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On Relation between the Kirchhoff Index and
Laplacian-Energy-Like Invariant of Graphs
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Abstract

Let G be a simple connected graph with n > 2 vertices and m edges,
and let u1 > p2 > -+ > pn—1 > pun = 0 be its Laplacian eigenvalues. The
Kirchhoff index and Laplacian—energy-like invariant (LEL) of graph G are
defined as Kf(G) =nY 1 i and LEL(G) = """ \/lti, respectively. In
this paper we consider relationship between K f(G) and LEL(G).

Keywords: Kirchhoff index, Laplacian-energy-like invariant, Laplacian eigen-
values of graph.
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1. Introduction

Let G = (V,E),V ={1,2,...,n}, be a simple connected graph with n > 2 vertices
and m edges, with vertex degrees A =dy; > dy > -+ > d,, = § > 0. Further, let A
be the adjacency matrix of G. Eigenvalues of matrix A, Ay > Ao > --- > )\, are
ordinary eigenvalues of graph G. Some of their well known properties are (see for

example [5])
D=0 and Y AN =) di=2m.
i=1 i=1

=1

Let D be the diagonal matrix of order n, whose diagonal elements are dy, da,
...,dy. Then L =D — A is the Laplacian matrix of graph G. Eigenvalues of the
matrix L, pqy > po > -+ > pn—1 > py, = 0 form the so-called Laplacian spectrum
of graph G. The Laplacian matrix of a graph and its eigenvalues can be used
in several areas of mathematical research and have a physical interpretation in
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various physical and chemical theories. Laplacian eigenvalues satisfy the following
identities:

n—1 n n—1 n n
Z,ui:Zdi:%n and Zu?:2d5+2di:M1+2m,
i=1 i=1 i=1 i=1 i=1

where My = M;(G) is the first Zagreb index, introduced in [20] by Gutman and
Trinajstié. More about this topological index, as well as the second Zagreb index,
one can found in [3,4,14,34].

A concept related to the spectrum of a graph is that of energy. As its name
suggests, it is inspired by energy in chemistry. In 1978, Gutman [11] defined energy
mathematically as the sum of absolute values of the eigenvalues of the adjacency
matrix of graph:

E=E@G) = Z|)\i|.

In the past decade, interest in graph energy has increased and similar definitions
have been formulated for other matrices associated with a graph, such as the
Laplacian, normalized Laplacian, distance matrices, and even for a general matrix
not associated with a graph [41].

In 2006, Gutman and Zhou [21] defined the Laplacian energy of a graph as the
sum of the absolute deviations (i.e. distance from the mean) of the eigenvalues of
its Laplacian matrix:

LE = LE(G) = zn:

=1

2m

i — ——
n

Liu and Liu [26] introduced the Laplacian—energy-like invariant, shortly LEL,
defined as

n—1
LEL = LEL(G) = > \/lii.
=1

For more information on these, as well as other graph and matrix energies,
the interested reader can refer to [11-13,16,17,19,21,23,24,26,31,32,39] and the
references cited therein.

The Wiener index, W(G), originally termed as a "path number", is a topolog-
ical graph index defined for a graph on n nodes by

W(G)=>d,

i<j

where d;; is the number of edges in the shortest path between vertices 7 and j
in graph G. The first investigations into the Wiener index were made by Harold
Wiener in 1947 [40] who realized that there are correlations between the boiling
points of paraffin and the structure of the molecules.
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In analogy to the Wiener index, Klein and Randi¢ [22] defined the Kirchhoff
index, K f(G), as
Kf(G) = Z Tigy

1<J

where r;; is the resistance distance between the vertices ¢ and j of a simple con-
nected graph G, i.e. r;; is equal to the resistance between two equivalent points on
an associated electrical network, obtained by replacing each edge of G by a unit
(1 ohm) resistor.

As Gutman and Mohar [18] (see also [44]) proved, the Kirchhoff index can also
be represented as

n—1
Kf(G) =nY Mi
i=1 "

More on the Kirchhoff index, as well as its applications in various areas, such
as in spectral graph theory, molecular chemistry, computer science, etc. can be
found, for example, in [9,15, 25, 28-30, 35,42].

In this paper we prove some inequalities that establish relationship between
graph invariants K f(G) and LEL(G). This problem was considered in many
papers (see for example [1,7,8,36,37]). This work was motivated by the results
obtained in [§].

2. Preliminaries

In this section we recall some analytic inequalities for real number sequences that
will be needed in the subsequent considerations.

Let p = (p;) and a = (a;), i = 1,2,...,n — 1, be two sequences of positive real
numbers with the properties p;1 +po +---+pp_1=1land 0 <r < a; < R < 4o0.
Rennie [38] proved the following inequality

n—1 n—1 i
i =< . 1
D_pai+TRY L<r+R (1)
i=1 =1
Let a = (a;), i = 1,2,...,n — 1, be positive real numbers sequence with the

property 0 < r < a; < R < 4o00. In [27] Lupas proved the inequality

— 1 a(n—1)(R—r)?
Zai_ ag(n1)2(1+ = ) (2)

r

where
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Zhou, Gutman, and Aleksi¢ [43] proved the following inequality for positive
real numbers sequence a = (a;), i =1,2,...,n — 1,

(n—1) niliai_ (f[%)

1
n—1

S (Zw)

1
n—1

<(n=1)(n-2) niliai— (fb)

Let p=(p;), 1 =1,2,...,n—1, be positive real numbers sequence, and a = (a;)
and b= (b;), 1 =1,2,...,n— 1, sequences of non-negative real numbers of similar
monotonicity. Then [33]

n—1 n-1 n—1 n—1
Zpi Zpiaibi > Zpiai Zpibi~ (4)
i=1 =1 i=1 i=1

If sequences a = (a;) and b = (b;) are of opposite monotonicity, then the sense of
(4) reverses.

Let a = (a;) and b = (b;), ¢ = 1,2,...,n — 1, be two positive real numbers
sequences with the properties

0<rm<ag<R<+4+oco and 0<7ry<b; <Ry <+c0.

In [2] (see also [33]) the following inequality was proven:

n—1 n—1 n—1
(nfl)ZaibifZaizbi
=1 =1 =1

< (n—1)%a(n—1)(Ry —r1)(Ry —2), (5)

where
1 -1 1 -1 1 )" +1
a(n—1) = n 1-— n = - l—u .
n—1 2 n—1 2 4 2(n —1)2
Let a1 > a3 > -+ > ap—1 > 0 are positive real numbers. The following was

proven in [6]:
Zai—(n—l) <Hai> Z(M—M)2~ (6)

3. Main Results

In the following lemma we establish upper bound for K f(G) in terms of LEL(G),
M, (G), graph parameters n, m, and Laplacian eigenvalues p1 and p,—1.
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Lemma 3.1. Let G be a simple connected graph with n > 3 vertices and m edges.
Then

n (w3 + i) LEL(G) = My(G) — 2m)

Kf(G) < 7
@ (p1pin—1)3/2 @)
Equality holds if and only if 1 = o = -+ = pp—1, or for any s, 1 < s <n —2,
holds 1 = po = +++ = fs > flst1 =+ = ln—1.
Proof. Setting p; = njl/m , @ = ,u?/Q, 1=1,2,....n—1, R= ul/Q, r= ui/fl, in
Z VR
(1), we get
n—1 n—1 1
S S L
i= 3/2 i=1"" 3/2 3/2
= b (pn)Y S <l
> Vi > Vi
i=1 i=1
i.e. .
Mi(G) + 2m 3/2 “Kf(G) 3/2 3/2
7 _ L=<
LEL(G) T Wkt Gy S I s
where from inequality (7) follows.

Equality in (1) holds if and only if a1 = a3 = -+ = a,, or for any s, 1 <
s<n-—2 holds a; =+ =as > as11 = -+ = ap—1. Therefore equality in (7)
holds if and only if 1 = pe = --+ = pp—1, or for any s, 1 < s < n — 2, holds
P == fhs > bst] = = bp—1- O

In the following theorem we determine an upper bound for K f(G) in terms of
LEL(G), My(G), n, m, and lower bound, k, of algebraic connectivity of G, pi,,—1.

Theorem 3.2. Let G be a simple connected graph with n > 3 vertices and m
edges. Then, for any real k with the property pi,—1 >k > 0, holds

(n®? + k3/2) LEL(G) — M1 (G) — 2m
nl/2k3/2 : (8)

Kf(G) <
Equality holds if and only if k = n, and G = K,,, or for any s, 1 < s < n — 2,

holdsn =1 =+ =g > fs41 =+ = fn—1 = k.

Proof. Consider the function

3/2
132 LEL(G) — My(G) — 2m
f(z) = ! T , x>0.
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Since
n—1

n—1
3/2 3/2
M(G)+2m =" 2 > pd% > i = 12| LEL(G),
=1

i=1
it follows that f(x) is an increasing function for x > 0. Thus, for z = u; < n holds
f(p1) < f(n). From (7) we get

n3/2 4 uf/_?l) LEL(G) — M;(G) — zm)

3/2
ng/QMn/—l

k<"

9)

Now, consider the function

- n32LEL(G) — M,(G) — 2m

g(‘%‘ - 1'3/2
Since
n—1 ) n—1
Mi(G)+2m =Y p2 <4y i < n*?LEL(G),
=1 i=1

the function g(z) is decreasing for x > 0. Then, for z = p,—1 > k > 0 holds
9(tin—1) < g(k). From (9) follows

n((n3/2 + k3/2) LEL(G) — M,(G) — 2m

where from we arrive at (8). O

Remark 1. Equality in (8), depending on the parameter k, is attained for a various
classes of graphs. Thus, for example, equality holds for k =1 and G = K 5,1, or
k=%and G= Kz z,ork=n—-2and G=K, —e.

Corollary 3.3. Let G be a simple connected graph with n > 3 vertices. Then for
any real k, pn—1 >k >0, we have

. nLEL(Q)
Kf(G) < B2

Equality holds if and only if G =2 K,.

Corollary 3.4. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any real k, pi,—1 >k > 0, holds

4 3/4\ 2
4(M1(G)+2m)Kf(G)<n(LEL(G))2((Z)S/ +<k> ) (10)

n

with equality if and only if G =2 K.
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Proof. Inequality (10) is obtained from
n3 232K F(GQ) + n(My(G) + 2m) < n <n3/2 n k3/2) LEL(G),

and the AG (arithmetic-geometric mean) inequality applied on the right side of
the above inequality (see, for example, [33]). O

Corollary 3.5. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any real k, p,—1 >k >0,

2
n2(LEL(G))? [ /n\3/4 AN
KfiG) < ———=22_ | (= bl
H@) < 8m(2m + n) (k) + (n) ’
with equality if and only if G =2 K.
Proof. This inequality follows from the inequality (10) and inequality M; > %

proved in [10].
O

Theorem 3.6. Let G be a simple connected graph with n > 3 vertices. Then, for
any real k with the property p,—1 >k > 0, holds

(Kf(G) +nln—1)(n— 2)(nt)—ﬁ) (LEL(G))?

< n(n— 1) <1+a(n_1) <<Z)1/2+<:)1/2_2>>2’ (11)

where t = t(G) = 1 ;L:_ll 1; is the number of spanning trees in G. FEquality holds

T n

ifk=nand G =2 K,

Proof. For a; = \/p;,i=1,2,...,n—1,r = /in—_1, R = \/pi1, the inequality (2)
becomes

<T§\//“TZ> (g\;m) <(n-1)? <1+a(n_1)<</ﬂl:il_i‘/ﬂzzl>2)’
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The function f(x) = x+% is increasing for x > 1. Since p,—1 > k and p; < n,

it holds « = | /21— < /7. Therefore from (12) we get
n—1 2 n—1 2 2
Y i) (=) se-nt{1+a@-1 f+f—2 (13)
i=1 L o VB )T k "
For a; = i, i=1,2,...,n — 1, inequality on the right side of (3) becomes

2 1
n—1 1 n—1 1 n—1 1 n—1
(Z\/m) zzﬂﬂn—l)(n—?)(f[ﬂi) ,

i=1

N

i.e.

(Z - ) 2%Kf(a)ﬂn—n(n—z)(m)*ﬁ. (14)

Now inequality (11) is a direct consequence of inequalities (13) and (14).
O

Corollary 3.7. Let G be a simple connected graph with n > 3 vertices. Then, for
any real k, pn—1 >k >0,

(Kf(G) +n(n—1)(n— 2)(nt)*ﬁ) (LEL(G))?
< () (5) )

Equality holds if k =n and G =2 K, .

Proof. This inequality can be obtained according to (11) and inequality

a(n—1) <

| =

In the following theorem we prove inequality reverse to (10).

Theorem 3.8. Let G be a simple connected graph with n > 2 wvertices and m

edges. Then
(M1(G) +2m)K f(G) > n(LEL(G))?, (15)

with equality if and only if G =2 K.
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Proof. Setting p; = i, a; =b; = ,u?/2, i=1,2,...,n—1, in (4) we get

i=1

3
iML
E|-
N——
< 3
M1
=
S
N—————
vV

where from directly follows (15).

Equality in (4) holds if and only if a1 = a3 = -+ = a,—1 and/or by = by =
-+ = by_1, therefore equality in (15) holds if and only if py = po = -+ = pp—1,
ie. GEK,.

O

Corollary 3.9. Let G be a simple connected graph with n > 2 vertices. Then

LEL(G)
Kf(G) > o

Equality holds if and only if G = K.

By a similar procedure as in case of Theorem 3.8, the following result can be
proved.

Theorem 3.10. Let G be a simple connected graph with n > 3 wvertices and m
edges. Then

(K f(G) — 1) (M +2m — (1 + A)%) > n (LEL(G) — vn)®,
with equality if and only if G = K, or G = Ky 5_1.
In the next theorem we establish lower and upper bounds for LEL.

Theorem 3.11. Let G be a simple connected graph with n > 3 vertices and m
edges, and k be an arbitrary real number so that p,—1 > k > 0. Then

1/4\ 2
((1+A)1/4_<n?m1> 4) < LEL — (n—1)(nt)®=-D

- (16)

<(n—1)>%a(n—1) (n1/4 B k1/4)

where t = t(G) = % ?;11 1; s the number of spanning trees in G.

Equality on the left side of (16) holds if k = n and G = K,,, and on the right
side when G =2 K,,.
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Proof. For a; = b; fu1/4 izl,?,...,n—l,R1:R2:,u1/4andr1:r2 ,u711/41,

the inequality (16) transforms into

n—1 n—1 2
(n=1) Y Vi - (Z \//7> < (- 12— 1) (/- ulf4)

i.e.
n—1

2
(n—1)LEL — (Z \//7> <121 (W - u4) . )
For a; = ,u}/ % from the left side of (3) we get
n—1 2 n—1 T n—1
<Zu3/‘*) <(mn-2)> Vii+(n-1) (H M’) :
i=1 i=1
ie.
n—1 2
(Z ui“) < (n~DLEL ~ (n —1)(nt) 707 (1)
Now, from (17) and (18) we obtain
LEL = (n— 1)(n)™7 < (n =10 —1) (/* = ul/)”

From the above inequality and p; < n, p,—1 > k > 0, the right side of (16) is
obtained.
For a; = \/i;, i =1,2,...,n — 1, the inequality (6) becomes

1
n—1 n n—1
1/4 1/4
> Vi - (n—1) (H \/Mi) > (ul/ — 1) :
=1 =1
i.e.
- 1/4 1/4
LEL — (n—1)(nt)7 0 > (/" = )/ 1)

From the above, and inequalities p; > 14+ A and p,—1 < 2’” , the left side of (16)

is obtained.
O
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