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An Extension of Poincaré Model of Hyperbolic
Geometry with Gyrovector Space Approach

Mahtfouz Rostamzadeh* and Sayed-Ghahreman Taherian

Abstract

The aim of this paper is to show the importance of analytic hyperbolic
geometry introduced in [9]. In [1], Ungar and Chen showed that the alge-
bra of the group SL(2,C) naturally leads to the notion of gyrogroups and
gyrovector spaces for dealing with the Lorentz group and its underlying hy-
perbolic geometry. They defined the Chen addition and then Chen model of
hyperbolic geometry. In this paper, we directly use the isomorphism prop-
erties of gyrovector spaces to recover the Chen’s addition and then Chen
model of hyperbolic geometry. We show that this model is an extension of
the Poincaré model of hyperbolic geometry. For our purpose we consider
the Poincaré plane model of hyperbolic geometry inside the complex open
unit disc D. Also we prove that this model is isomorphic to the Poincaré
model and then to other models of hyperbolic geometry. Finally, by gyrovec-
tor space approach we verify some properties of this model in details in full
analogue with Euclidean geometry.

Keywords: Hyperbolic geometry, gyrogroup, gyrovector space, Poincaré model,
analytic hyperbolic geometry.
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1. Introduction

Gyrogroups are noncommutative and nonassociative algebraic structures and this
noncommutativity-nonassociativity turns out to be generated by the Thomas pre-
cession, well-known in the special theory of relativity. Gyrogroups also revealed
themselves to be specially fitting in order to deal with formerly unsolved problems
in special relativity (e.g. the problem of determining the Lorentz transformation
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that links given initial and final time-like 4-vectors). Gyrogroups are split up into
gyrocommutative gyrogroups and nongyrocommutative. It turns out that intro-
ducing (gyrocommutative) gyrogroups, Ungar gave a concrete physical realization
to formerly well-known algebraic systems called K-loops discovered by Helmut
Karzel(e. g. see [2,3]) in his study of neardomains. Since his 1988 pioneering pa-
per [7] Ungar has studied gyrogroups and gyrovector spaces in several books [8-14]
and many papers.

Some gyrocommutative gyrogroups admit a multiplication which turn them to
a gyrovector space. Gyrovector spaces, in turn, provide the setting for hyperbolic
geometry in the same way that vector spaces provide the setting for Euclidean ge-
ometry, thus enabling the two geometries to be unified. Armed with a gyrovector
space structure, hyperbolic geometry is perfect for use in relativity physics. Abra-
ham A. Ungar introduced the analytic hyperbolic geometry in [9]. The nonas-
sociative algebra of gyrovector spaces is the framework for analytic hyperbolic
geometry just as the associative algebra of vector spaces is the framework for an-
alytic Euclidean geometry. Moreover, gyrovector spaces include vector spaces as
a special, degenerate case corresponding to trivial gyroautomorphisms. Hence,
Ungar gyrovector space approach forms the theoretical framework for uniting Fu-
clidean and hyperbolic geometry.

In this paper, our aim is to use the gyrovector space approach of Ungar to
investigate the analytical hyperbolic geometry. For our purpose we consider the
Poincaré model of hyperbolic geometry defined inside the complex open unit disc
D = {a € C| |a| = vaa < 1} where a is the conjugate of a. Using the gyrovector
spaces isomorphism, we extend the Poincaré model of hyperbolic geometry to the
whole plane C which is called in [1] Chen model of hyperbolic geometry. We recover
Chen gyrogroup and Chen gyrovector space of [1]. But our approach is different
from [1]. We directly use the isomorphism properties of gyrovector spaces. As an
application of gyrovector spaces as the algebraic settings of analytical hyperbolic
geometry, we obtain some concepts of the new model by using gyrovector space
properties.

2. Preliminaries and Well-known Results

Definition 2.1. (Gyrogroups). A groupoid (G,+) is a gyrogroup if its binary
operation satisfies the following axioms.

G1. In G there is at least one element, 0, called a left identity, satisfying 0+a = a
for all a € G.

Gs. There is an element 0 € G satisfying axiom G7 such that for each a € G
there is an element —a € G, called a left inverse of a, satisfying —a +a = 0.
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G3. For any a,b, c € G there exists a unique element gyr|a, b]c € G such that the
binary operation obeys the left gyroassociative law a + (b+¢) = (a +b) +

gyrla, ble.

G4. The map gyr[a,b] : G — G given by ¢ — gyr|a, b]c is an automorphism of the
groupoid (G, +), i.e. gyr|a,b] € Aut(G,+) and the automorphism gyr|a, b] of
G is called the gyroautomorphism of G generated by a,b € GG. The operator
gyr : G X G — Aut(G, +) is called the gyrator of G.

Gs. Finally, the gyroautomorphism gyr[a, b] generated by any a,b € G possesses
the left loop property gyr|a, b] = gyr[a, b+ al.

Definition 2.2. A gyrogroup (G, +) is a gyrocommutative gyrogroup if its binary
operation obeys the gyrocommutative law a + b = gyr[a, b](b + a)

Remark 1. Another equivalent definition of gyrocommutative gyrogroup, which
also are called K-loops, comes from H. Karzel(cf., [2,3]) as follows:

A loop (P,+) is said to be a K-loop if the following properties hold:

For all a,b € P,

Ki : gyrla,b] € Aut(P,+)
K : gyr[a,b] = gyrla,b+ d]
Ks: —(a+b)=(—a)+ (-b)

Example 2.3. Let D := {z € C | |z| < 1} be the complex open unit disc and ®g
be the Einstein’s velocity addition in Beltrami-Klein model of hyperbolic geometry,
hence for a,b € D,

a+b Ya

. <a,b> a—lal*b
1+ <a,b> 147,

1+ <a,b>

a®pb= ( )

1
1—lal?

see [4] and [1,9]).

where v, =

. It is proved that (D, ®g) is a gyrocommutative gyrogroup(e.g

Example 2.4. Let D := {z € C | |2] < 1} be the complex open unit disc of

Poincaré hyperbolic plane. By the Mdébius transformation z — em% we define
a+b

©um on D as a @y b = {755 Then (D, ®nr) is a gyrocommutative gyrogroup,
which is called Mdbius gyrogroup(e.g. see [1,9]).

2.1 Gyrovector Space

Gyrovector spaces provide the setting for hyperbolic geometry just as vector spaces
provide the setting for Euclidean geometry. The elements of a gyrovector space
are called points. Any two points of a gyrovector space give rise to a gyrovector.
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Definition 2.5. (Real Inner Product Gyrovector Spaces). A real inner product
gyrovector space (G, ®,®) (gyrovector space, in short) is a gyrocommutative gy-
rogroup (G, ®) that obeys the following axioms:

(1) G is a subset of a real inner product vector space V called the carrier of
G,G C V, from which it inherits its inner product, < .,. >, and norm, |-|, which are
invariant under gyroautomorphisms, that is, < gyr[u, v]a, gyr|u, v]b >=< a,b > for
all points a,b,u,v € G.

(2) G admits a scalar multiplication, ®, possessing the following properties. For
all real numbers r, 71,72 € R and all points a € G:

Vil®a=a.

Va Scalar Distributive Law: (r1 +r2) @ a=1r Q a® 12 Q a.

V3 Scalar Associative Law: m ® (12 ® a) = (r1r2) ® a.
[r|®a _ a

r®a al”’

Vs Gyroautomorphisnl Prloperlt}lfz gyr[u, v](r ® a) = r @ gyr[u, v]a.

Vs Identity Automorphism: gyrjr; @ v,re ® v] = I.

(3) Real vector space structure (|G|, ®, ®) for the set |G| of one dimensional "vec-
tors" |G| = {£]a|] | @ € G} C R with vector addition @ and scalar multiplication
®, such that for all r € R and a,b € G,

Vz Homogeneity Property: |r ® a| = |r| ® |a].

Vs Gyrotriangle Inequality: |a @ b| < |a| @ |b].

V4 Scaling Property:

Definition 2.6. (Gyrovector Space Isomorphisms). Let (G, ¢, ®¢) and (H, B,
®p) be two gyrovector spaces. A bijective map ¢ : G — H is an isomorphism
from G to H if for all u,v € G and r € R,

(1) ¢(udg v) = ¢(u) B ¢(v),

(2) ¢(r ©c u) =7 @4 ¢(u) and

u v o 9 ()
@) < 1 11 >=< 161 T8

Example 2.7. We can form by

®@:RxD — D;(ra) = r®a:= taunh(r~tanh71(|a|))-|a—|7 ifr#0and r®0:=0
a

a multiplication of scalars with elements of D. Then ® turns gyrogroups (D, ©g)
and (D, @ys) into gyrovector spaces (D, &g, ®g) and (D, ®pr, ®ar). The gyrovec-
tor space (D, ®g,®g) provide algebraic settings for the Beltrami-Klein model
of hyperbolic geometry and (D, ® s, ®ps) provide algebraic settings for Poincaré
model of hyperbolic geometry. Since a®p;b = %@(2@@@ £2®0), Einstein gyrovec-
tor space (D, &g, ®g) and Mobius gyrovector space (D, @ps, ®ps) are isomorphic.
It means Beltrami-Klein model and Poincaré model are isomorphic. The coinci-
dence ®g = ®);r = ® stems from the fact that for parallel vectors in D, M&bius
addition and Einstein addition coincide (cf., [11]).
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3. Results

3.2 An Extension of Mo6bius Gyrovector Space to the Whole
Space C

In this section we give a gyrovector space isomorphic to the Mdbius gyrovector
space (D, ®pr, @ar). Actually we extend the gyrovector space (D, @ s, ®ar) to the
whole gyrovector space (C,®,®) as follows. Let for a € D,

1 1
V1—la]?’ fo = 1+ |af?

Define ¢ : D — C by a > ay,. Therefore ¢~! : C — D is given by a — af3,. Now
we extend the Mobius addition @,s to @ on C by the bijection map ¢ as follows:

Ya,be C, a®b:= (¢ (a) ®ar ¢ (b))

|a|2 =00, Yo =

Therefore we have

_ aﬁa + bﬁb _
adb=Np 1+ abBufy Aap(aBq ®ar bBp)

where A, = \/5252 + 2;“;; + |a|?|b|?, or equivalently

o 1+a6/8a6b a i
a®b= |1+055a5b\(5b * Ba)

It is not difficult to show that (C, @) is a gyrocommutative gyrogroup with identity

0 and _
1+ abB.0Bs
1+ abB.05

We only prove G5. Firstly, note that S.qp = % = Bbga. Therefore

gyrla,b] =

1+ a(b® a)Babrpa
1+ EL(b D a)ﬁaﬁb@a

1+abBa a b
L+ anias 3 (5 + 5.)Basa
—1tabp,
l+a %(i + 3-)Babraa

gvifa,b@a] =

1+ a1+abﬁ Bb Baﬁaﬁb

= [3
1+a 1+€zbﬁ Bbﬁaﬁaﬁb

1 + abﬂaﬁb + aaﬂza + al_)ﬁaﬁb « 1 + al_)ﬁaﬂb
1+ abBafy + aaB?, + abBafy =~ 14 abB.fy
= gyrla,b]
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L

The addition @ for parallel velocities reduces to

b= L4 2
a e . v
Bb /60,

Now we define the scalar multiplication as follows:
reuvi=d(rn ¢t (v))

So we have v
r ® v = sinh(r Sinh_1(|v|))ﬂ
v
or equivalently,
1 " n Y
rov = G {VIFRE + o) = (VI P~ ol))

if v#0and r®0:=0. In particular,

’ 1 VBa 2a

a==-QRa= -a and 2®a= —.
2 \/1+|a‘6a+\/1_|a|6a Ba

(C,®,®) inherits its inner product from C such that its gyroautomorphism pre-
serves the inner product < -,- >, hence

1
< gyrla, blu, gyrla, bjv >= i(gyr[a, blu - gyr[a, bjv + gyrla, bju - gyr[a, blv)

: T _ 14abBafy 14+abBy
Since gyr|[a, blgyr[a,b] = 1+§bgagi 1+ZB/€@§Z

=1, so we have

1
< gyr[a, blu, gyra,blv >= §(u17 +av) =< u,v > .

V7 is trivial.

Let r1,72 € R and a € C. Since S;,gq = 1

cosh(r; sinh=!(|al)) S0

Ary@a,ra@a = cosh((r1 + 72) sinh_1(|a|)).
Therefore we have

rn Kadrs®a
A tanh(ry sinh ™ (|a|)) + tanh(ro sinh ™ (|a|)) a
o meeney tanh(r; sinh™*(|a|)) tanh(ry sinh ™! (|a|)) |al

= cosh((ry 4 ) sinh™*(|a|)) tanh((r; + 72) Sinh_1(|a|))|Z—‘

= sinh((ry +72) sinh_1(|a|))‘%

= (rm+r)R®a
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Thus V5 is valid.

For 1,79 € R and a € C we have:

r1 ®(rz®a) =71 @ (sinh(ry sinh’1(|a\))ﬁ)

)

|
= sinh(r; sinh ™! (| sinh (7 sirlh71(|0L|)))|)i

la

79 ® a
r2 @ al

—  sinh(r; sinh™}(|sinh(rs sinh~ (|a])) —

al

- sinh((rlrg)sinh_1(|a|))|%|

= (rmry) ®a

Therefore V3 is also valid.
V4 comes from definition.
Now since | gyr|a, b]| = 1, then for € R and a,b,u € C we have:

gyr(a, blu
| gyr(a, blul

= gyr|a, b sinh(rsinh ™! (|ul)) |u—‘
u

r® gyrla,blu = sinh(rsinh™*(| gyr[a, bu|))

= gyrfa, b)(r ®u)

Hence V5 holds. Straightforward computations shows that Vg and V7 are valid.
Since @), satisfies in triangle inequality, we can write

la®b] = |Xap(aBa ®ar Bub)]
= Aapl(@Ba ©ar bB)| < Aap(laBal ©ar [bBs]) = |a| © [b]

So @ satisfies in Vg. Thus we have proved that (C,®,®) is a gyrovector space.

In the following, we show that (C,®, ®) and (D, @y, ®s) are gyroisomorphic.
Consider the map ¢ : (D, ®ar, ®ar) — (C, ®, ®) given by a — ayq.

(i) For a, be D, ¢(a @ b) = ¢( 1a_:_abb) = 1a:abb7a7b|1 + ab|.
On the other hand, since B4, = 7% and Agv, by, = Va1 + ab|,

a’yaﬂa’ya + b%ﬂb%
1+ a”Yaﬁa'yQ b%ﬁb%
a+b
1+ab

d)(a‘) 2] ¢(b) = 0%a @ avyy, = )\a'ya,b’Yb

Yo |1 + @bl

Hence ¢(a @ b) = ¢(a) @ ¢(b).
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(i) ¢(r @pr a) =r @p aYrg o = sinh(r tanh_1(|a|))ﬁ, on the other hand,
|al 1 a

+
e iar)

= sinh(rtanh_1(|a|))|2—‘

r®éla) =1 ay, sinh(r In

|al

So ¢(r @ a) =1 ¢(a).
¢la) o) ___ ¥ b ___a b
W) < @I @]~ Taha e~ ~Tal ]~

From (i),(ii) and (iii) we conclude that ¢ is a gyrovector space isomorphism.
Thus we have proved the following theorem:

Theorem 3.1. (C,®, ®) is a gyrovector space isomorphic to the Mdobius gyrovector
space (D, Dpr, @nr).

Note that by example 2.7, (C, ®, ®) is isomorphic to the Einstein’s gyrovector
space (D, g, ®g) and Ungar gyrovector space (R2, @y, ®y7) described in [1]. Also
note that (C,®,®) is exactly the Chen gyrovector space introduced in [1] by
specifying the function f : Rt — R* given by f(r) = sinh(}) in definition of
general addition of the group SL(2,C).

3.3 Extension of Poincaré Model of Hyperbolic Geometry

Since (D, ®ys, ®ar) provides the algebraic setting for the Poincaré model of hyper-
bolic geometry, and the gyrovector space (C,®,®) is an extension of it to C, so
(C,®,®) provides the algebraic settings for a new model of hyperbolic geometry
just as vector spaces provide the algebraic setting for Euclidean geometry. Also
our model is an extension of the hyperbolic geometry of the Poincaré model to the
whole plane C in which the unique geodesic through two given points a and b in the
gyrovector space (C, @, ®) is given by a® (©a®b) @t with 0 < ¢ < 1. This geodesic
(or, gyroline), its segment from a to b, and the midpoint mq, = a & (Sa ® b) ® 3,
of the segment are shown in Fig. 1. These are Euclidean semi-hyperbolas with
asymptotes which intersect at the origin.

& \’Q,
> o

AY)
;.

Figure 1. gyroline passing through two points a and b and their midpoint m.



An Extension of Poincaré Model with Gyrovector Space Approach 195

3.4 Trigonometry

One can employ the gyrogroup operation and its gyrovector space to describe the
trigonometry of hyperbolic geometry which is called now gyrotrigonometry (e. g.
see [6,11]). In the following by using the gyrovector space (C, ®, ®) we verify and
obtain some trigonometry relations of our model.

Let a,b € C and a 1L b. Then

Blaswyva = Pavabuya (%)

. . a 2
() By using (+), Bagnyvalo ® * = Buyabyya(3 + 50)

y 2 2 _ Bayslal® | Byuslbl?
(i) ﬁa\/i‘a| @ﬂb\@|b|  Boy a2 * Bopualol?” (%)

2 2 2
But B3, a2 = \/1 1‘a‘4 = ﬂfaz, so (x%) is equal to Baﬂﬂbﬂ(% + @)

1+2|al2

From (i) and (ii) we get the hyperbolic Pythagorean theorem
Blagpyvala ® B> = B, zlal* ® By bl
Thus we have proved the following theorem:
Theorem 3.2. Let a,b € C and a 1. b. Then the hyperbolic Pythagorean theorem
in (C,®,®) is of the form

Bl = B, slal* & B, 516,

Note that in general, for any a,b € C we have the following relations:
BaBila @ b* = BZlal* + B[ + 2Bap < a,b >,

_ Babe

|1+ abB. Pl

Hyperbolic Distance. Define d : C x C — R2%; (a,b) — |a © b|. Equivalently
we can write

ﬁa@b -

b
d(a,b):\%——a.

It is easy to show that d is a metric on C which is the hyperbolic distance of any
two points a and b in our model.

3.4.1 Hyperbolic Angle

For three points a, b and ¢ in gyrovector space (C, @, ®) the cosine of the hyperbolic
angle a between two geodesic rays a® (©a®b)®t and a® (Sa®¢) ®t with common
point a and respectively containing b and c is given by the equation

Sa®db Oadc

COS O = .
[ca®b [Saad
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This hyperbolic angle « is independent of the choice of the points b and ¢ on the
geodesic rays, and it remains invariant under left gyrotranslations and rotations.

Theorem 3.3. Let A(a,b,c) be any triangle in hyperbolic plane C with angles
«a, B and 7y in a, b and c respectively and denote the opposite sides of a, b and ¢
respectively with a, b and c. Then

(i) If v = 5 then

_ [blBu2 = B2) _ [bl oy
clB:2 = B2) ~ |el B 5

cos(a)

and
_ lalBe
|c|Ba

sin(a)
(i1) cos(y) = “eveaPong g,
(i)
sin(a)B,  sin(B)fy  sin(y)B.

lal Pl
(iv) f\/i = COS((:i)n‘"‘(‘:)(ZLTE';S(W) or equivalently,

|c|2 ~ cos(a+ ) + cos(v)
2sin(«) sin(B)

3.5 Defect and Area

Let A(a,b,c) be a triangle in (C,®), without loss of generality we can assume

that ¢ = o. It is shown in Proposition 3.3 of [3] that the defect of A(o,a,b),
hence ¢, is the measure of gyr[a, —b]. Since gyr[a, —b] = % and cos(d) =
1( gyr[a, —b] + gyr[a,—b]), so we obtain

(6) = L2 < ab> Bufy + [(ab)? + (@)1 25
O T T 0 < a b > BuBy + |al?]b|2B252

Thus if we set b’ := ib where i = v/—1, we have

tan(é) _ < a’)bJ_ > ﬂaﬂb
27 1-2<a,b> B.f

In particular if @ L b, then

0
tan(5) = [al b]5. 6,
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e e S

We define area equal to defect, so the area of A(a,b,c) with defect § is

< a,bt > B8

= 2tan !
s an (1—2<a,b>6a6b

)

By similar arguments described in [5] we have the following result about circles
in this model:

Theorem 3.4. Let C, be any circle of radius r in hyperbolic plane C with cir-
cumference P and area S. Then

_ drr
B’

Theorem 3.5. Let A(A, B,C) be any triangle and C, be its circumscribed circle
with radius v in hyperbolic plane C. If § be its defect then

P S = 4nr?

sin(? _ lallble

3) = g BaBube(2 = B7).
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