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Eigenvalues and Energy of the Cayley Graph of

some Groups with respect to a Normal Subset

Maryam Jalali—Rad *

Abstract

Set X = {]\/fu7 M12, Mzz, ]\/[237 M24, Zn7 T4n7 SDsn, Sz(q), G2(q)7 ‘/8”},
Where M11, Mlz, MQQ, ]\4237 M24 are Mathieu groups and Zn, T4n,, SDgn,,
Sz(q), G2(q) and Vs, denote the cyclic, dicyclic, semi-dihedral, Suzuki, Ree
and a group of order 8n presented by

Van = <CL,b | G,Qn = b4 =e, aba = b_l7 ab_la — b>7

respectively. In this paper, we compute all eigenvalues of Cay(G,T), where
G € X and T is minimal, second minimal, maximal or second maximal
normal subset of G \ {e} with respect to its size. In the case that S is a
minimal normal subset of G \ {e}, the summation of the absolute value of
eigenvalues, energy of the Cayley graph, is evaluated.
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1. Introduction

Suppose I' = (V, E) is a simple graph, where V = V(I') is the set of vertices and
E = E(T) is the set of edges of I'. If G is a finite group, S is a subset of G such
that S = S7! and S C G\ {e} then the Cayley graph I' = Cay(G, S) is defined
by V(I') = G and ET') = {{g,s9} | g € G,s € S} [4]. It is clear that a Cayley
graph I' = Cay(G, S) is connected if and only if G = (S).

A subset S of a finite group G is called normal, if g71Sg = S, for all g € G.
It is called symmetric, if S~' = S. A normal, symmetric and generating subset of
G with this property that e ¢ S is said to be an NS of G. A minimal or second
minimal NS is denoted by M NS or SM NS, respectively.
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The semi-dihedral group SDsg,,, dicyclic group Ty, and the group Vg, have the
following presentations, respectively:

SDg, = {a,b|a’™ =0b*=e, bab=a*"""),
Ty = {a,b|a® =1,a" =b%,b"rab=a""1),
Van = {a,b|a®" =b*=¢e, aba=0"", ab"ta=10).

It is easy to see the dicyclic group Ty, has order 4n and the cyclic subgroup (a) of
Tyn, has index 2 [13]. The groups SDs,, and Vg, have order 8n and their character
tables computed in [11, 6], respectively.

Set X = {Myy, M2, Mao, Ma3, Moy, Zy, Tan,, SDgyn, Sz(q), G2(q), Van}, where
My1, Mia, Mss, Mas, Moy are denoted Mathieu groups, Sz(g) is Suzuki group
of order (¢ — 1)(¢> + 1) and G2(q) is Ree group. The energy E(G) of a graph G
is defined as the sum of the absolute values of the eigenvalues of the adjacency
matrix [10]. The aim of this paper is to compute the eigenvalues of Cay(G,S),
where S is an M NS or SM NS and G is isomorphic to a group in X. In the case
that S is a minimal normal subset of G\ {e}, the summation of the absolute value
of eigenvalues, energy of the Cayley graph, is evaluated.

A subset A C G is called rational if, for every character x € Irr(G), x(4) =
> wca X(x) is an integer. Alpering in some recent papers [1, 2|, proved some very
nice results on integrality of Cayley graphs. Among these results, two are very
important as follows:

e if the Cayley graph of G on a set S is an integral Cayley graph then S is a
rational set.

e for abelian groups a set S is rational if and only if the Cayley graph on S is
an integral Cayley graph.

In this paper we study the integral Cayley graphs on simple group. Our calcu-
lations are made by computer algebra system GAP [17]. Our notation is standard
and can be taken from [5, 12, 13].

2. Main Results

If T is a graph then Spec(T') denotes the multi—set of all I'—eigenvalues. Two
graphs I'y and I'; are said to be co—spectral, if they have the same spectrum.
Diaconis and Shahshahani [7], was the first mathematician considered the problem
of computing eigenvalues of Cayley graphs into account. They used the character
table of the group under consideration to calculate the eigenvalues of Cay(G, S),
where G is a finite group and S is an NS of G. We refer to [14, 19| for more
information on this topic. The aim of this section is to compute all eigenvalues
of the Cayley graph of groups in the set X with respect to a minimal, second
minimal, maximal or second maximal normal subset of G.
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To compute the eigenvalues of a Cayley graph Cay(G,S) with respect to a
normal subset S of group G \ {e}, we apply a result of Zieschang [19, Theorem 1].
For the sake of completeness, we mention here this result.

Proposition 2.1. Let Cay(G,T) denote the Cayley graph of a finite group G
with respect to a normal subset T of G\ {e}. Let further {x1,...,Xxs} be the set
of all irreducible complex characters of G and define \; = ﬁ > er Xj(t), where
1<j<s. Then {A1,..., A} is the set of all values of the spectrum of Cay(G,T).
Moreover, if m; is the multiplicity of A;, then

S

mj= Y (x(e)*

k=1
A=A

Suppose Irr(G) denotes the set of all irreducible characters of G and Cl(G)
is the set of conjugacy classes of G. We also assume that A(G) is the set of all
normal subsets S of G \ {e}. Define S = G\ (SU{e}). One can see that, S
is a minimal element of A(G) if and only if S’ is a second maximal element of
A(G). Notice that the first maximal is G \ {e} and the Cayley graph Cay(G, G\
{e}) is (|G| — 1)—regular. This implies that Cay(G,G \ {e}) is complete and
Spec(Cay(G,G\ {e})) = {-1(|G] — 1 times), |G| — 1}.

Proposition 2.2. Suppose G is a finite group with evactly n conjugacy classes
and S, S’ are normal subsets of G\ {e} such that S’ = G\ SU{e}. Moreover, we
assume that I' = Cay(G, S), I = Cay(G,S"). Set Spec(T') = {A\1,..., A} and
Spec(T”) ={B1,...,Bn}. Then B; ==X\, —1,1<i<n.

Proof. 1t is clear that S’ is a symmetric and generating subset of G. So, by
Proposition 2.1,

1 /
A = xi(e) SZ;/ xils)

1 N _

= 50 (;E:G xi(s) SESEU:{Q}XZ(S))
1 N b

- X'L(e) S;G Xl(s ) Xz(e) ;X’L(S) Xi(e) Xz(e)

= _)\i - 17

proving the result. O

Proposition 2.3. Suppose G ={g1,92,...,9n} and F is a subset of {1,2,...,n}
such that for all j € F, the order of g; is a power of a prime p;. Define S =
Ujer ng and T' = Cay(G, S). We also assume that for each x € Irr(G), x(g;) is

an integer. Then Spec(l') = {A1,..., An}, where \j = . 95| (1 + :Jfg)), for

some integer k;.
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Proof. Suppose x,, 1 <1 < |Irr(G)|, is an arbitrary irreducible character of G.
Then by [13, Corollary 22.27], x;(g;) = xi(e) (mod p;). Thus, xi(g;)—xi(e) = pjk;,
for some integer k;. This implies that X’(( )) 1+ 28 ang S0,

xi(e)
N DT NS (e k) - S0 25

SGS JEF seg JEF sEg
O

Corollary 2.4. Suppose G is a finite group, S is a normal subset of G such that
all elements of S are involutions and I' = Cay(G, S). If F is a representative set
for G—conjugacy classes of S then the following statements hold:

1. if G is abelian then all I'—eigenviues are odd or all of them are even,

2. if G is a simple group then Ay = p- lg%|(1 + X(e))

Proof. To prove (1), it is enough to apply Proposition 2.3 and the fact that the
irreducible characters of G are linear. We now assume that G is simple, ¢ is an
involution in G and x € Irr(G). Then x(g) = x(e) (mod 4) or G has a normal
subgroup of index 2. Since G is simple, there exists k; such that % =1+ ;éclg).

By Proposition 2.1, A\ = > i‘(gg =D ver dogesc(1+ x(e)) > ger 199101+

4k
X(é]) )- O

Suppose G is a group, A is the set of all character values of G, Q(A) denotes
the extension of @ by A and A is the Galois group of this extension. It is well-
known that there exists € such that Q(A) C Q(e), where € is a primitive n — th
root of unity. Thus, if a € A then there exists a unique positive integer r such
that (r,n) = 1 and «a(e) = &". So, it is well define to use the notation a = o,.
The group A acts on the set of irreducible characters and conjugacy classes of G

by x®(g) = a(x(g)) and (z%)" = (z")%, respectively.

Proposition 2.5. Suppose G is a finite group and S, T are two A—conjugate con-
Jugacy classes of G. Then T'y = Cay(G, S) and Ty = Cay(G,T) are co—spectral.

Proof. Let G be a finite group, x be an irreducible character of G and S,T are
two A—conjugate conjugacy classes of G. If {x1,...,x.} is the orbit of x under
action of the Galois group, then {x1(5),....,x+(S)} = {x1(T),...,x+(T)}. Sup-
pose Spec(T'1) = {\1,..., A} and Spec(T2) = {p1,. .., pr b I x:(S) = xi(T),
Xi € Irr(G), then \; = X%(e)|T|X7(T) = X%(e)\S|X1(S) = p;. In other case, if
{Xny,---,Xn,} is the orbit of x; under the action of Galois group then the values of
Xn1 (S), -+, Xn,.(S) can be permuted to find xp, (T),. .., Xn,(T). This shows that
there exists positive integer k such that x;(e) = xx(e). Thus, A; = - (e |T|X1( )
= X%(e)w‘Xk(S) = p. Therefore, T'y = Cay(G,S) and Ty = Cay(G,T) are
co—spectral. O
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The converse of Proposition 2.5 is not generally correct. To do this, we consider
the following example:

Example 2.6. Consider the alternating group Ag which has exactly two conjugacy
classes S and T of elements of order 3. It is easy to see that these classes are not
Galois conjugate, but the Cayley graphs I'y = Cay(G, S) and I's = Cay(G,T) are
co—spectral. In fact,

8 =5 0 4 16 40
Spec(rl)_( 25 128 81 100 25 1 )‘Spec(r?)'

Example 2.7. Consider the cyclic group G = (a) of order n and S = {a,a™'}.
Then S is an M NS with the following spectrum:

Spec(Cay(G, S)) = {w’ +w ™ | 0<j<n—1},

where w = e*". The energy of this Cayley graph approximately is %, see [9].
By a similar argument, one can prove T' = S U {a?,a=2} is an SMNS for G, all
eigenvalues of Cay(G,T) are 4005(3%)008(%)), 0<j<mn-1.

By method of subgroups of index 2 [13, p. 420], the group Ty, has exactly
n+3 conjugacy classes {e}, {a"}, {a",a "} (1 <r<n-1),{a¥b|0<j<n-1}
and {a®*1b | 0 < j < n—1}. It is easy to see that Ty, has exactly four linear
characters and n — 1 non-linear irreducible characters recorded in Table 1.

Example 2.8. An MNS of Ty, can be computed as S = (ab)™" U bT*» and
S = aTsn U bTan | when n is odd and even, respectively. The simple eigenvalues of
Cayley graph Cay(Ty,, S) are {n+2,—n—2,n—2, —n+2} and {2n, —2n}, for even
and odd n, respectively. Moreover, if n is even then this graph has eigenvalues
2005(%) with multiplicity four, where 1 < j <n—1. If nis odd, 0 is an eigenvalue
of Cay(Tyn, S) with multiplicity 4n — 2. To see this, it is easy to see that S is an
MNSG of Ty,,. By Proposition 2.1, if n is even then \,, = X%(e)(Qxi(a) +nxi(b)).
If nis odd, then A\, = xqi(e) (x:(b)+xi(ab)). So, by Table 1, one can easily compute
the eigenvalues of Cay(Ty,,S). If n is odd then E(Cay(Tyn,S)) = 4n and if n is
even then the energy of this Cayley graph is computed as follows:

n—1 .
TJ
= 4
E(Cay(Tyn,S)) n+ 8]2:1 |Cos( " )|

8 T 16
4n+—n/ |Cos(m)|dm—8:4n+—n—8.
™ 0 ™

Q

Therefore we have

4dn if nis odd

4n+167"— if nis even.

E(Cay(Tin, S))) ~ {
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By a similar argument, one can see that T'= S U {a™} is an SM NS for Ty,. If n
is odd then the simple eigenvalues of Cay(Ty,,T) are 1 + 2n. Other eigenvalues
can be computed as —1 with multiplicity 2n and 1 with multiplicity 2n — 2. If n
is even then the simple eigenvalues of Cay(Ty,,T) are 3 £ n and —1 + n. Other
cigenvalues can be computed as 2Cos(Z)+(—1)7, 1 < j < n—1, with multiplicity
4.

Example 2.9. The character table of Vg, computed in [13, 421], when n is
odd. Darafsheh and Poursalavati [6] generalized this group in the case that n
is even and computed its character table. This group has exactly 2n + 3 conju-
gacy classes, if n is odd, and 2n 4+ 6 conjugacy classes, for even n. If n is odd
then the conjugacy classes are: {1}, {?}, {a* ™1, a 2 "10?}(0 < r < n — 1),
{a?s,a72s}, {a®b?,a2b?} (1 < s < 251), {adb* | j is even & k = 1,3},
{a?b¥ | j is odd & k = 1,3}. The conjugacy classes, for even n, are: {1},
{b2}7 {an}7 {anb2}7 {a2T+1,a_2T_1b2}(0 <r<n- 1)’ {a2s7a—2s}’ {a2sb2,a—2sb2}
(1<s<2-1), {a® D" |0<k<n—1} {a®bD"" 0< k< n—1},
{a®+1p(D" 0 < k < n—1}, {a® D" |0 < k < n—1}. An MNS of Vg, can
be computed at S = a"*»U(a=1)V3»Ub"s" and S = a"sn UbYE» U(a~1)Ven U(b~1)Ven,
when n is odd and even, respectively. The simple eigenvalues of Cayley graphs
Cay(Vsn, S) are {£(2n + 4), +(2n — 4)}. Moreover these graphs have eigenvalues
0, with multiplicities 4n and 4005(%), 1 < j <n-—1, with multiplicities four. By
our calculations, the energy of Vg, can be evaluated as follows:

n
2
)k

16 n=1
8n + 322 — 16  otherwise.

B(ConVan ) = { g
A second minimal is 7 = S U {b?}. The simple eigenvalues of Cay(Vs,,T) are
5+ 2n and —3 £ 2n. If n is even then other eigenvalues are —1 with multiplicity
4, 1 with multiplicity 4(n — 1) and 4003(%) +1,1 < j <n-—1, each of which
with multiplicity four. If n is odd then other eigenvalues are —1 with multiplicity
4n and 4005(%) +1,1<j<n—1, each of which with multiplicity four.

The group SDg,, is presented by SDg, = (a,b | a*™ = b> =1 & bab = a®"~1).
In the following result the energy of the Cayley graph of this group with respect
to its unique M NS is approximately computed.

Proposition 2.10. Suppose S is an MNS of SDsg,,. The energy of E(Cay(SDs,),S)
can be evaluated as follows:

32n
E(Cay(5Dsn), 5) ~ { 8n + ?’27" — 16 otherwise.
Proof. All 8n elements of S Dg,, may be given by {1,a,...,a*" "1, b,ba,...,ba*""1}.
Following Hormozi and Rodtes [11], we define C*¥*" = C; U C§¥"™ U C§" and
Codd = CLuCgMUCg where Cy = {0,2,4,...,2n}, C5%*" = {1,3,5,...,n—1},
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csver = {2n 4+ 1,2n 4+ 3,2n + 5,...,3n — 1}, €99 = {1,3,5,...,n}, C¢% =
(2n+1,2n+3,2n+5,...,3n}, Cl,.,, = C1 \ {0,2n} and C,, = C5ven U C5ven.
Moreover, we assume that C¢v¢" = Cv*"\ {0, 2n} and €244 = C°49\ {0, n, 2n, 3n}.
Then by [11, Proposition 2.2], the conjugacy classes of SDg,, n > 2, can be com-
puted as follows:

e If n is even, there are 2n + 3 conjugacy classes as follows:

— 2 classes of size one being [1] = {1} and [a*"] = {a?®"},

— 2n — 1 conjugacy classes of size two being [a"] = {a”,a(®**~ D"}, where
r e cgren
* ?

— 2 classes of size 2n being [b] = {ba®' | 0 < t < 2n — 1} and [ba] =
{ba?*1 | 0<t <2n—1}.

e If n is odd, then there are 2n + 6 conjugacy classes as follows:

— 4 classes of size one being 1] = {1}, [a®] = {a"}, [a®"] = {a®} and
] = {a),

— 2n — 2 classes of size two being [a"] = {a”, a(**~ D"}, where r € C%4,

— 4 classes of size n being [b] = {ba* | 0 <t < n—1}, [ba] = {ba*'T! |0 <
t <n-—1}, [ba?] = {ba**? | 0 <t <n— 1} and [ba®] = {ba*'*3 | 0 <
t<n-—1}

An M NS of SDg, can be computed as S = (a)°Ps» U (a=1)9Psn U bPsn. This

graph has simple eigenvalues (4 + 2n) and +(4 — 2n). If n is even then other

eigenvalues are 4Cos(4X), where h € CJ,,,,, each of which with multiplicity four

and 0 with multiplicity 4n. If n is odd, other eigenvalues are 4003(}2‘—2), where

h € Ci,.,, each of which with multiplicity four, +n and 0 with multiplicities two
2

and 4n — 8 respectively. By [19, Theorem 1], if n is even then \,, = e Xila) +
xi(a™!) +nyi(b). If n is odd, then Ay, = X%(e)(%(i(a) +2xi(a™t) + nxi(b)). By
these calculations and a similar argument as Example 2.8, the energy of S Dsg,, can

be computed as follows:

327” +4n n=13
8n + 327” — 16 otherwise.

E(Cay(SDsy),S) ~ {

which proves the result. O

Example 2.11. In this example, the eigenvalues of Cay(G,S) are computed,
where G is a Mathieu group and S is an M NS or SMNS for G. Since G is a
simple group, (A) = G, if A is a conjugacy class of G. So, if a real conjugacy
class S of G has the minimum size between all conjugacy classes of G then S is an
MNS for G. It is easy to see that for each Mathieu group, the conjugacy class 2A
is real and it has the minimum size between all real conjugacy classes of G. The
conjugacy class 2B in M5 and M4 is also real and has the second size between all
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real conjugacy classes of these groups and their union. The conjugacy class 34 in
M1, Mys and Msg is again real and has the second size between all real conjugacy
classes of these groups and their union. These conjugacy classes are SM NS of G
and all eigenvalues with respect to these classes are recorded in Tables 2—6.

For the sake of completeness, we present here some details on the Suzuki group.
Following Suzuki [16], a group G is called a ZT —group if G acts on a set {2 in
such a way that, (1) G is a doubly transitive group on 1 + N symbols, (2) the
identity is the only element which leaves three distinct symbols invariant, (3) G
contains no normal subgroup of order 1 + N, and (4) N is even. Suzuki [16]
proved that for each prime power g = 22°T! there is a unique ZT—group Sz(q)
of order ¢?(q — 1)(¢? + 1) which is called later the Suzuki group. This group is
simple, when ¢ > 2. Suppose that a is a symbol on which G acts and H = G,.
By [16], it follows from the conditions (1) and (2) that H is a Frobenius group
on 1\ {a}. Apply a well-known result of Frobenius to deduce that H contains a
regular normal subgroup @ of order N such that every non-identity element of @
leaves only the symbol a invariant. Suppose b € Q\ {a} and K = H,. Suppose
x € Ng(K) is an involution. Then it is well-known that the Suzuki group are
containing two elements y and z such that y is an involution and zyx = 2 'az,
and three cyclic subgroups Ay, A; and As of orders q—1, ¢g+r+1and g—r+1,
respectively. By [16], the conjugacy classes of Sz(¢) can be computed as follows:

{e}, y5=@) 252 (z=1)S2(@) 5D =D 40 q 5759 of lengths 1, (¢—1)(¢2 + 1),

3a(a — D¢ +1), 3alg = D(¢* + 1), ¢*(¢ = V(g +7+1), ¢*(g+r+1)(g—7+1)
and ¢?(¢—1)(q —r+1), respectively. Here, by, b; and by are non-identity elements
q—r

of A;, i =0,1,2, respectively. Note that there are -, % — 1 and % conjugacy

classes of types bg'z(q), bfz(q) and bgz(q), respectively.

One can also find the character table of this group in [16]. Hence, by applying
above information on Suzuki groups and Proposition 2.1 we have the following
proposition:

Proposition 2.12. Consider the Suzuki group Sz(q) with q = 225t r = 25+1
and s > 1. The conjugacy class S = y°*9 and the normal subset T = z5*(0) U
(2715 are the MNS and SMNS of Sz(q), respectively. Moreover, |S| =
(g—1)(q*>+1), |T| = qlg—1)(¢*> +1) and the simple eigenvalues of Cay(Sz(q),S)
and Cay(Sz(q),T) are |S| and |T|, respectively. The Cayley graph Cay(Sz(q),S)

(1+¢*)(r=1) —(14+¢*)(r+1)
q—r+1 and q+r+1

—_1)2 TQ _ r —r
gt, ) 2 (@2 1), B (g -+ 1)(g— 1) and S ((g+ 7+ (g — 1),
respectively. The energy of Cay(Sz(q),S) is as follows:

has eigenvalues 0, —(q®>+1), (g—1),

with multiplicities

2 2¢3 205  3:/2¢° 3./2¢11
E(Cay(:(0).8)) — Y244 VIO, V2O SV 3V

q- + —q3+q4+

+ 2 2 2
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The Cayley graph Cay(Sz(q), S) has eigenvalues 0, ¢(¢—1), —
with multiplicities ;(4¢* +r*(¢—1)*), 5(¢—2)(¢*+1)?, j(¢—r+1)*(¢—1)*(g+7)
and (g +r+1)%(q — 1)%(q — r), respectively.

We end our paper by computing eigenvalues of a group of type Ree of charac-
teristic g. We refer to [15, 16, 18] for our notations and known results concerning
this important class of simple groups. A finite group G has Ree type if G satisfies
the following conditions:

e The Sylow 2—subgroups of G are elementary abelian of order 8.
e The group G has no normal subgroup of index 2.

e There is an involution J in G such that the centralizer Cq(J) = (J) X
LF(2,q), where L = LF(2,q) denotes the linear fractional group on GF(q).

e If (R) denotes a cyclic subgroup of order q;e in L, then for any subgroup

1 # (Ry), we have Ng((Rp)) < Ca(J).

e Let J' be an involution of L and S an element of L of order 43¢ which

centralizes J'. Then an element of G of order 3 which normalizes (J, J')
does not centralize S. We call ¢ the characteristic of G.

Note that the (I) implies that ¢ = 4 4 e (mod 8) where e = £1. In the end of
this paper, we consider the simple Ree group G2(g) of characteristic ¢ and order
(g — 1)(¢® + 1), where ¢ = 3?**! and k > 1. This group has exactly ¢ + 8
conjugacy classes [18]. Suppose m = 3*. Then we have:

Proposition 2.13. The conjugacy class S = J%2(9) is the unique MNS of Ga(q)

with size %. The energy of Cay(Ga(q),S) can be computed by the following
formula:
B(Cay(Ga(q), ) = ;(19 L3220 4 fegth 4 gt | 2L L (g0 321k

4(1 + 34++2)

+ 2632k+1 + 325k +280 - 318k + 313k 4. 310k)
4
(32k+1 _|_3k+1 + 1)(1 _|_34k:+2)

— 11-3"% 414330,

(322% 4 9. 319% 4 90. 316k | 38k

Proof. Since G2(q) has exactly one conjugacy class of involutions, S = S~!, and
since G(q) is simple, G2(q) = (S). On the other hand, the lengths of non trivial
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conjugacy classes of G2(q) are as follows:

A -+ 1) Pla-1)@+1) ¢lg-D(*+1)
b q2+1 b q2_3q7«g2 b
Cla—D)P+1) (-1 +1) qlg—1)(¢*+1)
q2+3q2j b q2 b 2 b
(=P +1) qlg—1)(F+1) q(¢® —q+1)
2q ’ 3 T2 +1

By above information on conjugacy lengths of G2(¢q) and some tedious calculations,
one can see that S = J¢2(9) is the unique M NS of Go(q). The simple eigenvalues
of Cay(G2(q),S) is |S|. This graph has eigenvalues

0. ——1 3q q
) q2+17q2+17q2+17
a(¢>—q+1) a(a®—q+1)

m(q?+1)(g+3m+1)’ m(q>+1)(g—3m+1)

with multiplicities, 314#+6 —312k+5 _ 5.310k+4 _ 7.36k+2 | 9.38k+3 _ gdk+1_g2k+1

1 . Qld4k+8 _ 11 9l2k+6 | e .9l12k+6 | 5 qlOk+5 _ 11 q8k+4 | 7 . 96k+3 _ 1 qdk+2
3 3 +£-3 +35-3 ; L3 + 13 723

_ %.32k+1 + % + %.36k+3 + i’ %.314k+6 _ g_312k+5 + %_310k+4 _ %.38k+3 +

19 | 36k+2 _ 7. 34k+1 + 13 '3216 _ 1 l314k+7 _ 1 .312k+6 1T e .312k+6 4 1, 38k+4
2 87 4 2 4 2

_4 36k+3 + % _36k+3 T i _32k+1 _ % + %7 2.310k+4 + 4.39k+4 + 2'38k+4 o
4 - 37k+3 — 16 - 36k:+2 4. 35k+2 + 9. 34k+2 4+ 4. 33k+1 1+ 9. 32k7 2. 310k+4 _
4. 39k+4 9. 38k+4 4. 37k+3 — 16 - 36k+2 4. 35k+2 9. 34k+2 —_ 4. 33k+1 _
2. 3%F respectively. Therefore, the energy of Cay(G2(q),S) is as follows:

1

E(Cay(Ga(q),S)) = 4(1+734k+2)(19 -3%2F 4 4e3%F 4 3RS L3R 4 (9 — 11)3%F

4 2e32kH1 | g%k 4 og. 318k | gl3k 4 310k
4

22k 19k 16k 8k
+ (32k+1+3k+1+1)(1+34k+2)(3 +2-3% +20.3%% 43
— 11-3"% 414330,
This completes the proof. O

By the notation of [18] we have the following proposition.

Proposition 2.14. The conjugacy class T = X2 s the unique SMNS of
3

Ga(q) with size ((]_12(72?“). The simple eigenvalues of Cay(Ga(q),T) is |T| and

the graph has the eigenvalues

0 —(=1)*(®+1) (¢=D)(®+1) —(g+m)(¢®+1) (g+m)(®+1)

> ¢*(¢*—q+1) 7 ¢*(¢°—gq+1)’ mq*(g+3m+1)’ mg?(¢—3m+1)’
—(®4+1) g¢—1 (2¢—1)(®+1) —(g+1+3m)(¢®+1) —(q+1-3m)(q®+1)
q?(q+1) 7 ¢? 7 ¢*(¢®—q+1) ’ (g+1)(g+1+3m)g? * (¢+1)(g+1-3m)q*’
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with multiplicities, ¢°, 3%%+* —2.36k+3 1 34k+3 _ 9. 32k+1 4 1 312k+6 _ 9. 310k+5 |
38k+5 36k+3 1 310k+4+ 38k+4+39k+4 36k+4 37k+3+ 34k+2 35k+2+

2
2k 3k Bk 1 1 0k 4 9k+4 8k 4 Tk+3 6k 2 5k+2 4k 2
33kj-_13 +1;_k3 ) 10 +§1))1 " 21;—?—2 ’ +22k31 +11—1’1—g§-7 Jr1 SN —1’_2?c+6+ +8 —31 )
3314 1.32k 2.3 4-3%8+24.2.3%% 5.3 5 (1+5)-3 +3%F + (e~
2).36k+3+%.32k+1_1+%; %(31416—}-6_7.312k’+5_~_20_310k+4_34.38k+3+38.36k+2_
28'34k+1+13 32k ) % 314k+6 ; 312k’+5+10 310k+4 17- 38k’+3+19 36k+2_14_

34k+1 1273 ‘32k ; , ; 314k+6 + 313k+7+ 11 312k+5 + 311k+5 + 310k+4 39k+4
8k+3 37k+3 13 6k+2 1 5k+2 11 4k+1 7 3k+1 7 2k 1 qk
11-3 —-7-3 5 -3 +5-3 + 53 +3 -3 +5-3*"+5-3

1, 314k+6 _ 1, 313k+6 11 312k+52+ 311k+6 7 310k+4 + 39 c+5 + 381?+3

2 2 2
3Th+4 4 171 . 36k+2 _ % . 35R43 % CZAkFL % . 3342 _ 32]C —I— - 3%, respectively.

Table 1: The Character Table of Ty,,.

gi e a™ a"(1<r<n-1) b ab
|Ca(gi)] 4n dn 2n 4 4
Non-Linear Characters
Y, (1<j<n-1) 2 2(—1) w +w 0 0
Linear Characters n is odd
X1 1 1 1 1 1
X2 1 -1 (=" )
X3 1 1 1 -1 -1
Y4 1 -1 (=1)" —i
Linear Characters n is even
A1 1 1 1 1 1
Ao 1 1 1 1 -1
A3 1 1 (=1)" 1 -1
A4 1 1 (-1 -1 1

Table 2: The Eigenvalues of Cay(Mi1,2A) and Cay(Mi1,3A4)

2A — FEigenvalues | Multiplicities || 3A — Eigenvalues | Multiplicities
-33 23 . 52 —55 29
—11 34.52 —10 24.112
-3 52.112 0 3*.52
0 29 8 52112
15 24.112 44 22.3.52
33 22 . 52 80 112
45 112 440 1
165 1 — —
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Table 3: The Eigenvalues of Cay(Mi2,2A) and Cay(Miz,2B).

2A — Eigenvalues | Multiplicities || 2B — Eigenvalues | Multiplicities

—36 7-113 -33 32.5%.73
-9 28112 -9 2-5%.112
—4 3%.112 0 34. 52

0 26.3%. 52 15 32.112-13
11 28 .34 55 22 .36

36 22.3%.112 63 52112

44 3%.61 135 2-112

99 29 495 1
396 1 - -

Table 4: The Eigenvalues of Cay(Mag,2A) and Cay(Mas, 3A).

2A — Eigenvalues | Multiplicities || 3A — Figenvalues | Multiplicities

—77 2.3%.52 —160 32.72.117

—33 27.5%. 72 —64 52.7%.112
3 52.72.112 0 36.19

11 22.32.5%2. 72 44 27.5%. 72
35 3t.117 80 22.72.112
75 22.7%.112 224 52112
147 52112 1760 3272

275 32.72 12320 1

1155 1 - —
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Table 5: The Eigenvalues of Cay(Ma3z,2A) and Cay(Mas,3A4).

2A — Eigenvalues | Multiplicities || 3A — Eigenvalues | Multiplicities
—253 2.3%.52 —736 2.32.72.117
—69 24.5%.112 .13 —253 215 . 72
0 215 . 72 —28 26.112.232
15 20.112.232 0 3%.52.1499
99 3%.52.232 224 112.232
115 33.7%2.112 368 23.52.72.112
195 112 . 232 1232 22.52.232
363 22.52.232 1472 32.72.112
1035 22.112 10304 22.112
3795 1 56672 1

Table 6: The Eigenvalues of Cay(Ma4,2A) and Cay(May, 2B).

2A — Eigenvalues Multiplicities 2B — Figenvalues | Multiplicities
—759 2.3%.52 —1386 2.23%2.61
—231 2.3%.5%2.232 —1242 2.32.72.112
—207 24.5%.112.13 —378 52.112.232
—135 72.112. 232 —322 23.34.52.112
—115 26.34.72.112 —266 34.112. 232
—55 24.3%.72.232 —154 25.52.232
—23 36.52.72.112 —138 36.52.72.112
45 26.112.232 0 212.52.112
105 23.32.11-23-29-2783 54 3%2.72.112.232
165 28.3%.232 138 26.34.72.112
207 212.52.112 154 28.3%.232
345 2.32.72.11° 198 22.52.232
297 3%.52.232 378 26.112.232
585 112 - 232 414 23.52.72.112
297 3*.52.232 1078 24.52.232
441 52.11%.232 1518 24.3%.72
585 112 . 232 3542 3*.52
1265 24.34.72 - —
3465 232 — —
11385 1 — —
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