & ||z ;
(RY) |l gyriu,v)(@)]| = |l2];

foranyr € R and x,y,u,v € X.

Proof. (al) = (a2) : Let f be a strictly monotone increasing bijection f : || X|| —
R>( which satisfies the conditions (NG1) to (NG4) for any » € R and z,y,u,v €
X. Note that f(0) = 0. Define the map f : £||X|| — R by

; {f@) (a € [IX])
—f(~a) (~ae|X])

then f is a strictly monotone increasing bijection f : [ X| — R with £(0) = 0.
It is trivial that f satisfies the conditions (NG1) to (NG4) for any r € R and
T, y,u,v € X. ~ ~

(a2) = (a3) : Let f be a strictly monotone increasing bijection f : || X|| — R
with f(0) = 0, which satisfies the conditions (NG1) to (NG4) for any r € R and
z,y,u,v € X. Define the two operations &’ : x[|X| x £|| X[ — £[X] and
®% R x £[| X|| = £[| X|| by

a®pb = f7(f(a)+ f(D)),
rera = f7(rf(a))

for any a,b € £||X|| and r € R. Then (£||X]|,®’,®’) is a one dimensional real
linear space. It is easy to check (£|X|,®’,®’) satisfies the conditions (R1) to
(R4).

(a3) = (al) : Let (|| X||,®’,®") be a one dimensional real linear space which
satisfies the conditions (R1) to (R4). Note that 0 is the origin of the linear space
+|| X ||, since 0’ ||z|| = 0@ x|| = |le]| = 0. Since (L] X]||,®’, ®") is isomorphic to
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R, usual real line, there is an isomorphism g : £[|X|| — R. Since 0 is the origin of
+|| X, we have g(0) = 0. Note that —g is also an isomorphism from +[| X to R.
Let ¢y € X \ {e}. We can assume that ag = g(||xo]|) > 0.

First, we prove that g(||y||) > 0 for any y € X \ {e}. Assume that there is
y € X such that ¢g(||ly||) < 0. Put A = {||r@xol|;r € R} and B = {||roy|;r € R}.
Clearly, AU B C || X]. Since g(||r @ @ol|) = g(|r| @ [20ol) = [rlg([|20])), we have
9(A) = Rso. Similarly, since g(|r ® yll) = g(r| & Jyl}) = rlg(lly]), we have
g(B) = R<g. Thus we have ¢g(||X||) D g(AU B) = R. However, g is a bijection
from +|| X to R, and || X|| is a proper subset of || X||. It is a contradiction. So,
we have g(||ly||) > 0 for any y € X \ {e}.

Since g is a bijecton, g({||r ® xol|;7 € R}) = R>¢ and g(y) € Rxg for any
y € X, we have || X[ = {[lr ® zo;7 € R}. Put f = g|;x| then f is a bijection
from || X to Rx>o.

Next, we prove that f is a strictly monotone increasing function. For & € X
and 0 < a < 3, we have

a®lz| = la®z|

- (555 o]
(557 eee (-557) oe
(252 o lall o (252) o ol
(B2 + 252 'l

2 2
B & [|l].

Therefore, we have
0<a<f <= 0<a |z| <& |z (1)

for any € X'\ {e}. Let a,b € || X[ and let o = f(a)/f([|loll), B = f(b)/f(l|lzol])-
Then we have

a®@ |zl = af(lzoll)) = a.
Similarly, we have 8 ®' ||@o|| = b. Clearly, a, 8 > 0 and hence

O<a<f < 0<a<bd

as (1). By the definition of o and 3, it is trivial that 0 < f(a) < f(b) <= 0<
a < . Thus we have,

0<a<b <= 0< f(a) < f(b),

f is a strictly monotone increasing function.
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Recall that
flizl & lyll) = fdll) + £yl
and
frelel) =rf(lzl)
for any x,y € X and r € R as f is a restriction of g. Since f is a strictly monotone

increasing function, (|| X||, @', ®’) satisfies the conditions (R1) to (R4), it is clear
that f satisfies the conditions (NG1) to (NG4). O

In the sequel, for a normed gyrolinear space (X,®,®, || - ||, f), f denotes the
function f : £||X|| — R which is defined by
2oy ) fla) (ae X))
—f(=a) (—a€|X])

Moreover, ([ X|[, &', ®') denotes the one dimensional real vector space which is
defined by

“H(f(a) + F(0)),

~H(rf(a))

for any a,b € £||X|| and r € R. The following proposition 2.4 is an immediate
consequence of Lemma 2.3. The proposition is followed by examples 2.5, 2.6, 2.7
and 2.8.

a®hb = f
r®}a = f

Proposition 2.4. Let (G,®,®,¢) be a GGV with ¢ : G — (V, || - ||). Then there
is a bijection f : [|¢(G)|| — R which satisfies © = @' and ®'; = @' as Proposition
2.3. We have (G,®,®, |||, f) is a normed gyrolinear space, where || - ||" = ||¢(-)]|-
Note that, if (G,®,®) is a gyrovector space, then G is a subset of V and ¢ is the
identity map. Hence |- ||' =1 - ||-

Example 2.5. A normed vector space (V,| -||) is a normed gyrolinear space
(V, 4+, %, ||-]],id), where + is the vector addition of V, X is the scalar multiplication
of V and id is the identity map id : R>o = R>o.

The admissible velocities in special relativity is a gyrovector space (cf. [6]).
Following Proposition 2.4, it is an example of a normed gyrolinear space.

Example 2.6. The Einstein gyrovector space is a normed gyrolinear space (R?, @,
®p, |||, tanh ™! ). Note that c is a speed of light in vacuum, ||-[| is the Euclidean
norm of R3 and ]R3 = {u € R?;|Jul| < ¢}. The Einstein gyrogroup addition @& is
given by

1
21+,

1 1
UDEV = ————~ {u+v+
1+ {u.v) Yu

c2

(u, v)u} ., Yu,veR?
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where (-, -,) is the Euclidean inner product of R3 and #, is a Lorenz factor of u,

Yo = (1= Jlul?/c) 7.

The Einstein scalar multiplication ® g is given by

S ctanh(rtanh " ) 2 (u € R2\ {0})
"EEY 0 (u=0)

for any r € R.

The Poincaré disk model is an example of a gyrovector space, and it is called
the Mobius gyrovector space (cf. [6]). Following Proposition 2.4, it is an example
of a normed gyrolinear space.

Example 2.7. The Mdbius gyrovector space is a normed gyrolinear space (D, ®y,
®ar, |-, tanh ™). Note that I is the open unit disc of complex plane C. The Mdbius
gyrogroup addition is given by

a+b

adprb = Toap Ya, be D.

The Mobius scalar multiplication ®ps is given by

o — tanh(r tanh ™! lal)rar (@€ D\ {0})
wE _{0 (a = 0)

for any r € R.

The positive cone of a unital C*-algebra is a exapmle of a generalized gyrovector
space (cf [1]). As Proposition 2.4, it is an example of a normed gyrolinear space.

Example 2.8. Let </ be a unital C*-algebra with the norm || - || and 7, ' be the
positive cone of /. Define the binary operation 4 on ,szfgl by

aPab= a%ba%, a,be .;%:1.
Define the scalar multiplication ® 4 : R X ﬂgl — %{1 by
reasa=a", rER,aE&/_ﬁl

and the norm || || = || log-||. Then (&, ®4,®a4, || |’,id) is a normed gyrolinear
space, where id is the identity map id : R>g — R>q.

The density matrices is an example of a gyrolinear space.
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Example 2.9. A qubit density matrix is a 2 x 2 positive semidefinite Hermitian
matrix with trace 1. Let D be the set of all invertible qubit density matrices.
Define a binary operation on D by

A2 BA:
AeB= 5
Tr(Az2 BA?)
then (D, ®) is a gyrocommutative gyrogroup ([2]). The identity of (D,®) is
1 Al
§E, where F is the identity matrix. The inverse of A € D is ©A = TrA-T The
T
. - XCcx*
gyroautomorphism gyr[A, B] is given by gyr[A, B|C = W for any C € D,

where X = X(A, B) is a unitary matrix given by X = (A2 BA2)~2 A2 B2. Define
the map ®R x D — D by r
TrA"
then (D, ®,®) is a gyrolinear space. Actually, (D, ®,®) satisfies the conditions
(GL1) to (GL5) as follows.
(GL1): 1® A= A = A, since TrA = 1.
(GL2): We have

roA=

red)e(s®A) =

(i) () ()
r L B L
Tr(( e ) ? (e ) (i) ?)
Ar+s

(GL3): We have

_ TrAs _ _
re(s®A) = To( ) A (rs)® A
(GL4): Put X = (A2 BA2) 2 A2 Bz, then
XX+
gyr[4, B](r & C) e
Tr(X £ X*)
_ XCrX¥
T TrXCTX*
Since X is unitary, we have XC"X* = (XCX™*)" and hence
XCrX* XCX*)
ayt{A, Bl(r ® C) = = EOX) L p a4, BIC.

T TeXCTX* T Tr(XCOX*)
(GL5): Put X = (r® A)2 (s ® A)(r ® A)2)"2(r ® A)2(s ® A)2. Then

AT % As AT‘ % _% Ar 2 As %
X = {(TrAT) (TrAS) (TrAT> } (TrAT> (TrAS) = b

Nl
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ECFE*

h A BIC=—r ——
and hence gyr[A, B]C T(ECE")

= (C for any C € D.

3. Constructing Normed Gyrolinear Spaces

In this section we construct new normed gyrolinear spaces from given normed
gyrolinear spaces.
Proofs of the following Lemma 3.1 and 3.2 are elementary, easy and omitted.

Lemma 3.1. Let (G1,®1) and (Ga, B2) be (gyrocommutative) gyrogroups. Define
the binary operation & on G = G X G2 by

(71,72) @ (y1,92) = (1 D1 Y1, T2 D2 Y2)

for any (z1,22), (y1,y2) € G1XGa. Then (G, ®) is a (gyrocommutative) gyrogroup.
The identity of (G, ®) is (e1,e2), where e; is the identity of (G;,®;) (i = 1,2).
The inverse of x = (x1,22) € G is Ox = (©121,O2x2). The gyroautomorphisms
are

gyr[(z1,22), (y1,92)] (a1, az) = (gyr[r1, yi]a1, gyr[re, y2laz)
for any (x1,22), (y1,¥2), (a1,a2) € G.
Lemma 3.2. Let (X1,P1,®1) and (Xa, B2, ®2) be gyrolinear spaces. Define the
binary operation @ on X = X7 x Xs by
(z1,22) & (Y1, 92) = (21 B1 Y1, 22 D2 Y2)
for any (x1,22), (y1,y2) € G. Define the scalar multiplication ® on G by
@ (r1,72) = (1 @1 21,7 @2 T2)
for any r € R and (z1,22), (y1,y2) € G. Then (G,®,®) is a gyrolinear space.

Proposition 3.3. Let (X1, ®1,®1, | - |1, f) and (X2, D2, @2, - |2, f) be normed
gyrolinear spaces. Then X = X7 X X5 is a gyrolinear space with & and ® as in
Lemma 3.2. Put

(@1, z2)l| = FHF(leall) + F([le2ll2)
for any (z1,22) € X. Then (X,®,®, | - ||, f) is a normed gyrolinear space.

Proof. Since (X1,®1,®1, ]| - |1, f) is a normed gyrolinear space, f is a bijection
from || X7]]; to R. Similarly, f is also a bijection from || X3||2 to R. It means that
||X1H1 = ||X2||2 Since

F7HS @) + £(0) € 1 Xallr = [ Xzl

for any a,b € || X1]|l1 = || Xz2|l2, we have || X|| = || X1]l1 = || Xz2]l2- Thus f is a
monotone increasing bijection from || X || to R>o.
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(NG1): Let e; be the identity of X; for i = 1,2, then e = (e, e2) is the identity

of G. Since f(0) =0,

[[(z1, z2)] =0

S leall) + f(l2]l2)
fllzalln) + fll22ll2)

fUlz1llt) = 0 and f(flz2]2) =0
[21]ly = 0 and [[z2[|s = 0

1reny

1 = €1, To2 = €2.

It follows that ||z|| =0 <= z =e.
(NG2): Let ¢ = (x1,22),y = (y1,y2) € X. We have

fllzeyl) = f(l(z1®1y1,22 S292)])
= flzr @1 y1l1) + f([lr2 ©2 y2ll2)
< flllzll) + fUlyall) + f(lz2ll2) + f([ly2ll2)
=[x, z2)I) + f(l(y1,y2)])
= f(lzl}) + fUyl)-
(NG3): We have
flle® (z1,22)[]) = f([[(a @1 21,0 @2 22)]])

for any (x1,72) € X.

flllee@ra]]) + f(llor @2 )
ladf(llzall1) + el f([le2]l2)

= lef(f([lzall0) + f([lz2]l2))
= laff([(zr, z2)[])

(NG4): Let © = (z1,22),u = (u1,u2),v = (v1,v3) € X. We have

Sl gyr[u, v](z)]) fl(gyr[us, vi](z1), gyrluz, vo] (z2))]])
= flgyr[us, vi](z1)ll1) + f (| gyrluz, v2](x2))]]2)
= fllzall) + Fllz2ll2)
= fl=l).
Thus || gyr[u, v](z)| = ||z N
Proposition 3.4. Let (X,®,®, |||, f) be a normed gyrolinear space. Let h be a

strictly monotone increasing injection (not necessarily bijection) h : ||G|| — Rx

with h(0) = 0. Put || - |/
gyrolinear space.

= h(]|-]). Then (X,®,®,| - |I',fh~t) is a normed
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Proof. Note that h is a bijection from || X|| to h(]| X||) = || X]|’. Since f is a bijection
from || X || to R>o, we have fh~! is a bijection from || X||" to R>¢. Moreover, fh~!
is also a strictly monotone increasing function as f and h are strictly monotone
increasing.

(NG1): ||z =0 <= h(||z|) =0 <= |jz| =0 <= z =e.

(NG2): For any z,y € X, we have

RN (llz @ yll") f(lz @yl
Flzlh) + £yl = fR= A l) + fR7 )

(NG3): fh7t(la @ 2]|) = f(le®z]) = |elf(|=[) = ol f2~*(=])-
(NG4): || gyrlu, v]z||” = h(]| gyr[u, v]z|) = h([|lz]]) = [l=]]"

IN

Example 3.5. The Einstein gyrovector space (R?, ®p, @, || - |, tanh ™" i) is a
c

normed gyrolinear space. Put || - |’ = tanh ™' *—, then (R, ®p,®p,| - |, id) is

also a normed gyrolinear space as Proposition 3.4.

Example 3.6. The Mébius gyrovector space (D, ® s, @z, ||, tanh ™) is a normed
gyrolinear space. Put ||-|| = tanh™"|-|, then (D, ®as, @ar, ||-||', id) is also a normed
gyrolinear space as Proposition 3.4.

Example 3.7. Let 1 < p < oo and L,(X) be the L, space on a measure space X
with a measure p. The Ly-norm || - ||, is given by

1l = ( /. Ifl”du)p .

Since (Ly, || - ||p) is a normed space, (Lp,+, X, || - ||y, id) is a normed gyrolinear
space. By Proposition 3.4, (Ly, +, %, || - [|B, k) is also a normed gyrolinear space,

where k(z) = %

Proposition 3.8. Let (X1,®1,®1,] - |1, f) and (X2, D2, ®2, || - ||2,9) be normed
gyrolinear spaces. Then X = X7 X X5 is a gyrolinear space with & and ® as in
Lemma 3.2. Let k be a strictly monotone increasing injection k : R>g — R>q with
kE(0) = 0. Put

1@, D)l = E(f(llally) + g(l[b]l2))
for any (a,b) € X. Then (X,®,®,] - ||k, k™) is a normed gyrolinear space. In
particular, if k = id, then

1, )l = f(llall) + g([bl2)-

Proof. Put || - |1 = f(|| - [l1) then (X1,®1,®1,]| - [|1,id) is a gyrolinear space as
Proposition 3.4. Similarly, put || - ||5 = g(|| - ||2) then (X2, P2, Ra,| - ||5,id) is
also a gyrolinear space. Put |[(a,b)] = |a|} + ||0]l5 for any (a,b) € X. Then
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(X,®,®,] -, id) is a gyrolinear space as Proposition 3.3. Note that || X]| = Rxo.
Let k be a strictly monotone increasing injection k : R>o — R with £(0) = 0.
Since || X|| = R, k is a strictly monotone increasing bijection from || X]|| to

E(|X]). Put || -] = k(]| - ||) then (X,®,®,] - |lx k") is a gyrolinear space as
Proposition 3.4. Note that

(@, D)l = f(llall) + g(llbll2)

and
1(a, b)l[x = E(f(llall1) + g(l[bll2))
for any (a,b) € X. O

The following Lemma 3.9 is trivial.

Lemma 3.9. Let (X,®,®) be a gyrolinear space. Let Y be a set and ¢ be a
injection ¢ : X — Y. Define the binary operation G4 on ¢(X) by

¢(a) @y ¢(b) = d(a ® b)

and the map ®4 : R x ¢(X) — ¢(X) by

r @ d(a) = o(r @ a)

foranyr € R and a,b € X. Then (¢(X), Dy, ®g) is a gyrolinear space. Moreover,
if (X,®,, ||, f) is a normed gyrolinear space, then ($(X),Be, @4, || - ||, f) is a
normed gyrolinear space, where

le(a)ll" = llal

for any a € X. Note that the identity of (p(X), Dy) is ¢(e), where e is the identity
of (X, ®)

Proposition 3.10. Let (X,®,®, |- ||, f) be a normed gyrolinear space. Let o be
a nonzero real number. Define the binary operation &, on G by

1
a@ab:a®(a®a®a®b)

for any a,b € G. Then (X,®4,®,| - |I', f) is a normed gyrolinear space, where
111" = fed @% 11 1I-

Proof. Let (X, ®,®, |||, f) be a normed gyrolinear space. Let o be a nonzero real

1
number and ¢ be amap ¢ : X — X which is defined by ¢(x) = —®z for any z € X.
@

1
Note that ¢ is a bijection. Actually, ¢71(z) =a®@zasa® (- ®z)=1Qz==x
e
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since the conditions (GL3) and (GL1). By Lemma 3.9, (X, ®a, Ra, | - ||, f) is a
normed gyrolinear space, where

(- ©) @ (> BY) = = ® (DY), )
r8a(>®2)=>8(re) 3)
I @al =l (1)

1 1
for any z,y € X and r € R. Puta = — ® 2 and b = — ® y then = o ® a and
@ @

y = a ®b. Hence we have

1
a@ab:E@@(a@a@a@b)

1 1
for any a,b € X as (2). Note that —® (r®z) =r® (— ® x) for any r € R
e o

1
and © € X as the condition (GL3). It follows that r ®, a = r ®, (— ® z) =
a

1

r®(—®zx) =r®asince (3). So, we have &, = ®. The equation (4) follows that
a

lall" = e @ al| = |a] @F [lal|. B

Proposition 3.11. Let (X,®,®, |- ||, f) be a normed gyrolinear space. Let « be
a nonzero real number. Define the binary operation ®, on G by

1
a@ab:a@@(a@a@a@b)

for any a,b € G. Then (X, ®q4,®, |- |, f) is a normed gyrolinear space.
Proof. By Proposition 3.10, (X, @4, ®, ||-|/', f) is a normed gyrolinear space, where
1 1

1" = laf &% I - |I. Note that f(I - ) = f(= @} II-II) = IZIf(l - II)- Put
1

h(a) = f~(|=|f(a)), then h is a strictly monotone increasing bijection from || X||
a

to || X|. Since || - || = h(]| - "), (X, ®a,®,] -, f) is a normed gyrolinear space as

Proposition 3.4. O

4. Structures on a Normed Gyrolinear Space and a Mazur-Ulam Theorem

Definition 4.1. Let (X,®,®,] - ||, f) be a normed gyrolinear space. The gyro-
metric p on X is defined by
o(a,b) = [la S b]|

for any a,b € X.
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Note that the gyrometric ¢ on (X,®,®,| - ||, f) is not necessarily a metric on
X, but d = fo is a metric on X.

Definition 4.2. Let (X, ®,®,| - |, f) be a gyrolinear space. Put
Lia,bl(s) =a®s® (Gadb)

for any a,b € X and s € R. We call L[a,b](R) the unique gyroline that passes
through @ and b. We call L[a,b](]0,1]) the gyrosegment ab. We call p(a,b) =
1
Lla, b)( 5) the gyromidpoint of a and b.
The gyromidpoint p(a,b) can be rewritten by $®(afb), where H is a coaddition
of (X,®).

Example 4.3. Let (V,+, x, |- ||, id) be a normed space. The gyrometric o(a,b) =
|la — b]| is the usual metric induced by its norm. L[a,b](s) = a + s(—a + b) and

hence the gyroline is the line, the gyrosegment is the segment, the gyromidpoint
a+b

is the arithmetic mean

Example 4.4. Let (J%r_l, DA, ®a, | - |I',id) be a normed gyrolinear space of the
positive cone. The gyrometric

o(a,b) = la & b| = |[logazb~"a? |
is the Thompson metric.
Lla,b](s) = a?(a>

and hence the gyrosegment is the geodesic. The gyromidpoint

1

p(a,b) = a%(a%b_lcﬂ)
is the geometric mean.

The celebrated Mazur-Ulam theorem asserts that surjective isometry between
two normed vector spaces is a real linear isomorphism followed by a translation.
In [1], author and Hatori give a generalization of the Mazur-Ulam theorem for
generalized gyrovector spaces. This theorem holds for normed gyrolinear space as
the following Theorem 4.5 and Corollary 4.6. There are no gaps between proofs
for normed gyrolinear spaces and for generalized gyrovector spaces in [1]. Refer to
[1] for the proofs.

Theorem 4.5. Let (X;, @i, R4, | - |li, fi) be a normed gyrolinear space and o; be
the gyrometric for i = 1,2. Let T : X1 — X5 be a surjection. If T preserves the
gyrometric,

02(Ta, Tb) = 01(a,b)
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for any a,b € Xy, then T preserves the gyromidpoint,
T'p(a,b) = p(T'a,Th)
for any a,b € X;.

Corollary 4.6. Let (X;,®;,®;, ] - |, fi) be a normed gyrolinear space and o; be
the gyrometric for i = 1,2. Let T : X1 — X5 be a surjection. Suppose that T
preserves the gyrometric,

02(Ta,Th) = p1(a,b)

for any a,b € Xy. Then T is of the form T(-) = T(e1) ® T(-), where ey is the
identity of X1 and Ty is an isometrical isomorphism in the sense that the equalities

To(a @1 b) = To(a) ®2 To(b); (5)
To(a ®1 a) = a ®; Ty(a); (6)
02(Toa, Tyb) = 01(a, b). (7)

for every a,b € G; and o € R hold.

5. A Normed Gyrolinear Space Induced by a Metric Space

5.1 A Gyrocommutative Gyrogroup Induced by a Metric
Space

A dyadic symset is a magma (X, o) satisfying for all a,b,¢c € X the following
axioms (d1) to (d4):

(dl) aca=a;

(d2) ao(aob)=b;

(d3) ao(boc)=(aob)o(aoc)
(d4)

d4) the equation x o a = b has a unique solution x € X, called the midpoint of

a and b, and denoted afb.

In the paper [3], Lawson and Lim show a strong equivalence between pointed
dyadic symsets and uniquely 2-divisible gyrocommutative gyrogroups in the fol-
lowing sense.

Let (X, 0) be a dyadic symset and e € X. Define a new binary operation & on
X by x@y = (effx) o (eoy) then (X, ®) is a uniquely 2-divisible gyrocommutative
gyrogroup with the identity e. Conversely, let (X, ®) be a uniquely 2-divisible
gyrocommutative gyrogroup. Define a new binary operation o on X by z oy =
2® xSy, then (X, o) is a dyadic symset.

As the consequence of the fact, we have a uniquely 2-divisible gyrocommutative
gyrogroup which is induced by a metric space as following Lemma 5.3.
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Definition 5.1. Let (X,d) be a metric space. We say that (X, d) satisfies the
condition K if the following conditions (K1) to (K3) are hold.

(K1) For any pair x,y € X, there exists a unique element ¢ € X such that

1
d(z,c) =d(c,y) = id(x,y).
We call ¢ the metric midpoint of = and y and write

¢ = mid(z, y).

(K2) For any elements x,y € X, there exists a unique element z € X such that
x = mid(y, z). We write
2= ¢a(y)

and we call the map ¢, : X — X the metric reflection in the point x.
(K3) The metric reflection ¢, : X — X is an isometry for any x € X.

Note that mid(z,y) = mid(y, «). Moreover, z = ¢, (y) <= z =mid(y, z) <
y = . (2) and hence p; ! = @,.

Definition 5.2. Let (X, d) be a metric space that satisfies the condition K. For
fixed e € X, we define the binary operation @, on X by

TBey = @i‘Pe(@/),

where & = mid(e, z) for any z,y € X. We call &, the binary operation induced
by the metric d on X at e € X.

Theorem 5.3. Let (X,d) be a metric space that satisfies the condition K and let
e € X. Let @, is the binary operation on X induced by the metric d at e. Then
(X, ®.) is a uniquely 2-divisible gyrocommutative gyrogroup.

Proof. Let (X,d) be a metric space that satisfies the condition K and let e € X.
Define a binary operation o by x oy = ¢, (y).

First, we prove that (X, o) is a dyadic symset.

(d1): aoa=p.(a) =a.

(d2): ao(aob) = @apa(b) =0.

(d3): Since ¢, is an isometry,

() = dlb,y) = 5d(z,v)

implies

A(pa(2), 2 (0)) = d(2a(8), 2a(®)) = 5d((Pa(x). 2a®)))
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Therefore, b = mid(z,y) implies that ¢, (b) = mid(p,(x), pa(y)). It follows that
O v)(Pa(®)) = 0aly). Since y = @y(x), we have
(@aob)o(aox) =y, w(palt)) = palps(r)) =ao(box)

(d4): zoa=b <= ¢,(a) =b <= 2z = mid(a,b). The midpoint of a and b
is atb = mid(a, b).

Since (X, o) is a dyadic symset, we have (X, ®) is a uniquely 2-divisible gy-
rocommutative gyrogroup, where the binary operation & is defined by x &y =
(efiz) o (eoy). Note that z © y = (efix) o (e 0 y) = Py, (2) (Pe(y))- 0

Let (X,®) be a gyrogroup. For a € X, the left translation A, : X — X is
defined by A, (z) = a @ x for any x € X. It is well known that

gyr[a, b] = /\e(a@b))\a/\b (8)
for any a,b € X.

Proposition 5.4. Let (X,d) be a metric space which satisfies the condition K
and let e € X. Let @ is the binary operation on X induced by the metric d at e.
Then

dla @e z,a @ y) = d(x,y) (9)

and
d(gyr[a, blz, gyr[a, bly) = d(x,y) (10)

for any a,b,x,y € X.

Proof. Let a € X and put @ = mid(e,a). Since the condition (K3), we have ¢;
and ¢, are isometries. Hence

d(a ®e x,a Be y) = d(paper, papey) = d(z,y)
for z,y € X. It follows that
d(gyr[a7 b]l’, gyr[aa b}y) = d(Ae(a®b)AaAb(x)7 )‘e(a@b) Aa)\b(y)) = d($, y)

for any a,b,x,y € X. O
5.2 Preparations

Let (X, d) be a metric space. A geodesic path joining x € X and y € X is a map
0 from [0,!] to X such that 6(0) = x, 6(I) =y and d(d(¢1),(t2)) = |t1 — t2| for all
t1,t2 € [0,1]. In particular, I = d(z,y). (X,d) is called a uniquely geodesic space
if any pairs x,y € X has exactly one geodesic path joining z and y.
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In this subsection, (X,d) is a uniquely geodesic space with condition K and
Y,y 18 a map from [0, 1] to X defined by

Va,y (t) = Ozy (td(,y))

for any ¢ € [0,1], where d,, denotes the geodesic path joining x and y. It is easy
to show that v, ,(0) = z, 72,,(1) = y and

d(Va,y(t1), Yoy (t2) = [t1 — t2]d(z, y)
for any ¢1,t5 € [0, 1].
Note that 7, ,(s) is a unique point ¢ in X which satisfies d(z, ¢) = sd(z, y) and
d(c,y) = (1 — s)d(z,y) for any 0 < s < 1.
For x € X, define the map ¢, on X by the equation

P2 (y) = py(2)
for any y € X. Then we have
02:(y) =c <= ¢y(r) =c <= mid(z,c) =y.
It implies that ¢, is a bijection on X for any x € X.

Lemma 5.5. Let x,y,z,c € X. Then the following holds.
(y1) For any s € R\ {0},

d(x,z) = [s]d(z,y) d(z,y) = |5ld(z, 2)
{d(z7y): |1—8‘d(1‘,y) = {d(y7z): \1—%|d(m,z)

(y2) For any 0 < s <1,

d(z,c) = sd(z,y)

c= %73,(5) — {d(c, y) = (1 = s)d(x,y).

(y3)
c= d)z(y) <~ {

(y4) For any natural number n,

d(x,c) =2"d(x,y)

c=p(y) = {d(Q y) = (2" — 1)d(z,y).



Normed Gyrolinear Spaces 161
L R R S e

(y5) For any s > 1,

¢ = 3 (myr)) = {d(“) ~ ey

2 d(c,y) = (s — 1)d(z,y),

where n € N which satisfies 21 < s < 27,
(y6) For any s > 0,

d(l’, C) = Sd(:c,y) d(xa C/) - Sd(l’,y)
{d<c, y)=ls—ldzy) {d(d,y) = (1+ s)d(z,y).

where ¢ = . (c).

In particular, for any real number s, there exists a unique point ¢ in X such
that d(e,c) = |s|d(e,z) and d(c,x) = |1 — s|d(e, z).

Proof. (yl) and (y2) are obvious.
(y3): We have

¢c=¢z(y) < mid(z,c)=y

= dzy) = de,y) = yd,0

<~ d(z,c) =2d(z,y) and d(c,y) =d(x,y).

(y4): We will prove by induction. When n = 1, the argument is true by (y2).
Let k be a natural number and suppose that ¢¥(y) is a unique point ¢, € X which
satisfies

d(z,c) = 2%d(z,y) and d(cp,y) = (28 — Dd(z, y).

Note that

c= ¢, (y) ¢ = ¢gu(ck)

mid(z,c) = ¢,

d(x,c) =d(e,cx) = %d(m,c)

d(z,c) = 2d(z,c) and d(c,cr) = d(z, c)
d(z,c) = 2" d(x,y) and d(c,c) = 28d(z,y).

111

(=): Let ¢ = ¢F*1(y). We have
d(z,c) = 2" d(x, y)

and
d(y7 C) < d(ya ck) + d(Ck, C) = (2k+1 - l)d(xay)v
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d(yvc) 2 d(JU, C) - d(a:,y) = (2k+1 - l)d(sc,y)

Therefore
d(y,c) = (2" = 1)d(z,y).

(«<): Let ¢ be a point of X which satisfies
d(w,c) = 21 d(z,y) and d(e,y) = (2 — 1)d(,y).

Then 1 1
d(z,y) = Qkﬁd(fﬂac) and d(y,c) = (1 — W)d(lﬂc)

as (y1). It implies that y = v,.c(5). Put ¢ = mid(z, ¢), then we have

d(z,d) = %d(w,c) =2%d(z,y)

and
) 1 1
d(y,C) - d(’}/m,c(m)a’yr,c(i))
= (5 grd(,0) = (2~ ().

By the inductive assumption, we have ¢/ = ¢%(y) and hence ¢ = X1 (y).
By the principle of induction, the proof of (y4) is complete.

(y5): Let s > 1. Then there exist n € N such that 27! < s <2". Put s’ = 2%,
then % <s <1
(=): Let ¢o be a point in X that satisfies
d(z,co) = s'd(xz,y) and d(co,y) = (1 — s )d(z,y).
Following (y1) we have ¢y = 7,4 (s"). Let ¢ be a point in X that satisfies
d(z,c) =2"d(x,co) and d(c,co) = (2" — 1)d(z, o).

Since (y3), we have ¢ = ¢”(¢p). Put b = mid(z,y), then

e, 8) = A (), 70 () = (' = 3)d(e,) = (1= )z, o)

2
and
1 1 1 1
d(z,b) = §d(ﬂ?,y) = @d(%co) = Wd(x,c) = %d(%c)

Thus,

1
d(b,c) < d(b,co) +d(co,c) = (2" — g)d(:p, 0)

1 1
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d(b,c) > d(z,c) —d(z,b) = (1 x,¢) = (11— =—)d(z,c)

1
B 2”“5’)d( 2s

and hence

d(b,c) = (1 - 2—18)d(;v,c).

Therefore, we have b = %70(2—15). Since b = mid(z,y), we have y = v, (1), that is,

S

d(z,y) = éd(m,c) and d(y,c) =(1— é)d(xm).

By (y1) we have

d(z,c) = sd(z,y) and d(c,y) = (s — 1)d(z,y).
(«<): Let ¢ be a point in X which satisfies

d(z,c) = sd(z,y) and d(c,y) = (s — 1)d(z,y).

By (y1) and (y2) we have y = v,.(1). Let ¢; = mid(z,¢) and cgy1 = mid(z, cx)

for any k € N. Then ¢, = vz,c(5r) and ¢%(c) = ¢ for any k € N. Thus we have

Ay, 0) = (- — 5)d(r,0) = (1= o)d(zy)
and 1
d(z,c,) = z—nd(x,c) = %d(z,y).

It implies that ¢, = 7,4 (5%) and hence ¢ = ¢} (Ve y(57))-
(y6): Let s > 0.
(=): Let ¢ € X be a point in X such that

d(z,c) = sd(z,y) and d(c,y) = |1 — s|d(z,y).
Since ¢, is an isometry and ¢, (x) = x, we have
d(xa QD,T(C)) = d(xa C) = Sd(xvy)
and
By the definition of ¢,, we have d(a, ¢, (a)) = 2d(x,a) for any @ € X and hence
d(ex(y),y) = 2d(z,y),
d(pz(c), ¢) = 2d(z, c) = 2sd(z,y).
We first assume that 0 < s < 1. Then

d(pz(c),y) < d(pz(c),z) +d(z,y) = (1 + s)d(z,y)
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and
d(pz(c),y) > d(pz(y),y) — d(pz(y), pz(c)) = (1 + s)d(z,y).
It follows that
d(pz(c),y) = (1 + s)d(z,y).
Next, we assume that 1 < s. Then

d(pz(c),y) < d(pa(c), x) +d(z,y) = (1 + s)d(z,y)
and
d(¢z()y) = d(pz(c), ¢) = d(c,y) = (1 + s)d(z,y).
It follows that
d(pu(c),y) = (1 + s)d(z, y).
(«<): Since (y2) to (y5), there exists a point ¢ in X such that
d(z,c) = sd(z,y) and d(c,y) = |s — 1|d(z,y).

We have
d(x, z(c)) = sd(z,y) and d(pz(c),y) = (1 + s)d(z,y)
as opposite direction. Let ¢/ € X be a point such that
d(z,c') = sd(z,y) and d(c,y) = (1+ s)d(z,y).
Put ¢t =1+ s thent > 1 and
d(yv Cl) = td(yv“):) and d(Clvl') = (t - ].)d(y,l’)
Since (y4), such a point ¢ is unique in X. Thus ¢’ = ¢, (c). O

By Lemma 5.5, for any z,y € X and any s € R, there exists a unique point
¢ € X such that d(z,c) = |s|d(x,y) and d(c,y) = |1 — s|d(z,y). We will denote
the such point ¢ by v, 4(s).

Lemma 5.6. For any x,y € X and s,t € R, the equation
A(Vo,y(5): Yoy (t)) = |s — tld(z,y)
holds.

Proof. Put a, = v;,(r) for any » € R. We can assume that s < ¢.
(the case: 0 < s <t < 1): trivial.
(the case: 0 < s <1 <t): By the definition of a,, we have

d(z,as) = |sld(z,y) = sd(z,y),
dlas,y) = [1—=sld(z,y) = (1= s)d(z,y)
d(z,ar) = |tld(z,y) = td(z,y),
d(at,y) 11— tld(z,y) = (t = Dd(z,y).
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and hence

(the case: 1 < s < t): Since (y1), we have y = 74.4,(1). Let ¢ = 73.4,(%), then,

since 0 < %,f <1, we have
da,c) = d(a,a) = sd(z,y),
1 s
d(yac) = |;_¥|d(xaat): |1—S|d(.’1},y)

It implies that ¢ = as. Thus
S
das, o) = |5 — 1ld(z, @) = |s — tld(z, )
As the above part of the proof, we have

0<s,t=d(Vay(s)Vayt)) =|s —t|d(z,y).

(the case: s <0 <1 <t): By the definition of a; we have

d(‘ra at) = td(ﬂf, y)7
dla,y) = (t—1)d(z,y).
It follows that
dar,a) = ——d(ar,y)
at, T - t—1 at,Y),
t
d(m,y) = (1 — m)d(ah y)
It implies that 2 = 74, ,(755). Let ¢ = 74,,4(2=2). Since 0 < 1, I=2, we have
t—s
d(yvc) = |1 - m'd(yaat) = (1 - S)d(l’,y),
t—s t
d(c,z) = |t 1 t_—l|d(y,at) = |s[d(z,y).
Hence ¢ = a,. Thus
t—s
d(atvas) = d(atac) = 7d(atay) = (t - 8)d(.’177y)

t—1
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(the case: s < 0 <t < 1): By the definition of a, and triangle inequality, we
have

d(as,at) d(as,z) + d(z,a)
= —sd(z,y) +td(z,y) = (t — s)d(z,y),
das,ar) > d(y,as)+d(y,a)

(1 =s)d(z,y) + (1 = t)d(z,y) = (t = s)d(z,y)

V

and hence
d(as,at) = (t — s)d(z,y).
(the case: s <t <0): For any r € R, we have

7w,y(r) = ’Yy,w(l - T)

by the definition. Since 0 <1 —s,1 — ¢, we have

A(Va,y(8), 12,y () = d(Yy,e (1 = 8), 7y 2 (1 = 1)) = (¢ = s)d(y, ).

Lemma 5.7. Let x,y € X. The equation

P () Yy (1) = Yary (25 — 1)

holds for any s,t € R.

Proof. Since Lemma 5.6, we have

d(%,y(zs - t)7 VI,y(S)) = |S - t|d(.%‘, y)7
d(Va,y(8):V2y(t) = [s—tld(z,y)

and

A(Va,y (25 — 1), Ya,y (1)) = |25 — 2t|d(z, y).
Thus

1
A(Va,y (28 = 1), Yoy (5) = d(Vay (8): Y2,y (1)) = 5A(Vay (28 — 1), Yoy (1))
and hence
’790,2;(8) = mid(’)/ac,y(t)v 7x,y(25 - t))

Therefore,

P,y (s) (’h,y(t)) = ’Ya;,y(Qs - t)'
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5.3 A Normed Gyrolinear Space Induced by a Metric Space

In this subsection, let (X,d) be a uniquely geodesic space which satisifies the
condition K. For z,y € X and s € R, 7, ,(s) denote the unique point ¢ € X that
satisfies d(z, ¢) = |s|d(z,y) and d(c,y) = |1 — s|d(z, y).

Definition 5.8. Let (X, d) be a uniquely geodesic space that satisfies the condition
K. For fixed e € X, we define the scalar multiplication ®, on X by

5 ®e & =Ye,z(5)
for any x € X and s € R. We call ®, the scalar multiplication induced by the
metric d on X at e.

In the following part of this subsection e is a point in X. . is the binary
operation induced by the metric d on X at e, and ®,. is the scalar multiplication
induced by the metric d on X at e.

Proposition 5.9. Let (X, d) be a uniquely geodesic space which satisfies the con-
dition K. Let e € X and put ||z||e = d(e,x) for any x € X. Assume that (X,d)
satisfies the following condition:

(K4) © — y implies pz(a) = @y(a) for any z,y,a € X.

Then (X, @e, e, || - e, id) is a normed gyrolinear space with gyrometric d.

Proof. Recall that (X, ®,) is a gyrocommutative gyrogroup by Lemma 5.3.
(GL1): It is an immediate consequence of v, (1) = .

(GL2): By Lemma 5.7, we have

(’I" Re J,‘) De (8 e Z‘) = @mid(em@em)@e(s Re J,‘)
= @mid(e,'ye,m(r))((_s) ®e .1‘)

SD'Y@,T,(%) (’ye,m(_s))
2r

= '76,1:(? —(—9))
= Yeulr+s)
= (r+s)Qex

(GL3): Put z =7 ®. (s ®c x), then z = v, sg,4(r). Since (y1), z = ’yeys&z(%).
We have z = (rs) ®, « as

d(e,z) =d(e,r ®¢ (8 ®c x)) = |r|d(e, s ® ) = |rs|d(e, x)

and
1
d(x,z) = d('Ye,s@eac(g)v'Ye,s@em(r))

1
|r — =|d(e, s ®c x) = |rs — 1]d(e, x).
s
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(GL4): Since gyr[z,y] is an automorphism, gyr[x, yle = e. By equation (10) of
Proposition 5.4, gyr[x,y] is a isometry. Hence we have

e, c |r|d(e, a)

9

) =
= e <~
€T e {d c,a) =1 —r|d(e,a)

(
(
PN {dégyr[z syle, gyr[z, yle) = [rld(gyr[z, yle, gyr[z, y]a)
(
(
[z
yr(z

d(gyr[z, yle, gyr[z, yla) = |1 — r|d(gyr[z, yle, gyr[z, yla)
d(e, gyr[z, ylc) = |r|d(e, gyr[z, yla)

= {d gyr[z, yle, gyr[z,yla) = [1 — r|d(e, gyr[z, y]a)

— yI|T,y } Ve,gyr[z,yla (7“)

< x,y ] =7 Qe ’7[$ y]

(GL5): For any x € X, since (X, ®.) satisfies the condition (G5), we have

gyr[n Qe T, I] = gyr[((n - 1) Be I) De , JZ]
= gyr[(n—1) @ z, x]

for any integer n. It follows that
gyr[n ®. z, z] = gyr[0 @, z, x] = gyrle, z] = idx
for any integer n. Also, we have
gyr[z, m @, 2] = gyrHm @ x, 2] = idx
for any integer m. Since gyrocommutative gyrogroup satisfies the equation
eytla, bl gyilb, clgyrle, a] = id
for any a, b, ¢ (|6]Theorem 3.31), we have
gyr[n ®. ,m ®, x| = gyr[n Q. z, x| gyr[z, m Q. x| gyrm Q¢ x,n Q. x] = idx

for any integers n, m. It follows that
1 1 .
gvr[ D y,y] = gyrin O (— e y), m Oe (— e y)] = idx (11)

for any y € X and rational number ﬁ.
m
Let {k,} be a sequence of rational numbers such that k, — «. Then we have
kn ®e @ = Ye x(kn) = Yex(a) = @ ®. x by Lemma 5.6. By the condition (K4) we
have

AMp®e2 (@) = Php@ozPe(@) = Pag.ePe(@) = Aag.z(a)
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for any z,a € X. Thus we have

gyr[kn Qe , x}(a) = )‘e(kn®cr®ex))‘kn®ez)‘z (a)
= ANekn-D)@eaM,oaA(@)
- )‘(—a—l)®ea:)‘a®ex>‘x(a)

= )‘e(a®e:v€Bex)/\a®ew/\w (a)

= gyrla®. z,z](a)

for any real number « and a,x € X, where {k, } is a sequence of rational numbers
such that k,, — «. Following (11) we have gyr[a ®, x, z] = idx for any € X and
a € R. Thus we have

r .
gyr[r Qe T, S Qe SC} = gyr[g e (5 Qe f)a S Qe x} =idx

for any x € X and r,s € R.
(NG1): ||z|le =0 <= d(e,2) =0 <= z=¢
(NG2): Following Proposition 5.4, we have

[z @eylle = dle,zDcy)

d(e, x) +d(z,z G y)
d(e, x) +d(e,y) = [[zlle + [lylle

IN

for any z,y € X.
(NG3): For any = € X and r € R, we have

Ir @czlle = dle,r®cx)

= d(’ye’I(O),’Ve’x(T))
0 —r|d(e, z) = |rll]|

by Lemma 5.6.
(NG4): Since any gyroautomorphism preserves the identity e and Proposition
5.4, we have

| gyrlz,ylalle = d(e, gyr[z,yla)
= d(gyr[z,yle, gyr[z,yla)
= d(e,a) = |al.

for any a,z,y € X.
Finally, since Proposition 5.4, we have

d(z,y) =d(e,x S y) = ||z O y]|-
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The following Corollary 5.10 is a immediately consequence of Proposition 5.9
and Proposition 3.4.

Corollary 5.10. Let X be a set and o be a function o : X x X — X that satisfies
o(z,y) =0 if and only if x =y. Let e € X and put ||z||, = o(e,x) for any x € X.
Let f be a monotone increasing bijection f : || X||. — R>o, where || X||L = {||=]], :
x € X}. Putd= fo. Suppose that (X,d) is a uniquely geodesic space that satisfies
the condition K and the condition (K4). Then (X, ®e, e, || - |IL, ) is a normed
gyrolinear space with gyrometric o.

Proof. Put ||z|. = d(e,x). By Proposition 5.9, (X, D¢, ®e, || - le, id) is a normed
gyrolinear space. Since f is a monotone increasing bijection f : || X[, — Rxo, we

have
1Xle = {llzlle : x € X} = {fllz[l : € X} =Rxo

and hence f~! is a monotone increasing bijection f~! : || X| — || X]|.. Note
that 0 € || X|" as |le]/ = 0. Since f~! is strictly monotone increasing, we have
f71(0) = 0. By Proposition 3.4, we have (X, @, ®e, || - ||', f). Finally, we have

o(z,y) = fd(z,y) = fHlz eyl = lzSe yll'-

5.4 Examples

Example 5.11. Let || - || be the Euclidean norm and d be the Euclidean metric
on R™. Then the Euclidean space (R™,d) is a uniquely geodesic metric space that
satisfies the condition K with

mid(z,y) = Ty
2
and
eu(y) =22 —y

for any x,y € R. In this case, (R", @¢) = (R”,+) as

TO0Y = Pmid(0,2)Po(y)

= ¢z(-y)

= x4y
for any z,y € X. Moreover, ®q coincides with the usual scalar multiplication on
R™ as

d(0,rz) = [lrz| = [r|||z|| = rd(0, z)
and
d(z,rz) = ||z —ra|| = |1 = rl]lzf| = [1 - r[d(0, z)

for any x € R™ and r € R.
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Example 5.12. Let D = {z € C: |z| < 1}. The Mdbius addition @ in D is given
by the equation

for any a,b € D. (D,®) is a gyrocommutative gyrogroup (see [6]) and is called
the Mébius gyrogroup. The identity of (D, ®) is the origin of C and ©a = —a for
every a € . Moreover, the Méebius multiplication is given by

7 ® a = tanh(r tanh ™! \a|)‘£|
a

for any a € D and r € R. The Mé&bius gyrometric g is given by the equation

olent) = (o) 0] (= | T2

1—ab

for every a,b € D. (D, o) is a metiric space in itself, and (]D),taunh_1 0) is a met-
ric space again. (I, o) doesn’t satisfy the condition K. However, (ID,tanh™" o)
satisfies the condition K with

mid(a, b) = % ® (aBY)
and
Pa(b) = (2©a) @ (-b)

for any a,b € D. Let @ be the binary operation on I induced by tanh ™' o at 0
then @y = @. Moreover, (I, tanh™" p) is a uniquely geodesic metric space. Let
®o be the scalar multiplication on D induced by tanh ™ p at 0 then ®( = ®.
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