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Unconditionally Stable Difference Scheme for the

Numerical Solution of Nonlinear Rosenau-KdV

Equation
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Abstract

In this paper we investigate a nonlinear evolution model described by
the Rosenau-KdV equation. We propose a three-level average implicit finite
difference scheme for its numerical solutions and prove that this scheme is
stable and convergent in the order of O(72 + h?). Furthermore we show the
existence and uniqueness of numerical solutions. Comparing the numerical
results with other methods in the literature show the efficiency and high
accuracy of the proposed method.
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vergence.

2010 Mathematics Subject Classification: 65N06, 65N12.

1. Introduction

Nonlinear partial differential equations are useful in describing various phenomena.
These equations arise in various areas of physics, mathematics and engineering.
Analytical solutions of these equations are usually not available. Since only limited
classes of equations are solved by analytical means, numerical solution of these
nonlinear partial differential equations is of practical importance. KdV equation
is a mathematical model of waves on shallow water surfaces. It is particularly
notable as the prototypical example of an exactly solvable model and is as follows

Uy + Uy + Ugge = 0. (1)

In the study of the dynamics of dense discrete systems, the case of wave-wave and
wave-wall interactions cannot be described using the well-known KdV equation
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[4], so Rosenau [6, 7] proposed the so-called Rosenau equation
Ut + Ugpgrt + Uy + U, = 0. (2)

The existence and the uniqueness of the solution for (2) were proved in [7], but
it is difficult to find the analytical solution for (2). So, much works has been
done on the numerical methods for (2) [1, 5. On the other hand, for the further
consideration of the nonlinear wave, the viscous term +u,,, needs to be included
[4]

Ug + Ugzazt + Up + Uy + Ugze = 0, (3)

which is usually called the Rosenau-KdV equation. Some analytical methods for
the solution of this equation are given in [2, 9]. The authors of [4] proposed a
conservative three-level linear finite difference scheme for the numerical solution
of Rosenau-KdV equation. They proved the stability and convergency of method
and existence and uniqueness of numerical solutions. In this paper, we propose
a linear three-level average implicit finite difference scheme for the Rosenau-KdV
equation (3) with the following boundary conditions

u(zp,t) =u(zg,t) =0, Uy (z1,t) = uy (TR, t) =0,
(4)

Uge (T, 1) = Uge (TR, ) =0, telo,7],
and initial condition
u(x,0) =ug (x), x € [zL,xR]. (5)
The solitary wave solution for (3) is [3, 9]

u(z,t) = (-5 + 25/313)

xsecht [ 4V/=26+2V313 x (z — (4 + £ V313) )] .

The structure of this paper is as follows. In Section 2, we will describe a three
level average implicit finite difference scheme for the Rosenau-KdV equation and
discuss the estimate for the difference solution. In Section 3, we will show that the
scheme is uniquely solvable. Then, in Section 4, we will prove the convergence and
stability for the difference scheme. Finally numerical results are given in Section 5
to verify our theoretical analysis and efficiency of proposed method in comparison
with other methods in the literature.

2. Proposed Finite Difference Scheme

Let h = (zp — xr)/J and 7 be the uniform step size in the spatial and temporal
direction, respectively. Denote x; = x + jh (j = —1,0,1,2...,J,J + 1), t, =
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nt(n = 0,1,2,...,N,N = [ /7)), u? =~ u(xj,t,) and Zp) = {u = (uj)|u_1 =
Up = Uy = Ujp1 = 0, = —-1,0,1 ,...,J,J + 1}. Throughout this paper, we
denote C' as a generic p051tlve constant independent of h and 7, which may have
different values in different occurrences. We introduce the following notations [4]

(W), =% Wiy —up),  (up), =5 (uf —ujy),

(u;))@ = ﬁ (u?—&-l - u?—l) ’ ( ) hZu] jo

(@) =3 @ +ul™h), ) = @),
(W) =5 (W™ —uj™) |l = supuf].
J
We note that
wPt1 B 1 [ » +( p+1) ] 8)
p+1), pr2 T

and e
u — 22U U,
(), = (uf) 1 = =

We propose the following implicit finite difference scheme for solving Egs. (3)-(5)
()54 () szt (1) + () + 3 |15 @)z + (57 =0 9
j=1,2,3,...,J -1, n=1,23,...,N—1, (10)

u? =uo(z;), j=0,1,2,3,...,J, (11)

(12)
(uf)z = (W), -=0, n=1,2,3,... N.

We now state some lemmas which are needed to prove stability and convergence
of scheme.

Lemma 2.1. [8] For any two mesh functions u,v € Z,? we have the following
relations

1. (ug,v) = — (u,vz),

2~ (uazfu’v) = - (uzvvx);



294 A. Mohebbi and Z. Faraz

3. (tomy ) = — (ug, ug) = —[lug |,
b If (00) 1 = () = 0, then (ugazr,w) = |Jua|”.

Lemma 2.2. [8] There exist two constants Cy and Cy such that
[0l oo < Crflu™]| + Ca [lugll - (13)

Lemma 2.3. [8] Suppose that w(k) and p(k) is nondecreasing. If C' > 0, and

k—1
wk)<pk)+CrY w(l),  Vk, (14)
=0
then
w (k) < p(k)em, k. (15)

Theorem 2.4. If u™ be the solution of (9)-(12), ugp € HZ[xL,xRr] and u(z,t) €
C5 't then we have the following relations

[ <C, ugl <€, flu"]lo <€, n=1,2,...N.

Proof. Taking an inner product of (9) with 2u"(i.e.,u"*! +u"~1), considering the
boundary conditions (12) and Lemma 2.1, we obtain

2 (e = =t 7) + & ([l | = fluz ) +2 g am) +
2(ul,z, @) +2(P,a") =0, (16)
where P; = 1 {u? (ﬂ";)x + (uyﬂ;‘)x} . We can write
(P,u") =0,
so we get
1 n n— n n —Tn n —1n
5z (" P = [l 17) + 5 (I S s ) = =2 () — 2", ).
(17)
By Cauchy-Schwarz inequality and Lemma 2.1, we find
[ | L e (e N e W (18)
et 1 < & (a1 + )
(19)
[ X { i e S
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Substituting (19) into (18), we get

1
(e, 20| < P+ 5 ([ [z 7+ =+ ez )

and L
(@) =) < i+ 5 (o + o =F).
It follows from (17)-(21) that

2 1112 2 1112
a7 = Jn A+ flazd 7 = uzz™ |

< or (P + 2 (s 2+ )+ et )

2 2 12
ol 3 ([t + 7)) -
Using Lemma 2.1 and Cauchy-Schwarz inequality, we obtain
2 2 2
e < 4 () + fluz, 1)
hence, we can write (22) as follows

(et ) = (ot =+ =12 4 (fl )+ ) -
(el + [z )

< O (Jum | + N+ iz [+ o7 + o+ a1 ])
Let B™ = |ju™|* + Hu”‘lH2 + [Ju, |I” + Hug;l|‘2. It follows from (24) that
B! — B" < Cr (B + B"),
SO

(1-Cr)(B" — B") <2C7B".
If 7 is sufficiently small which satisfies 1 — C7 =§ > 0, then

B™t! — B” < OrB".

Summing up (25) from 0 to n-1, we have

n—1
B" < B° +C’TZBI.
1=0
It follows from Lemma 2.3 that
[} < C, uzell < C.

From (23), we have |[u}| < C. Using Lemma 2.2, we get ||u"||, < C.

(20)

(21)
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3. Solvability

Theorem 3.1. The difference scheme (9)-(12) has a unique solution.

Proof. We use from mathematical induction to prove. It is obvious that u is
uniquely determined by the initial condition (11). We also can get u! in order
O(h? +72) by two-level C-N scheme (that is, u® and u! are uniquely determined).
Now suppose u?, ul, ..., u" be solved uniquely. Considering equation (9) for u"*1

we can get
1,n+1 1 +1 1 +1 +1 _

Taking an inner product of (26) with u"*!, we obtain

P s I [ ), o ), ] =0 o

We can write
| -
G2 [ () () J e (28)

1
_ i n, n+1 n+1 n+1l n+1
Z [“J Ujp1 Uy —|—uj+1u i+1 Y ]

n, n+1 n+1 n+1l n+17 __
[uju] 1Y +u] 11ty ]*Ov

It follows from (27) and (28) that
n 2 n
e+ feg 1 =

That is, (26) has only a trivial solution. Therefore, (9)-(12) determines u?“

uniquely. O

4. Convergence and Stability

Let v(z,t) be the solution of problem (3)-(5), v} =

error of the difference scheme (9)-(12) is as follows:

v(zj,tn), then the truncation

= ()t () gt ()5 () + 3 [ )5+ (577)] . (29)

Using Taylor expansion, we know that 77 = O(h? 4+ 72) holds if h, 7 — 0.
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Theorem 4.1. Suppose that ug € HZlxp, xR, then the solution u™ of (9)-(12)
converges to the solution v(x,t) of problem (3)-(5) in norm ||.| ., and the rate of
convergence is O(72 + h?).

Proof. Subtracting (9) from (29) and letting e} = v? — u/', we have
i = ()i + (@) osai T (7)s + (€]) gz + Brg + Ba, (30)
where
Rij=3 [”?(17 )a _“?(ﬂ?)i] :
Roy =% (o), — (upwy), ] -
Computing the inner product of (30) with 2€™, we obtain
26 = gz (le I = o) + 7 (s I = e 1)+ )

(e, 2e™) + (el,.,2e") + (R1,2€e") + (R2,2e").

We can write (31) as follows

(et 1P = 1) + (llews I = e ) = (32)

27 [(r™,2e") — (el,z.2e") — ((€™);,2e") — (Ry,2e™) — (Ra,2¢em)].

By Lemma 2.1, Theorem 2.1, and Cauchy-Schwarz inequality, we have

(Ri2e) = 30 (o (1)), — 5 ()..) (&)
= %hz[w (0f o) = ()
+ UJ( R I A (AR W)
= Y (@), - @),) (@)
= 3S0E), (@) - ), ()
QChz()( &), | +1er]) 1]
c[ue;n + llen ) + 2

O (Jlen [ + flez= [ + 2o+ flem? + 2lfen1 )
(33)

IN

IN

IN
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and

(.RQ7 25”) =

= =S {NFE)+ b -] T E),) 0
< 3oy (@) + 15D @),

< Cfllel® + lle) + e

< O (flex P+ e I1P+ e + el + flem=]) -

Noting that similar to (18)-(21) we have

(7“”,25”) — (rn n+1+en 1) < H nH 4+ = (H n—&-lH +H n— 1“ )

w
(@)
~

(
()30 26") = = () 8™+ ™) < Nl + 5 (e P+ 7))

(

(

((en)i7zén) — ((en)z7 n+1+en 1) < Hen” 4+ (H n+1H + H n— 1” )
From (32)-(37), we have

(11 + e ) = (el + =) +

(lems 12+ egal®) = (legall® + llez 1)

< Or (Jle P+ e * + llem 1 + flez 1 + llezl® + flez =" + llez. ) +

2
(38)
Similar to the proof of (23), we obtain
et * < & (llem 1 + flez 1) -
lezll® < & (llenll” + llez. 1) (39)
ezt 17 < & (llen =117 + ez )
Let D" = |le”|® + [le™,|I* + He"’ln + ||ens H then (38) can be rewritten as

follows
D"t — DM < 2r|r|)? + Cr (D" 4 DY, (40)
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which yields
(1—-Cr) (D" — D) < 207D™ + 277" )% (41)

If 7 is sufficiently small, which satisfies 1 — C'7 > 0, then
D™ — D" < CrD™ + Cr|lr™|?. (42)

Summing up (42) from 1 to n, we have

n—1 n—1
pr<p’+Cr S |H)F +or ] D (43)
=0 =0

First, we can get u! in order O(h?+72) that satisfies D < C'(h?+72)? by two-level
C-N scheme. Since

n—1
2 2 2
le; HrlH < nTOSI%agc_l ||rlH <T.O(r*+h?)", (44)
we obtain
n—1
D" <O(r2+h?)* + o7y Dl (45)
1=0
From Lemma 2.3 we get
D" <0(r* + %)’ (46)
that is
lle"]] <O (72 + h2) , llez.]l < O (72 + h2) . (47)
From (39) we have
eIl < O (7% + %) (48)
By Lemma 2.2, we obtain
le"]|, <O (% +h?). (49)
This completes the proof. O

Finally, we can state similarly the following theorem.

Theorem 4.2. Under the conditions of Theorem 4.1, the solution u™ of (9)-(12)
is stable in norm ||.|| -

5. Numerical Results

In this section we present the numerical results of the proposed method on a test
problem. We performed our computations using Matlab 7 software on a PC
with Intel Core 2 Duo, 2.8 GHz CPU and 2 GB RAM. We tested the accuracy
and stability of the method presented in this paper by performing the mentioned
method for different values of At and h.
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Figure 1: Surface plot of approximate solution (left panel) and plot of absolute
error (right panel) with h = 0.05, 7 = 0.05 at T = 20.
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Table 1: Errors and computational orders obtained at different final times.

h=71=0.2 h=7=0.1 h=7=0.05

T =10

le™l o 2.718820 x 10~ 6.853283 x 10~5 1.718933 x 105
C — Order - 1.988 1.995

T =20

lle™ || o 5.026183 x 10—4 1.261183 x 104 3.157146 x 10~5
C — Order - 1.995 1.998

T =30

le™l oo 7.217771 x 10~4 1.810695 x 104 4.532327 x 10~5
C — Order - 1.995 1.998

T = 40

lle™ |l oo 9.396398 x 10~4 2.356919 x 10~4 5.899417 x 10~°
C — Order - 1.995 1.998

301

Also we calculated the computational orders of the method presented in this
article (denoted by C-Order) with the following formula

log(£L)

log(f2)’
in which F; and Fs are errors correspond to grids with mesh size h; and ho re-
spectively. Also we put xp, = —40 and xzz = 100.

5.1 Propagation of a Single Solitary Wave

We consider the equation (3) with the following exact solution

u(z,t) = (-5 + 25/313)
x sec it [ v/=26+2V/313

<o (5 + vET3) 1))

The initial condition can be obtained from exact solution. Table 1 shows the
computational orders and errors of proposed method with different values of h = 7
at different final times. Numerical results of this table confirm the second order
of accuracy of method. In Tables 2, 3 we compare the errors of proposed method
with the results of [4]. As we see the new method has better accuracy. Figure 1
shows the surface plot of approximate solution (left panel) and plot of absolute
error (right panel) with h = 0.05, 7 = 0.05 at T' = 20.
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Table 2: Comparison of ||e”|| . error at various time steps.

lle"|l., | h=1=0.1 h=7=0.05

Method Present Scheme [4] Present Scheme [4]
t=10 | 2718 x10™% 2507 x 1073 [ 1.719 x 10~° 1.585 x 10~ %
t=20 | 5.026 x 107* 4.489 x 1073 | 3.157 x 10~° 2.836 x 104
t=30 | 7.218 x 107* 6.081 x 1073 | 4.532 x 10~® 3.834 x 10~
t=40 | 9.396 x 107% 7.444 x 1073 | 5.899 x 107° 4.709 x 10~*

Table 3: Comparison of ||e™]| error at various time steps.

le™]] h=1=02 h=7=0.05
Method Present Scheme [4] Present Scheme [4]
t=10 | 7.389 x 107% 6.525 x 1073 | 4.663 x 10~° 4.113 x 10~ %
t=20 | 1.443 x 1073 1.209 x 1072 | 9.070 x 10~° 7.631 x 104
t=30 | 2132x107% 1.683x1072 | 1.339 x 10~® 1.063 x 1073
t=40 | 2.818 x 1072 2.101 x 1072 | 1.769 x 10~® 1.328 x 1073

5.2 Interaction of Two Solitary Waves

We investigate the interaction of two solitary waves for equation (3) using the
following initial condition

2
u(x,0) = Z3dj sec h? (kj (x — x;)),
j=1

in which k1 = 0.4, ks = 0.3, 1 = 15, 25 = 35, and

2
4K

dj=—"3__  j=1,2.
T T

From the above initial conditions, the solitary waves are propagated rightwards.
Shapes of both waves at times ¢t = 10, 15, 20, 25 and with h = 7 = 0.1 are shown in
Figure 2. We see that as the time progresses the collision occurs and after collision
two waves leave each other without changing their shape.

6. Conclusion

In this article, we constructed an implicit finite difference scheme for the solution
of Rosenau-KdV equation. We proved that this scheme is stable and convergent in
the order of O(72 + h?). Furthermore we showed the existence and uniqueness of
numerical solutions. We compared the numerical results of this paper with other
methods in the literature and concluded that the proposed method has better
results.



Unconditionally Stable Scheme for the Rosenau-KdV Equation 303

Figure 2: The numerical solutions of two solitary waves with h = 7 = 0.1 obtained
at final times t = 10 (left-top), ¢t = 15 (right-top), ¢ = 20 (left-bottom) and t = 30
(right-bottom).

References

(1]

2]

13l

4]

[5]

[6]

7]

S. K. Chung, S. N. Ha, Finite element Galerkin solutions for the Rosenau
equation, Appl. Anal. 54 (1994) 39 — 56.

G. Ebadi, A. Mojaver, H. Triki, A. Yildirim, A. Biswas, Topological solitons
and other solutions of the Rosenau-KdV equation with power law nonlinearity,
Romanian J. Phys. 58 (2013) 3 — 14.

A. Esfahani, Solitary wave solutions for generalized Rosenau-KdV equation,
Commun. Theor. Phys. 55 (2011) 396 — 398.

J. Hu, Y. Xu, B. Hu, Conservative linear difference scheme for Rosenau-KdV
equation, Adv. Math. Phys. 2013, Art. ID 423718, 7 pp.

Y. D. Kim, H. Y. Lee, The convergence of finite element Galerkin solution for
the Rosenau equation, Korean J. Comput. Appl. Math. 5 (1998) 171 — 180.

P. Rosenau, A quasi-continuous description of a nonlinear transmission line,
Phys. Scr. 34 (1986) 827 — 829.

P. Rosenau, Dynamics of dense discrete systems, Progr. Theoret. Phys. 79
(1988) 1028 — 1042.



304 A. Mohebbi and Z. Faraz
e

[8] Z. Z. Sun, D. D. Zhao, On the L., convergence of a difference scheme for
coupled nonlinear Schrédinger equations, Comput. Math. Appl. 59 (2010)
3286 — 3300.

[9] J. M. Zuo, Solitons and periodic solutions for the Rosenau-KdV and Rosenau-
Kawahara equations, Appl. Math. Comput. 215 (2009) 835 — 840.

Akbar Mohebbi

Department of Applied Mathematics,
Faculty of Mathematical Sciences,
University of Kashan,

Kashan, I. R. Iran

E-mail: a_mohebbi@kashanu.ac.ir

Zahra Faraz Department of Applied Mathematics,
Faculty of Mathematical Sciences,

University of Kashan,

Kashan, I. R. Iran

E-mail: zahrafaraz44Qyahoo.com



