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Eigenfunction Expansions for Second-Order
Boundary Value Problems with Separated

Boundary Conditions

Seyfollah Mosazadeh*

Abstract

In this paper, we investigate some properties of eigenvalues and eigen-
functions of boundary value problems with separated boundary conditions.
Also, we obtain formal series solutions for some partial differential equa-
tions associated with the second order differential equation, and study nec-
essary and sufficient conditions for the negative and positive eigenvalues of
the boundary value problem. Finally, by the sequence of orthogonal eigen-
functions, we provide the eigenfunction expansions for twice continuously
differentiable functions.
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1. Introduction

In the present paper, we consider the boundary value problem L, defined by the
following second-order differential equation of the Sturm-Liouville type

(k(@)y') + (Aw(z) - g(x))y =0, = €[a,b], (1)
with the separated boundary conditions

cosa y' (a, \) —sina y(a, \) = 0, (2)
cos B y' (b, \) —sin 3 y(b,\) = 0, (3)
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which have many interesting applications in basic sciences, some branches of nat-
ural sciences and engineering. For example, in mathematical physics, the one
dimentional dif fusion equation is the form

ov 0 ov
& = (k)50 ~ 9@, (@)

where a <z < b, 0 <t < oo, and k(x),g(x) are real-valued functions. By the
separation of variables technique, we can write the solution v(z,t) in the form

v(z,t) = e My(z). (5)

In this case, the function y is seen to be a solution of the differential equation (1)
with w(z) = 1. For other examples, we refer to (2, 4, 17].

Studying the properties of spectrum of the boundary value problem L is an in-
teresting subject for many authors. For example, in [6, 11], the authors considered
regular Sturm-Liouville problems with £ = w = 1 and an integrable potential g, or
with locally integrable functions k=1, g, w on finite intervals, and obtained asymp-
totic approximations of eigenvalues and eigenfunctions. In [8, 18, 19], inverse spec-
tral problems with non-separated boundary conditions with an integrable function
g(x) were investigated. Also, inverse problems for singular differential operators
on finite intervals with & = w = 1 were studied in [7, 13, 15]. Boundary value
problems consisting of (1) with g = 0, together with Dirichlet boundary condition
or irregular decomposing boundary conditions were investigated in [9, 10], and
eigenfunction expansions and their uniformly convergent were studied. In [1], the
authors considered (1) in the case when the equation has a singularity and disconti-
nuity inside the interval [0, T], and investigated the properties of the spectrum and
its associated inverse problem. Also, in [3, 16|, the authors considered the prob-
lems consisting of (1)-(2) with k¥ = w = 1 or with discontinuous weight function
w(x) on symmetric intervals under discontinuity conditions in y and y’, together
with the boundary condition (3) or an spectral parameter dependent boundary
condition at the right endpoint, respectively. They investigated the properties of
eigenvalues and eigenfunctions, and obtained asymptotic approximation formulas
for fundamental solutions. Finally, in [14], a new type of boundary value problem
consisting of a second order differential equation with an abstract operator in a
Hilbert space on two disjoint intervals together with eigenparameter dependent
boundary conditions and with transmission conditions was investigated.

In the present article, in section 2, we study some properties of eigenvalues
and eigenfunctions of the boundary value problem L consisting of the equation
(1) together with the boundary conditions (2)-(3), in special cases. Here, X is
the eigenvalue parameter, k(z), w(z) and g(x) are real continuous functions on
[a,b], and k(x),w(z) are positive. We will provide the formal series solutions for
the function v(x,t) of the diffusion equation (4). Then, we study necessary and
sufficient conditions for negative and positive eigenvalues of L, and prove that
each twice continuously differentiable function can be expanded in terms of the
eigenfunctions of the problem, under a sufficient condition (see section 3).
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2. The Eigenfunctions and Formal Series Solutions
In this section, first, we consider some special forms of (1)-(3), and find the eigen-

functions and the formal series solutions in several examples.

Example 2.1. Let a =0,b=m, k(z) =w(z) =1, g(z) =0, a = § and = —
Then, we can rewrite the problem L as follows:

N

y' +xy = 0, 0<z<m,
y(0) = 0,  y(m)+y(m)=0. (7)
The differential equation (6) has two linearly independent solutions
y1(x) = cos(VAx), ya(2) = sin(VAx).

Thus, it follows from the first condition of (7) that the solution y(z, A) of (6)-(7)
is the form

—
D
~~

y(z,\) = esin(VAz),

where ¢ is constant. Therefore, according to the secondary condition of (7), we
get

VA + tan(v/Ar) = 0. (8)

Example 2.2. Let a =0, k(z) = w(z) =1, g(z) =0, « =0 and 3 = 7. In this
case, the problem L be transformed to

Y+l = 0, 0<z<b,
y'(0) = 0, yb)=0.
Therefore,
y(z,\) = ccos(VAz).
Moreover, L has a countable set of the eigenvalues

(2n + 1)77)2
2b ’

and so, their corresponding eigenfunctions are

An = ( n=1,2.3,..

(2n+ 1)z
2b

Definition 2.3. We define the function < .,. >,,: C[a,b] — C|[a, b] by

Yn(x) = cos( ), n=123,...

b
<y,z >w:/ y(t)z(t)dt

for all complex functions y, z € Cla,b]. Here, z(t) is the conjugate of z(¢).
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The function < .,. >, defines an inner product on Cl|a, b].

Theorem 2.4. Suppose that A\; and Ag are distinct eigenvalues of the boundary
value problem L with corresponding eigenfunctions y; and ys, respectively. Then,
y1 and ys are orthogonal with respect to the weight function w(x).

Proof. Since y; is the corresponding eigenfunction of \;, we have
(k(x)y;) — g9(x)ys = —Niw(@)yi,  i=1,2. (9)
For ¢ = 1, multiply (9) by y2 and integrate from a to b with respect to x, then

b

/ab y2(k(z)y)) dr — /b Y1y29(x)dr = —,\1/ yryow(z)dz.

a a

Integrate by parts yields

b b b
ygy'lk(x)|g—/ y’ly’Qk(fv)daz—/ ylygg(x)d:ﬂ:—)\l/ y1yaw(z)dx. (10)

Similarly, for ¢ = 2, multiply (9) by y; and integrate from a to b, we get

b b b
k(@) - / yyoh(z)dz — / y1129(2)dz = — Ao / pyew(@)dr. (1)

Subtracting the two equations (10) and (11), we obtain

b
y1ysk (@)l — yayik(@)]e = (A — )\2)/ y1yaw(x)d. (12)

Now, let o, 8 = km +7/2, k € Z, then it follows from (2)-(3) that
yi(a) =0 = y;(b), i=1,2. (13)

Applying (12)-(13) we conclude that
b
(M — /\2)/ y1ysw(z)dx = 0. (14)
Similarly, let o, 8 # km + w/2, k € Z, then we have

yi(a) = tana y;(a), yi(b) = tan 8 y;(b), i=1,2. (15)

Substituting (15) into (12), we arrive at (14). Also, in the case when o = kw4 m/2
and 8 # km + m/2, (14) is valid. Hence, in general, (14) together with \; # Ay
yields

b
/ yyew(z)dr = 0,

and our proof is complete. O
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Example 2.5. Consider the equation (1) with k(z) = w(z) =1, g(x) =0, a =0,
a,B=km+7n/2, k € Z. In this case, applying the method which used for finding
the eigenvalues in Example 2.1, we obtain the eigenvalues and the corresponding
eigenfunctions as follows

n27r2 nmx

2 Yn(z) = sin(——), n=123,..

b
Therefore, we deduce that

An =

mmnx nmwxr

)sin(——)dxz = 0, m # n.

b
< Ym,Yn >w:/ Sin(
a

Hence, according to (5), we may construct a formal series solution for v(x,t) by
superposition

Z b sin %) (16)

For finding the Fourier coefficients k,,, substituting ¢t = 0 and multiply both sides
of (16) by sin(™*), and integrate from 0 to b give us

b b o0
/ v(z,0) sin(m;m)d:c :/ an Sin(?)sm(n%bm)dx'
0 0

n=1

Assuming uniform convergence and by orthogonality we obtain (with m = n)

b
/v(z,())sin( dxf/ Zk sin? mr:r )dx,
0

therefore, we get

Hence, for M = %fob lv(z,0)|dz,
lkn| < M, n=123,...

Moreover,

nmwx )2t

|knewtsin(¥)| < Me=(F2% 0
as t — oo. This together with (16) yields
v(z,t) =0 ast— oo,

by uniform convergence.
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Example 2.6. Let k(z) = w(z) =z, g(z) = %2, m>0,a=0,0,0=kr+mx/2,
k € Z. Then,

2

)\n = Jg;’n, yn(l.) = Jm(]m’nm)7 n= ]" 2’37 AR

where j,  is the nth positive zero of the Bessel function J,,. Moreover,

b . .
< Ym>Yn Zw= / Jm(]n;,n x)J7rL(j77bL7s Q?)d.]? - Oa n 3& S.
0

By (5) and the method applied in Example 2.5, we can write

v(x,t) = Z rne_’\"'tJm(]";)’n x)dx,
n=1

where the coefficients 7,, are obtain as follows

b ‘7YL n
- Jo v(x,O)Jm(J " x)dac.

SO T (I ) Y2 de

Theorem 2.7. The eigenvalues of the boundary value problem L, defined by
(1)-(3), are real.

Proof. Tt follows from the relation (14) that for each eigenvalues A1, Ay of L,

b
(N — )\72)/ y1jzw(x)dr = 0. (17)

Now, we choose y; = y;1. This together with (17) yields

b
(M — )\T)/ |y1\2w(x)dx =0.

Since |y1|?w(z) > 0, we obtain A\; = ;. Consequently, the eigenvalue )\; is real.
Since A\; was an arbitrary eigenvalue of L, the proof is complete. O

3. The Eigenfunction Expansion

In this section, necessary and sufficient conditions for the negative and positive
eigenvalues of the boundary value problem L are obtained. Also, we discuss com-
pleteness of the eigenfunctions of L, and prove that each function can be expanded
in terms of the eigenfunctions of L, under a sufficient condition.
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Lemma 3.1. Suppose that A is an eigenvalue of L with corresponding eigenfunc-
tion y. Then,

L@ W) + @)y — (k@)yy)l;
ff y2(z)w(z)dx

Proof. First, multiply (1) by y and integrate the result with respect to x on the
interval [a, b], we obtain

A

(18)

/ab(k(x)y/)/y - /abg(x)gf)dx = —)\/ab 2w (z)dz. (19)

Now, after an integration by parts from (19), we arrive at (18). O

According to Lemma 3.1, we have the following corollary.

Corollary 3.2. Leta,f =kn+n/2, k€ Z. Iftana >0, tan 5 <0, and g(z) > 0
for every x € [a,b], then the eigenvalue \ of L is always positive.

Remark 1. We note that all eigenvalues of L are simple, because otherwise, let y;
and y2 be the linearly independent eigenfunctions correspond to the eigenvalue A.
Thus, y; and ys satisfy the boundary conditions (2)-(3). Moreover, we can write
every solution y(z, A) of (1) corresponding to A in the form

y(z, N) = cryi(z) + coya (),

where ¢y, ¢y are arbitrary constants, and y(z, A) must be satisfied in the boundary
conditions (2)-(3). On the other hand, we know that the problem consisting of (1)
together with arbitrary initial conditions that be incompatible with (2)-(3), has a
unique solution. Hence, these give us a contradiction.

The following assertion can be proved like Theorem 4.8, p. 157 of [12].

Lemma 3.3. If H(x,t) is a continuous, real-valued and symmetric function, f :
[a,b] — R is a continuous function defined by

b
f(z) = / H(z,t)r(t)dt, x € [a,b]

for some continuous r : [a,b] — R, then f may be expanded in the uniformly
convergent series f =Y "7 | a,yy on [a,b], where {y,} is the sequence of the the
eigenfunctions of L, and

_Jy f@)yn(@)da
JJvi(@yda

The Lemma 3.3 plays an important role for proving the following theorem
which is the main result of this section.

n>1.

n
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Theorem 3.4. If h : [a,b] — R is an arbitrary twice continuously differentiable
function satisfy (2)-(3), then h can be expanded in the uniformly convergent series
h =31 Bnyn on [a,b], where

_ f: h(x)yn(ﬁﬂ)w(x)dx
f; Y2 (z)w(z)dx

Proof. First, since h is twice continuously differentiable, there exists a continuous
function p : [a,b] — R such that

t(h(x)) = —p(x)/ k(z),

n > 1. (20)

where

Ch = %(k’(m)%) —g(x)h.

Second, h satisfies (2)-(3), thus by the method of variation of parameters, h(x)
can be written as

b
h(z) = —/ G(z, t)p(t)\/w(t)dt, x € [a, b,

where
__u(@u(t) <o <t<bh
TOWn@: CSTSES0,
G(z,t) = e
u(t)v(x
m, a<t<z<b,

where v and v are two arbitrary linearly independent solutions of (1), and W (u, v)(z)
is the Wronskian of v and v. Therefore,

b
h(z)vw(z) = —/ G(z,t)p(t)/w(z)w(t)dt, x € [a,b]. (21)

Since,

d
Iz k@W(uwv)(@)} = u(@)(k(z)v'(2)) = o(@) (k@) (z))
= 0,
thus, k()W (u,v)(z) is constant. Hence, G(z,t)y/w(z)w(t) is continuous and
symmetric. Therefore, by the relation (21) and Lemma 3.3 we derive the following
uniformly convergent expansion

n=1

where (3, is of the form (20). This completes the proof of Theorem 3.4. O

Acknowledgment. This research is partially supported by the University of
Kashan under grant number 464151 /2.



Eigenfunction Expansions for Second-Order Boundary Value Problems 333

References

1

2]

3]

[4]

5]

16]

7]

18]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

R. Kh. Amirov, V. A. Yurko, On differential operators with singularity and
discontinuity conditions inside an interval, Ukrainian Math. J. 53 (2001)
1751-1770.

K. Aydemir, Boundary value problems with eigenvalue-dependent boundary
and transmission conditions, Bound. Value Probl. 2014, 2014:131.

K. Aydemir, O. Sh. Mukhtarov, Spectrum of one Sturm-Liouville type prob-
lem on two disjoint intervals, Gen. Math. Notes 21 (2014) 43-51.

K. Aydemir, O. Sh. Mukhtarov, Second-order differential operators with in-
terior singularity, Adv. Difference Equ. 2015, 2015:26, 10 pp.

M. Braun, Differential Equations and their Applications: An Introduction to
Applied Mathematics, 3" ed., Springer-Verlag, New York, 1983.

H. Coskun, Asymptotic approximations of eigenvalues and eigenfunctions for
regular Sturm-Liouville problems, Rocky Mountain J. Math. 36 (2006) 867—
883.

G. Freiling, V. Yurko, On the determination of differential equations with
singularities and turning points, Results Math. 41 (2002) 275-290.

G. Freiling, V. Yurko, On the solvability of an inverse problem in the central-
symmetric case, Appl. Anal. 90 (2011) 1819-1828.

G. Sh. Guseinov, Eigenfunction expansions for a Sturm-Liouville problem on
time scales, Int. J. Difference Equ. 2 (2007) 93 — 104.

A. P. Khromov, Expansion in eigenfunctions of ordinary linear differential
operators with irregular decomposing boundary conditions, Mat. Sb. (N.S.)
70 (1966) 310 — 329.

Q. Kong, A. Zettl, Eigenvalues of regular Sturm-Liouville problems, J. Dif-
ferential Equations 131 (1996) 1 — 19.

R. K. Miller, A. N. Michel, Ordinary Differential Equations, Academic Press,
INC., New York, 1982.

S. Mosazadeh, The stability of the solution of an inverse spectral problem
with a singularity, Bull. Iranian Math. Soc. 41 (2015) 1061 — 1070.

O. Sh. Mukhtarov, H. Olgar, K. Aydemir, Resolvent operator and spectrum
of new type boundary value problems, Filomat 29 (2015) 1671 — 1680.

A. Neamaty, S. Mosazadeh, On the canonical solution of the Sturm-Liouville
problem with singularity and turning point of even order, Canad. Math. Bull.
54 (2011) 506 — 518.



334 S. Mosazadeh
e

[16] E. Sen, Asymptotic properties of eigenvalues and eigenfunctions of a Sturm-
Liouville problems with discontinuous weight function, Miskolc Math. Notes
15 (2014) 197 — 2009.

[17] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer-Verlag,
INC., New York, 1983.

[18] V. A. Yurko, The inverse spectral problem for differential operators with
nonseparated boundary conditions, J. Math. Anal. Appl. 250 (2000) 266—289.

[19] V. A. Yurko, An inverse spectral problem for non-selfadjoint Sturm-Liouville

operators with nonseparated boundary conditions, Tamkang J. Math. 43
(2012) 289 — 299.

Seyfollah Mosazadeh

Department of Pure Mathematics,
Faculty of Mathematical Sciences,
University of Kashan,

Kashan, I. R. Iran

E-mail: s.mosazadeh@kashanu.ac.ir



