University of Kashan

Mathematics
Interdisciplinary
Research

Volume 1, Issue 2, Summer 2016, Pages 273-334
Print ISSN  2538-3639 Online ISSN 2476-4965

Editor-in-Chief

ooooooo

Ali Reza Ashrafi
(Kashan, I. R. Iran)

...... o Director-in-Charge
Majid Monemzadeh
(Kashan, L. R. Iran)

o Executive Manager
Fatemeh Koorepazan-Moftakhar
(Kashan, 1. R: Iran)

o Language Editor

Seyfollah Mosazadeh *
(Kashan, I. R. Iran) ;

o Editorial Board

[k Ali Reza Ashrafi (University of Kashan, I. R. Iran)
\P0 Seyed Morteza Babamir (University of Kashan, I. R. Iran)
A Alain Bretto (Universite de Caen, France)
‘Bijan Davvaz (Yazd University, . R. Iran)

Mircea V. Diudea (Babes-Bolyai University, Romania)
Tomislav DOSliC"(University of Zagreb, Croatia)

Wiestaw A. Dudek

(Wroctaw University of Technology; Poland)

Changiz Eslahchi (Shahid Beheshti University, I. R. Iran)
Gholam Hossein Fath-Tabar

(University of Kashan, I. R. Iran) .

Ivan Gutman (University of Kragujevac, Serbia)
Mohammad Ali Iranmanesh (Yazd University, I. R. Iran)
Gyula O. H. Katona

(Alfred Renyi Institute of Mathematics, Hungary)

G. Ali Mansoori (University of Illinois at Chicago, USA)
‘Majid Monemzadeh (Unjversity of Kashan, 1. R. Iran)
Sirous Moradi (Arak University, I. R. Iran)

Ottorino Ori (Actinum Chemical Research, Italy)
+ Abbas Saadatmandi (University of Kashan, I. R. Iran)
Ruggero Maria Santilli(The R. M. Santilli Foundation, USA)
Yongtang Shi (Nankai University, P. R. China)
Abraham A. Ungar (North Dakota State University, USA)
Hassan Yousefi-Azari (University of Tehran, I. R. Iran)
Janez Zerovnlk (University of Ljubljana, Slovenia)

000000000000y



Mathematics Interdisciplinary Research

Mathematics Interdisciplinary Research (MIR) publishes quality original research papers and survey articles in
Interdisciplinary Mathematics that are of the highest possible quality. The editorial board of this journal comprises
experts from around the world. The papers in the relationship between two different scientific disciplines are of high
interest for MIR. The research papers and review articles are selected through a normal refereeing process by a
member of editorial board. A paper acceptable for publication must contain non-trivial mathematics with clear
applications to other parts of science and engineering. MIR motivates authors to publish significant research papers,
which are of broad interests in Applications of Mathematics in Science. Two issues in one volume are published
every year.

Aims and Scope: MIR contains research articles in the form of expository papers, original scientific article, short
communications on important mathematical problems of basic sciences and letter to the editor. The submission of a
paper implies that the author(s) assurance that it has not been copyrighted, published, or submitted for publication
elsewhere. All accepted papers in MIR will be checked against plagiarism by iThenticate.

Preparation of Manuscripts: An abstract of 150 words or less and keywords clarifying the subject of the
manuscripts are required. Authors should submit the paper via our online system at mir.kashanu.ac.ir. All
correspondence has to be sent to the address mir@kashanu.ac.ir.

The language of the journal is English. Authors who are less familiar with English language are advised to seek
assistance from proficient scholars to prepare manuscripts that are grammatically and linguistically free from errors.

Papers submitted for consideration for publication have to be prepared concisely and must not exceed 60 typewritten
pages, (font 12, double spacing, including tables & graphs).

Photographs must be printed on contrasted glossy paper and have sharp outlines. Diagrams and figures should be
submitted as original drawings. Figures and tables are to be numbered in the sequence in which they are cited in the
manuscript. Every table and figure must have a caption that explains its content. Tables and diagrams are to be
prepared in separate pages and placed at the end of the manuscript.

References to the literature should be numbered in square brackets in the order in which they appear in the text. A
complete list of references should be presented in numerical order at the end of the manuscript. References to
journals, books, proceedings and patents must be presented in accordance with the following examples:

Journals: 1. Gutman, B. Zhou, B. Furtula, The Laplacian-energy like invariant is an energy like invarint, MATCH
Commun. Math. Comput. Chem. 64(1) (2010) 85-96.

Book: A. A. Ungar, Beyond the Einstein Addition Law and its Gyroscopic Thomas Precession: The Theory of
Gyrogroups and Gyrovector Spaces, Volume 117 of Fundamental Theories of Physics, Kluwer Academic Publishers
Group, Dordrecht, 2001.

Book Chapter: T. Suksumran, The algebra of gyrogroups: Cayley’s theorem, Lagrange’s theorem and isomorphism
theorems, in: Essays in Mathematics and its Applications: In Honor of Viadimir Arnold, T. M. Rassias, P. M.
Pardalos (Eds.), Springer, New York, 2016.

Patents: H. S. Primack, Method of Stabilizing Polyvalent Metal Solutions, U.S. patent No. 4, 373, 104 (1983).

Proofs and Reprints:

Page proofs will be sent to the corresponding author to be checked for editing. Major alterations are not accepted
unless absolutely necessary. There are no page charges and the corresponding author will receive a free e-print of
his/her paper free of charge.



Editor-in-Chief:

Ali Reza Ashrafi

Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Kashan, Kashan
87317-53153, 1. R. Iran

E-mail: ashrafi@kashanu.ac.ir

Director-in-Charge:

Majid Monemzadeh

Department of Particle Physics and Gravity, Faculty of Physics, University of Kashan, Kashan 87317-
53153, 1. R. Iran

E-mail: monem@kashanu.ac.ir

Executive Manager:

Fatemeh Koorepazan-Moftakhar

Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Kashan, Kashan
87317-53153, 1. R. Iran

E-mail: f.k.moftakhar@gmail.com

Language Editor:

Seyfollah Mosazadeh

Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Kashan, Kashan
87317-53153, 1. R. Iran

E-mail: s.mosazadeh@kashanu.ac.ir

Editorial Board
Ali Reza Ashrafi University of Kashan, I. R. Iran
E-mail: ashrafi@kashanu.ac.ir
Seyed Morteza Babamir University of Kashan, I. R. Iran
E-mail: babamir@kashanu.ac.ir
Alain Bretto Universite de Caen, France
E-mail: alain.bretto@unicaen.fr
Bijan Davvaz Yazd University, I. R. Iran
E-mail: davvaz@yazd.ac.ir
Mircea V. Diudea Babes-Bolyai University, Romania
E-mail: diudea@chem.ubbcluj.ro
Tomislav Dosli¢ University of Zagreb, Croatia
E-mail: doslic@grad.hr
Wiestaw A. Dudek Wroctaw University of Technology, Poland
E-mail: wieslaw.dudek@pwr.edu.pl
Changiz Eslahchi Shahid Beheshti University, I. R. Iran
E-mail: ch-eslahchi@sbu.ac.ir
Gholam Hossein Fath—Tabar University of Kashan, I. R. Iran

E-mail: fathtabar@kashanu.ac.ir



Ivan Gutman

Mohammad Ali Iranmanesh

Gyula O. H. Katona

G. Ali Mansoori

Majid Monemzadeh

Sirous Moradi

Ottorino Ori

Abbas Saadatmandi

Ruggero Maria Santilli

Yongtang Shi

Abraham A. Ungar

Hassan Yousefi-Azari

Janez Zerovnik

Editorial Office:

Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Kashan, Ravand

University of Kragujevac, Serbia
E-mail: gutman@kg.ac.rs

Yazd University, I. R. Iran
E-mail: iranmanesh@yazd.ac.ir

Alfréd Rényi Institute of Mathematics, Hungary
E-mail: katona.gyula.oh@renyi.mta.hu

University of Illinois at Chicago, USA
E-mail: mansoori@uic.edu

University of Kashan, I. R. Iran
E-mail: moem@kashanu.ac.ir

Arak University, I. R. Iran
E-mail: s-moradi@araku.ac.ir

Actinum Chemical Research, Italy
E-mail: ottorino.ori@gmail.com

University of Kashan, I. R. Iran
E-mail: saadatmandi@kashanu.ac.ir

The R. M. Santilli Foundation, USA
E-mail: research@ji-b-r.org

Nankai University, P. R. China
E-mail: shi@nankai.edu.cn

North Dakota State University, USA
E-mail: abraham.ungar@ndsu.edu

University of Tehran, I. R. Iran
E-mail: hyousefi@ut.ac.ir

University of Ljubljana, Slovenia
E-mail: janez.zerovnik@imfm.uni-1j.si

Boulevard, Kashan 87317-53153, 1. R. Iran

E-mail: mir@kashanu.ac.ir



Mathematics Interdisciplinary Research

Volume 1, Issue 2, Summer 2016, Page 273-334

Contents

Motion of Particles under Pseudo-Deformation

Akhilesh Chandra Yadav

C-Class Functions and Remarks on Fixed Points of Weakly Compatible Mappings in
G-Metric Spaces Satisfying Common Limit Range Property

Arslan Hojat Ansari, Diana Doli¢anin—Deki¢, Feng Gu, Branislav Z. Popovi¢
and Stojan Radenovié

Unconditionally Stable Difference Scheme for the Numerical Solution of Nonlinear
Rosenau-KdV Equation

Akbar Mohebbi and Zahra Faraz

Wiener Polarity Index of Tensor Product of Graphs
Mojgan Mogharrab, Reza Sharafdini and Somayeh Musavi

Diameter Two Graphs of Minimum Order with Given Degree Set

Gholamreza Abrishami, Freydoon Rahbarnia and Irandokht Rezaee

Eigenfunction Expansions for Second-Order Boundary Value Problems with
Separated Boundary Conditions

Seyfollah Mosazadeh

Pages

273

279

291

305

317

325






Mathematics Interdisciplinary Research 1 (2016) 273 — 277

Motion of Particles under Pseudo-Deformation

Akhilesh Chandra Yadav*

Abstract

In this short article, we observe that the path of particle of mass m
moving along r = r(¢) under pseudo-force A(t), ¢t denotes the time, is given
by ra = [(£A(t))dt + c. We also observe that the effective force F. on
that particle due to pseudo-force A(t), is given by F. = FA(t) + LdA(t)/dt,
where F = m d?r/dt*> and L = m dr/dt. We have discussed stream lines
under pseudo-force.

Keywords: Right loops, right transversals, gyrotransversals.

2010 Mathematics Subject Classification: 70A05, 74A05, 76A99.

1. Introduction

In [3], we have observed that R" is a unique gyrotransversal [1] to the subgroup
O(n) in the group I'so R™, the group of motion [3, Corollary 6.8]. If S is a right
transversal to the subgroup H of a group G and ¢g : S — H is a map with g(e) = e,
e being identity of G. Then, it induces a binary operation oy [3,4] on S is given
by
zogy = x8g(y)oy.

This suggests us that the map g affects the sum zoy of z,y € S and the effective
sum is z0g(y)oy instead of zoy. Indeed, this group-theoretic idea makes certain
sense.

2. Preliminaries

Let S be a non-empty set. Then, a groupoid (5, 0) is called a right quasigroup if
for each x,y in S, the equation X o z = y has a unique solution in S, where X is

*Corresponding author (Email: akhileshyadav538@gmail.com)
Academic Editor: Ruggero Maria Santilli
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274 A. C. Yadav

unknown in the equation. If there exists e € S such that eox = x = woe for every
x € S, then the right quasigroup (S, 0) is called a right loop.

Let H be a subgroup of a group G. Then a set S obtained by selecting one
and only one element from each right coset of G modulo H, including identity of
G is called a right transversal to H in G. The group operation induces a binary
operation o on S and an action 6 of H on S given by {zoy} = S N Hzy and
{z6h} = SN Hzxh respectively, where 2,y € S and h € H. One may easily observe
that (S, 0) is a right loop with identity e, where e is the identity of group. Indeed, it
determines an algebraic structure (S, H, o, f) known as c—groupoid [2]. Conversely
a given c-groupoid (S, H, o, f) determines a group G = H x S which contains H
as a subgroup and S as a right transversal to H in G so that the corresponding
c-groupoid is (S, H, o, f) [2, Theorem 2.2]. It is also observed that every right loop
(S,0) can be embedded as a right transversal to a subgroup Sym S\ {e} in to a
group Sym S\ {e} x S with some universal property [2, Theorem 3.4].

Let S be a fixed right transversal to a subgroup H in a group G. Then every
right transversal to H in G determines and is determined uniquely by a map
g : S — H such that g(e) = e, the identity of G. The right transversal S,
determined by a map g : § — H is given by S, = {g(z)z|r € S}. The induced
operations o on S and o’ on S, are given by

{xoy} = HzyN S

and
{9(x)zd'g(y)y} = Sy N Hy(x)zg(y)y,

respectively. Further, H acts on S from right through an action 6 given by {z0h} =
HzhNS,Vz €S, he H. Indeed, the right loop (S, 0’) is isomorphic to the right
loop (S, 04) where the binary operation o4 on S is given by zo,y = x0g(y)oy [3,4].
This suggests us to say that the map g : S — H with g(e) = e affects the operation
o on S and the resulting operation on S due to the effect of g is o4, where x 04y =

z0g(y)oy.

3. Pseudo-Force, Deformed Path and Effective Force

Consider the group of motion Iso R™. As we have observed in [3] that R™ is a right
transversal (unique gyrotransversal) to the subgroup O(n) in the group Iso R™,
the group of motion [3, Corrolary 6.8].

Definition 3.1. A map g : R” — O(n) with g(0) = I,, will be called a pseudo-
deformation. The image g(v) of v will be called pseudo-force corresponding to
velocity v. The corresponding operation +, on R™ given by v+, w = vg(w) +w,
will be called pseudo-sum on R”.

Assume that every velocity v creates a field of force g(v) € O(n). Then it
determines a pseudo-deformation g : R™ — O(n). Let X1, 35 be any two dynamical



Motion of Particles under Pseudo-Deformation 275
L

systems moving with velocities v and w respectively. Due to a pseudo-deformation
g, the pseudo-sum +4 on R™ will be v4+,w = vg(w)+w. In other words, we can say
that the resultant of v and w under pseudo-force g(w) will be v+,w = vg(w)+w
instead of v + w. Thus, the relative velocity of ¥; with respect to X5 will be
(v 44 w) —w = vg(w) instead of v+ w — w = v. This suggests us to define the
following:

Definition 3.2. Let g : R™ — O(n) be a pseudo-deformation. Assume that ¥, X9
be any two dynamical systems moving with velocities v and w respectively. Then
the difference (v +, w) — w = vg(w) will be called effective velocity of ¥; under
the pseudo-force g(w). The integral [vg(w)dt of effective velocity of 1 will be
called deformed-path of ¥; under the pseudo-force g(w). It is denoted by rg.

Thus, rq = [ vg(w)dt + ¢ and so the effective velocity will be dstd = vg(w) under
pseudo-force g(w). The quantity d;trgd will be called effective acceleration of 34

under a pseudo-force and the quantity md;t';d will be called effective force acting

on X1 under a given pseudo-force, where ‘m’ is the mass of 3.

Proposition 3.3. Suppose that a particle of mass m is moving with velocity q in
space whose path is v = r(t), where t denotes the time. If there is a pseudo-force
A(t) € O(3) at time t. Then the deformed-path is given by

vy = %A(t)dt—i—c :/ (GA (1)) dt +c.

If A(t) is constant, say A, throughout the motion, then the deformed path due to
pseudo-deformation A isrqy =rA + c, ¢ being the constant of integration.

Proof. Since the effective velocity of particle due to presence of pseudo-force A (t)
at time t is qA(t), where q = %. Thus, the deformed path ry is

rqg = /qA(t)dt-l—c

where c is the integrating constant. If pseudo-force A(t) is constant throughout
the motion then the deformed path will be ry =rA + c. O

From this it follows that the orbit of a satellite, planet etc., will be changed
due to a pseudo-force. These pseudo-forces may exist due to asteroids, black holes,
etc.

Proposition 3.4. Suppose that a mass particle ‘m’ is moving in space R3 along
a curve r = r(t) € R3 under the action of force F. If A(t) is a pseudo-force acting
on the given mass particle. Then, its equation of motion is given by

dA

F,=FA +L—
T

d’r

where L is the linear momentum of the mass particle and F = m Zz.
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Proof. Let P be a particle of mass m moving in space along a path r = r(¢). Let
F be the force acting at P. Then, its equation of motion is given by

d*r

Suppose that A(t) € O(3) is a pseudo-force acting on the particle at time ¢.
Then, its deformed path ry is given by

dr

rq = aAdt“rc,
and so
dPry d (dr
P dt(th)
d’r dr dA
= @M

Thus, the effective force F. which causes the motion is given by

d2rd
F. = m—2"
"

(e ddA
= M dt dt
dA
= FA+L—
+ dt’

where L = m% is the linear momentum of the mass particle. O

Thus, the motion of a dynamical system will be affected due to the presence
of pseudo-force. From the above, it follows that the magnitude F, of force F. at

time t will be
dA\"T dA
FII? +2FA (=) LT +|L—

2

where AT denotes the transpose of A.
If A(t) is independent of time, then % = 0 and so the equation of motion
under the pseudo-force A is given by F. = FA. Thus, we have:

Corollary 3.5. If A is a constant pseudo-force acting on the mass particle which
is moving in space under the action of force F. Then, its equation of motion is
given by

F. =FA.
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4. Streamlines under Pseudo-Deformation

Let q = (u,v,w) be a velocity of a blood particle at point P(z,y,z). Due to
electromagnetic field, suppose that the pseudo-force is A = [A;, Ag, A3] € O(3),
where A;, A, A3 are orthonormal column vectors in R3. Then, effective velocity
of that blood particle at P will be (qA1,qAs,qA3). Thus, the differential equation
of streamlines:

dr _dy dz
v v w
are changed into
dr.  dy  dz
qd;  qd;  qds
This shows that an electromagnetic field affects motion of blood particles.
Thus, electromagnetic field affects the motion of blood particles and hence it will
exert extra pressure on the heart. Also due to that field, the deformed motion
causes tumors in effected area of our body.

Acknowledgment. I am grateful to referee/reviewer for his/her valuable sugges-
tions.
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(C-Class Functions and Remarks on Fixed Points
of Weakly Compatible Mappings in G-Metric

Spaces Satisfying Common Limit Range Property

Arslan Hojat Ansari, Diana Doli¢anin—Deki¢, Feng Gu,

Branislav Z. Popovi¢ and Stojan Radenovi¢ *

Abstract

In this paper, using the contexts of C-class functions and common limit
range property, common fixed point result for some operator are obtained.
Our results generalize several results in the existing literature. Some exam-
ples are given to illustrate the usability of our approach.

Keywords: Generalized metric space, common fixed point, generalized weakly
G-contraction, weakly compatible mappings, common (CLRsrt) property,
C-class functions.

2010 Mathematics Subject Classification: 47H10, 54H25.

1. Introduction

The study of common fixed point theorems satisfying contractive conditions has
a wide range of applications in different areas such as, variational and linear in-
equality problems, optimization and parameterize estimation problems and many
others. One of the simplest and most useful results in the fixed point theory is the
Banach-Caccioppoli contraction principle. This theorem provides a technique for
solving a variety of applied problems in mathematical sciences and engineering.
Banach contraction principle has been generalized in different spaces by math-
ematicians over the years. Mustafa and Sims [22] proposed a new class of gener-
alized metric spaces, which are called as G-metric spaces. In this type of spaces
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a non-negative real number is assigned to every triplet of elements. Many math-
ematicians studied extensively various results on G-metric spaces by using the
concept of weak commutativity, compatibility, non-compatibility and weak com-
patibility for single valued mappings satisfying different contractive conditions
(cf. [1,3-5,7,8,10-13,15-27]).

Branciari [9] obtained a fixed point result for a single mapping satisfying an
analogue of Banach’s contraction principle for an integral type inequality. This
influenced many authors, and consequently, a number of new results in this line
followed (see, for example [7]). Later on, Aydi [7] proved an integral type fixed
point theorem for two self mappings and extended the results of Brianciari [9] to
the class of G-metric spaces. The first fixed point theorem without any continuity
requirement was proved by Abbas and Rhoades [5] in which they utilized the
notion of non-commuting mappings for the existence of fixed points. Shatanawi et
al. [27] proved some interesting fixed point results by using y-contractive condition
and generalized the results of Abbas and Rhoades [5]. Most recently, Mustafa et
al. [18] defined the notion of the property (F.A) in G-metric space and proved
some fixed point results.

In this paper, firstly we prove an integral type fixed point theorem for a pair of
weakly compatible mappings in G-metric space satisfying the common limit range
property which is initiated by Sintunavarat and Kumam [28]. We extend our
main result to two finite families of self mappings by using the notion of pairwise
commuting. We also present some fixed point results in G-metric spaces satisfying
¢-contractions. Some related examples are furnished to support our results.

Now we give preliminaries and basic definitions which are used throughout the

paper.

Definition 1.1. [22] Let X be a nonempty set, and let G : X x X x X — [0, 00)
be a function satisfying the following axioms:

(G1) G(z,y,2) =0if z =y = z;

(G2) 0 < G(z,z,y), for all z,y € X with x # y;

(G3) G(z,z,y) < G(z,y, 2),for all z,y,z € X with z # y;

(G4) G(x,y,2) = G(z,z,y) = G(y, z,x) = ... (symmetry in all three variables);
(G5) G(x,y,2) < G(z,a,a)+G(a,y, z) for all z,y,z,a € X, (rectangle inequality)
then the function G is called a generalized metric, or, more specifically a G-metric
on X and the pair (X, G) is called a G-metric space.

It is known that the function G(z,y, z) on a G-metric space X is jointly con-
tinuous in all three of its variables, and G(x,y,2) = 0 if and only if z = y = z;
see [22] for more details and the reference therein.

Definition 1.2. [22] Let (X, G) be a G-metric space, and let {z,,} be a sequence
of points in X, a point = in X is said to be the limit of the sequence {z,} if
limy, oo G(%, Tn, Tm) = 0, and one says that sequence {z,} is G-convergent to
x.
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Thus, if z, — z in a G-metric space (X, ), then for any ¢ > 0, there exists
N € N (throughout this paper we mean by N the set of all natural numbers) such
that G(z, z,,zm) < e, for all n, m > N.

Proposition 1.3. [22] Let (X,G) be a G-metric space, then the following are
equivalent:

(1) {zn} is G-convergent to x.

(2) G(xpn,xn,z) = 0 as n — oo.

3) G(zp,xz,2) = 0 as n — c©.

(4) G(xp, Tm,x) — 0 as n, m — 0.

Definition 1.4. [22] Let (X, G) be a G-metric space. A sequence {z,,} is called G-
Cauchy sequence if, for each € > 0, there exists N € N such that G(xy,, Tm,x;) < €
for all n,m,l > N; ie., if G(zy, zm,2) = 0 as n,m,l — co.

Definition 1.5. [22] A G-metric space (X,G) is said to be G-complete (or a
complete G-metric space) if every G-Cauchy sequence in (X, @) is G-convergent
in X.

Proposition 1.6. [22] Let (X, G) be a G-metric space. Then the following are
equivalent:

(1) The sequence {z,} is G-Cauchy.

(2) For every € > 0, there exists k € N such that G(Tpn, Tm,Tm) < €, for all
n,m>k.

Proposition 1.7. [22] Let (X, G) be a G-metric space. Then the function G(z,y, z)
is jointly continuous in all three of its variables.

Proposition 1.8. [22]| Let (X, G) be a G-metric space. Then, for all z,y in X it
follows that G(x,y,y) < 2G(y,x,x).

Definition 1.9. [2] Let f and g be self maps of a set X. If w = fa = ga for some
z in X, then z is called a coincidence point of f and g, and w is called point of
coincidence of f and g.

Definition 1.10. [2] Two self mappings f and g on X are said to be weakly
compatible if they commute at coincidence points.

Definition 1.11. [8] Let X be a G-metric space. Self mappings f and g on X
are said to satisfy the G-(E.A) property if there exists a sequence {z,} in X such
that {fx,} and {gx,} are G-convergent to some ¢t € X.

Definition 1.12. [8,28] A pair (f, g) of self mappings of a G-metric space (X, G)
is said to satisfy the (CLRg) property if there exists a sequence {z,} such that
{fxn} and {gx,} are G-converge to gt for some ¢t € X, that is,

lim G(fzn, fan, gt) = li_>m G(gzn, gxn, gt) = 0.

n—oo
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Definition 1.13. A pair (f, g) of self mappings of a G-metric space (X, G) is said
to satisfy the (LRg) property if there exists a sequence {x,,} such that {fx,} and
{9z, } are G-converge to gt for some t € f(X)Ng(X), that is,

nlingo G(fxn, frn, gt) = nli)II;o G(9%n, 9Tn, gt) = 0.
Definition 1.14. Self mappings f and g of a G-metric space (X, G) are said to be
compatible if lim G(fg9xn,gfxn, gfxn) = 0 and lim G(gfzn, f9Zn, fgz,) = 0,
n—oo n—roo
whenever {z,} is a sequence in X such that lim fz,, = lim gz, = t, for some
n— n—oo
teX.

Khan et al. [14] introduced the concept of altering distance function that is a
control function employed to alter the metric distance between two points enabling
one to deal with relatively new classes of fixed point problems. Here, we consider
the following notion.

Definition 1.15. [14] The function % : [0,4+00) — [0,400) is called an altering
distance function if the following properties are satisfied:

(1) 4 is continuous and increasing;

(2) 9(t) =0 if and only if ¢ = 0.

We denote VU set all of altering distance functions.

In 2014 the concept of C-class functions (see Definition 1.16) was introduced
by A. H. Ansari in [6] that is able to notice that can see in numbers (1), (2), (9)
and (15) from Example 1.17.

Definition 1.16. A mapping F : [0,00)? — R is called C-class function if it is
continuous and satisfies following axioms:

(1) F(s,t) < s

(2) F(s,t) = s implies that either s =0 or t = 0; for all s,¢ € [0, 00).

Note for some F' we have that F'(0,0) = 0.
We denote C-class functions as C.

Example 1.17. The following functions F : [0,00)? — R are elements of C, for
all s,t € [0, 00):
(1) F(s,t) =s—1t, F(s,t) =s=1=0;
=ms, 0<m<1, F(s,t) =s= s =0;
:ﬁ;re(O,oo),F(s,t):s:s:Oortzo;
=log(t+a®)/(14+t),a>1, F(s,t)=s =s=0ort=0;
=In(l1+a%)/2,a>e, F(s,1)=s=s=0;
(s + D)/ 11> 1,7 € (0,00), F(s,t) =5 =t =0;
=slog, ,a,a>1, F(s;t)=s5s=s=0ort=0;
s
s

=W N
—
»

»

o

—(HS)(% , F(s,t) =s=1t=0;
B(s), f:[0,00) = [0,1), F(s,t) =s=s=0;

NN N~ o~ o~~~
oo s BEs IEs B B Beo|
el tra el melrmtrn
o o o o o o e

© 00 ~J O
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(10) F(s,t) =s— k+t’ F(s,t)=s=t=0;

(11) F(s,t) = s — @(s), F(s,t) = s = s = 0, here ¢ : [0,00) — [0,00) is a
continuous function such that ¢(t) =0 <t = 0;

(12) F(s,t) = sh(s,t),F(s,t) =s=s=0, here h: [0,00) X [0,00) — [0, 00) is
a continuous function such that h(t,s) < 1 for all ¢, s > 0;

(13) F(s, t)—s—(fii)t F(s,t)=s=1t=0;

(14) F(s,t) = ¥/In(1 + s"), F(s,t) =s=s=0;

(15) F(s,t) = ¢(s),F(s,t) = s = s =0, here ¢ : [0,00) — [0,00) is a upper
semicontinuous function such that ¢(0) = 0, and ¢(t) < ¢ for ¢ > 0;
(16) F(s,t) = (RS (0,00), F(s,t) =s = s=0.
Problem: Whether can say that for all F' we have F'(0,0) = 07

Definition 1.18. An ultra altering distance function is a continuous, non—decreasing
mapping ¢ : [0,00) — [0,00) such that p(t) > 0if ¢ > 0 and ¢(0) > 0.

Remark 1. We denote ®,, set all of ultra altering distance functions.

In the sequel let @ be the set of all functions w such that w : [0, +00) — [0, +00)
is a non—decreasing function with lim, ;. w™(t) = 0 for all ¢t € (0,400). If
w € ®, then w is called a ®-mapping. If w is a P-mapping, then it is easy matter
to show that:

1. w(t) <t forall t € (0,400),

2. w(0) = 0.

2. Results

We start with the following theorem.

Theorem 2.1. Let (X, G) be a G-metric space and the pair (f,g) of self mappings
18 weakly compatible such that

Y(G(fz,fy,fz)) P(L(x,y,2)) d(L(z,y,2))
/ oar<r( [ ooy, [ pdt), (1)
0 0 0

forallz,y,z € X, F:[0,00)% = Ris aC-class, ) € ¥, ¢ € &, and ¢ : [0, +00) —
[0,4+00) is a Lebesgue integmble mapping which is summable, non-negative and
such that for each € > 0, fo p(t)dt > 0 where

L(z,y, z) = max{G(gz, gy, 9z), G(gz, fz, fx),G(gy, fy, fy),G(9z, [z fz)}, (2)
or
L(z,y, z) = max{G(gzx, gy, 9z), G(gx, gz, fxr), G(gy, 9y, fy), G(92, 9z, f2)}. (3)

If the pair (f, g) satisfies the (CLRg) property then f and g have a unique common
fized point in X.
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Proof. Since the pair (f,g) satisfies the (CLR,) property, then there exists a
sequence {z,} in X such that lim,,_,o fz, = lim,_ gz, = gu for some u € X.
We show that fu = gu. On using inequality (1), we get

Y(G(fan,frn,fu)) Y(L(2n,Tn,u)) O(L(xn,Tn,u))
/ o)t < F / o(t)dt, / orar
0 0

0

(4)
where
L (@, 2p, u) =max{G(gzn, gn, gu), G(g2n, fn, fn),
G(gxnv fon, fxn)a G(gu, fu, fu)}
Taking limit as n — +oo in (4), we have
Y(G(gu,gu,fu)) P(G(gu, fu,fu)) #(G(gu, fu,fu))

/ o< ([ ooy, [ ot )

0 0 0
(5)

Similarly, one can obtain

Y(G(gu,fu,fu)) (G (gu,gu, fu)) #(G(gu,gu, fu))
/ o< r( [ ooy, [ et ) . (6)
0 0 0
From (5) and (6), we have
(G (gu,gu, fu)) (G(gu, fu,fu))
/ ol < [ o(t)dt
0 0

PG (gu,gu, fu)) ?(G(gu,gu, fu))
sp*‘/ w@ﬁﬁz/ p(t)dt ) .

0 0

So,

p(t)dt =0 or

(G (gu,gu, fu))
/ ()t =0,

/¢(G(gu’guny))

0 0
therefore ¢ (G(gu, gu, fu)) = 0 or ¢ (G(gu, gu, fu)) = 0. Thus G(gu, gu, fu) = 0,
that is, fu = gu. Suppose that w = fu = gu. Since the pair (f,g) is weakly
compatible and w = fu = gu, therefore fw = fgu = gfu = gw. Finally, we prove
that w = fw. Inequality (1) implies

P(G(fw,fw,fu)) P(L(w,w,u)) S(L(w,w,u))
/ o< F( [ ooy, [ odt], (1)
0 0 0

where

max{G(fw, fw,w), G(fw, fw, fw), G(fw, fw, fw), Gw,w,w)}
= G(fw, fw,w).
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Therefore (7) implies

(G (fw,fw,w)) Y(G(fw,fw,w)) (G (fw, fw,w))
/ p(t)dt < F / ga(t)dt,/ p(t)dt |,
0

0 0

S0,

p(t)dt =0 or

Y(G(fw,fw,w))
/ p(t)dt = 0.

/¢>(G(fw,fw,w))

0 0
Therefore ¢ (G(fw, fw,w)) =0 or ¢ (G(fw, fw,w)) =0, thus G(fw, fw,w) =0,
that is, w = fw. Therefore, w is a common fixed point of the mappings f and g.
The proof is similar for condition (3), hence the details are omitted. Uniqueness
of the common fixed point is easy consequences of inequalities (1)-(7). O

With choice F(s,t) = s —t in Theorem 2.1 we have the following corollary.

Corollary 2.2. Let (X, G) be a G-metric space and the pair (f, g) of self mappings
1s weakly compatible such that

w(G(f!E,fy’fz) w(L(%y,Z)) ¢>(L(a:,y,z))
/ o < [ ooyt - | (1),
0 0 0

forall x,y,z € X, € ¥, ¢ € &, and ¢ : [0,+00) — [0,+00) is a Lebesgue
integrable mapping which is summable, non-negative and such that for each e > 0,
Jy w(t)dt >0, where

L(z,y,z) = max{G(gz, gy, 92), G(gz, fx, fz), G(gy, fy, fy), G(gz, fz, f2)},

or

L(z,y, z) = max{G(gx, gy, 92), G(9x, gz, fx), G(gy, 9y, [y), G(9z, 9%, [z)}.

If the pair (f, g) satisfies the (CLRg) property, then f and g have a unique common
fized point in X.

With choice F(s,t) = ks,0 < k < 1 in Theorem 2.1 we have the following
corollary.

Corollary 2.3. Let (X, Q) be a G-metric space and the pair (f,g) of self mappings
s weakly compatible such that

/w(G(fx,fy,fZ))

Y (L(z,y,2))
p(t)dt < k/ o(t)dt,
0 0

forallz,y,z € X,0< k<1, v €V and p:[0,400) = [0,400) is a Lebesgue
integrable mapping which is summable, non-negative and such that for each € > 0,
Jy e(t)dt > 0, where

L(z,y, z) = max{G(gx, gy, 92), G(gx, fz, fx),G(gy, fy, fy),G(gz, [z, f2)},
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or

L(z,y, z) = max{G(gz, gy, 92), G(9z, gz, fx), G(gy, 9y, [y), G(9z, 92, [z)}.

If the pair (f, g) satisfies the (CLRg) property then f and g have a unique common
fized point in X.

With choice F(s,t) = sB(s), 5 : [0,00) — [0,1), in Theorem 2.1 we have the
following corollary.

Corollary 2.4. Let (X, G) be a G-metric space and the pair (f, g) of self mappings
1s weakly compatible such that

G(fz,fy,fz) G(gz,9y,92)
/ ooy <t [ p(b)d,
0 0

for all z,y,z € X, 0 <k <1, and ¢ : [0,4+00) — [0,400) is a Lebesgue inte-
grable mapping which is summable, non-negative and such that for each ¢ > 0,
foe p(t)dt > 0. If the pair (f,g) satisfies the (CLRg) property then f and g have
a unique common fixed point in X .

With choice F(s,t) = w(s), here w : [0,00) — [0,00) is a continuous function
such that w(0) = 0, and w(t) < t for ¢t > 0, in Theorem 2.1 we have the following

corollary.

Corollary 2.5. Let (X, Q) be a G-metric space and the pair (f,g) of self mappings
18 weakly compatible such that

Y(G(fx,fy,fz)) »(L(z,y,2))
/ o)t < w / o(t)dt
0 0

for all z,y,z € X, w € &, ¢ € U, and ¢ : [0,400) — [0,+00) is a Lebesgue
integrable mapping which is summable, non-negative and such that for each e > 0,

Ji (t)dt > 0, where

L(z,y, z) = max{G(gz, gy, 9z), Ggz, fz, fz),G(gy, fy, fy),G(gz, [z, f2)},
or

L(z,y,2) = max{G(gz, gy, 92), G(gz, gz, fz), G(gy, 9y, fy), G(g2, 92, f2)}.

If the pair (f, g) satisfies the (CLRg) property then f and g have a unique common
fized point in X.

With choice ¥(t) = t, in Corollary 2.5 we have the following corollary.
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Corollary 2.6. [8] Let (X,G) be a G-metric space and the pair (f,g) of self
mappings is weakly compatible such that

G(fx,fy,f2) L(z,y,z)
/ p(t)dt <w / o(t)dt
0 0

forallz,y,z € X, w e @, and p : [0,+00) — [0, +00) is a Lebesgue integrable map-
ping which is summable, non-negative and such that for each e > 0, fos p(t)dt > 0,
where

L(z,y, 2) = max{G(gx, gy, 92), G(gz, fz, fx),G(gy, fy, fy),G(92, f2, f2)},

or

L(z,y,z) = max{G(gz, gy, 92), G(gz, gz, fr),G(9y, 9y, fy), G(gz, gz, f2) }.

If the pair (f, g) satisfies the (CLRg) property, then f and g have a unique common
fized point in X.
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Unconditionally Stable Difference Scheme for the

Numerical Solution of Nonlinear Rosenau-KdV

Equation

Akbar Mohebbi* and Zahra Faraz

Abstract

In this paper we investigate a nonlinear evolution model described by
the Rosenau-KdV equation. We propose a three-level average implicit finite
difference scheme for its numerical solutions and prove that this scheme is
stable and convergent in the order of O(72 + h?). Furthermore we show the
existence and uniqueness of numerical solutions. Comparing the numerical
results with other methods in the literature show the efficiency and high
accuracy of the proposed method.

Keywords: Finite difference scheme, solvability, unconditional stability, con-
vergence.
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1. Introduction

Nonlinear partial differential equations are useful in describing various phenomena.
These equations arise in various areas of physics, mathematics and engineering.
Analytical solutions of these equations are usually not available. Since only limited
classes of equations are solved by analytical means, numerical solution of these
nonlinear partial differential equations is of practical importance. KdV equation
is a mathematical model of waves on shallow water surfaces. It is particularly
notable as the prototypical example of an exactly solvable model and is as follows

Uy + Uy + Ugge = 0. (1)

In the study of the dynamics of dense discrete systems, the case of wave-wave and
wave-wall interactions cannot be described using the well-known KdV equation
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[4], so Rosenau [6, 7] proposed the so-called Rosenau equation
Ut + Ugpgrt + Uy + U, = 0. (2)

The existence and the uniqueness of the solution for (2) were proved in [7], but
it is difficult to find the analytical solution for (2). So, much works has been
done on the numerical methods for (2) [1, 5. On the other hand, for the further
consideration of the nonlinear wave, the viscous term +u,,, needs to be included
[4]

Ug + Ugzazt + Up + Uy + Ugze = 0, (3)

which is usually called the Rosenau-KdV equation. Some analytical methods for
the solution of this equation are given in [2, 9]. The authors of [4] proposed a
conservative three-level linear finite difference scheme for the numerical solution
of Rosenau-KdV equation. They proved the stability and convergency of method
and existence and uniqueness of numerical solutions. In this paper, we propose
a linear three-level average implicit finite difference scheme for the Rosenau-KdV
equation (3) with the following boundary conditions

u(zp,t) =u(zg,t) =0, Uy (z1,t) = uy (TR, t) =0,
(4)

Uge (T, 1) = Uge (TR, ) =0, telo,7],
and initial condition
u(x,0) =ug (x), x € [zL,xR]. (5)
The solitary wave solution for (3) is [3, 9]

u(z,t) = (-5 + 25/313)

xsecht [ 4V/=26+2V313 x (z — (4 + £ V313) )] .

The structure of this paper is as follows. In Section 2, we will describe a three
level average implicit finite difference scheme for the Rosenau-KdV equation and
discuss the estimate for the difference solution. In Section 3, we will show that the
scheme is uniquely solvable. Then, in Section 4, we will prove the convergence and
stability for the difference scheme. Finally numerical results are given in Section 5
to verify our theoretical analysis and efficiency of proposed method in comparison
with other methods in the literature.

2. Proposed Finite Difference Scheme

Let h = (zp — xr)/J and 7 be the uniform step size in the spatial and temporal
direction, respectively. Denote x; = x + jh (j = —1,0,1,2...,J,J + 1), t, =
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nt(n = 0,1,2,...,N,N = [ /7)), u? =~ u(xj,t,) and Zp) = {u = (uj)|u_1 =
Up = Uy = Ujp1 = 0, = —-1,0,1 ,...,J,J + 1}. Throughout this paper, we
denote C' as a generic p051tlve constant independent of h and 7, which may have
different values in different occurrences. We introduce the following notations [4]

(W), =% Wiy —up),  (up), =5 (uf —ujy),

(u;))@ = ﬁ (u?—&-l - u?—l) ’ ( ) hZu] jo

(@) =3 @ +ul™h), ) = @),
(W) =5 (W™ —uj™) |l = supuf].
J
We note that
wPt1 B 1 [ » +( p+1) ] 8)
p+1), pr2 T

and e
u — 22U U,
(), = (uf) 1 = =

We propose the following implicit finite difference scheme for solving Egs. (3)-(5)
()54 () szt (1) + () + 3 |15 @)z + (57 =0 9
j=1,2,3,...,J -1, n=1,23,...,N—1, (10)

u? =uo(z;), j=0,1,2,3,...,J, (11)

(12)
(uf)z = (W), -=0, n=1,2,3,... N.

We now state some lemmas which are needed to prove stability and convergence
of scheme.

Lemma 2.1. [8] For any two mesh functions u,v € Z,? we have the following
relations

1. (ug,v) = — (u,vz),

2~ (uazfu’v) = - (uzvvx);
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3. (tomy ) = — (ug, ug) = —[lug |,
b If (00) 1 = () = 0, then (ugazr,w) = |Jua|”.

Lemma 2.2. [8] There exist two constants Cy and Cy such that
[0l oo < Crflu™]| + Ca [lugll - (13)

Lemma 2.3. [8] Suppose that w(k) and p(k) is nondecreasing. If C' > 0, and

k—1
wk)<pk)+CrY w(l),  Vk, (14)
=0
then
w (k) < p(k)em, k. (15)

Theorem 2.4. If u™ be the solution of (9)-(12), ugp € HZ[xL,xRr] and u(z,t) €
C5 't then we have the following relations

[ <C, ugl <€, flu"]lo <€, n=1,2,...N.

Proof. Taking an inner product of (9) with 2u"(i.e.,u"*! +u"~1), considering the
boundary conditions (12) and Lemma 2.1, we obtain

2 (e = =t 7) + & ([l | = fluz ) +2 g am) +
2(ul,z, @) +2(P,a") =0, (16)
where P; = 1 {u? (ﬂ";)x + (uyﬂ;‘)x} . We can write
(P,u") =0,
so we get
1 n n— n n —Tn n —1n
5z (" P = [l 17) + 5 (I S s ) = =2 () — 2", ).
(17)
By Cauchy-Schwarz inequality and Lemma 2.1, we find
[ | L e (e N e W (18)
et 1 < & (a1 + )
(19)
[ X { i e S
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Substituting (19) into (18), we get

1
(e, 20| < P+ 5 ([ [z 7+ =+ ez )

and L
(@) =) < i+ 5 (o + o =F).
It follows from (17)-(21) that

2 1112 2 1112
a7 = Jn A+ flazd 7 = uzz™ |

< or (P + 2 (s 2+ )+ et )

2 2 12
ol 3 ([t + 7)) -
Using Lemma 2.1 and Cauchy-Schwarz inequality, we obtain
2 2 2
e < 4 () + fluz, 1)
hence, we can write (22) as follows

(et ) = (ot =+ =12 4 (fl )+ ) -
(el + [z )

< O (Jum | + N+ iz [+ o7 + o+ a1 ])
Let B™ = |ju™|* + Hu”‘lH2 + [Ju, |I” + Hug;l|‘2. It follows from (24) that
B! — B" < Cr (B + B"),
SO

(1-Cr)(B" — B") <2C7B".
If 7 is sufficiently small which satisfies 1 — C7 =§ > 0, then

B™t! — B” < OrB".

Summing up (25) from 0 to n-1, we have

n—1
B" < B° +C’TZBI.
1=0
It follows from Lemma 2.3 that
[} < C, uzell < C.

From (23), we have |[u}| < C. Using Lemma 2.2, we get ||u"||, < C.

(20)

(21)
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3. Solvability

Theorem 3.1. The difference scheme (9)-(12) has a unique solution.

Proof. We use from mathematical induction to prove. It is obvious that u is
uniquely determined by the initial condition (11). We also can get u! in order
O(h? +72) by two-level C-N scheme (that is, u® and u! are uniquely determined).
Now suppose u?, ul, ..., u" be solved uniquely. Considering equation (9) for u"*1

we can get
1,n+1 1 +1 1 +1 +1 _

Taking an inner product of (26) with u"*!, we obtain

P s I [ ), o ), ] =0 o

We can write
| -
G2 [ () () J e (28)

1
_ i n, n+1 n+1 n+1l n+1
Z [“J Ujp1 Uy —|—uj+1u i+1 Y ]

n, n+1 n+1 n+1l n+17 __
[uju] 1Y +u] 11ty ]*Ov

It follows from (27) and (28) that
n 2 n
e+ feg 1 =

That is, (26) has only a trivial solution. Therefore, (9)-(12) determines u?“

uniquely. O

4. Convergence and Stability

Let v(z,t) be the solution of problem (3)-(5), v} =

error of the difference scheme (9)-(12) is as follows:

v(zj,tn), then the truncation

= ()t () gt ()5 () + 3 [ )5+ (577)] . (29)

Using Taylor expansion, we know that 77 = O(h? 4+ 72) holds if h, 7 — 0.



Unconditionally Stable Scheme for the Rosenau-KdV Equation 297

Theorem 4.1. Suppose that ug € HZlxp, xR, then the solution u™ of (9)-(12)
converges to the solution v(x,t) of problem (3)-(5) in norm ||.| ., and the rate of
convergence is O(72 + h?).

Proof. Subtracting (9) from (29) and letting e} = v? — u/', we have
i = ()i + (@) osai T (7)s + (€]) gz + Brg + Ba, (30)
where
Rij=3 [”?(17 )a _“?(ﬂ?)i] :
Roy =% (o), — (upwy), ] -
Computing the inner product of (30) with 2€™, we obtain
26 = gz (le I = o) + 7 (s I = e 1)+ )

(e, 2e™) + (el,.,2e") + (R1,2€e") + (R2,2e").

We can write (31) as follows

(et 1P = 1) + (llews I = e ) = (32)

27 [(r™,2e") — (el,z.2e") — ((€™);,2e") — (Ry,2e™) — (Ra,2¢em)].

By Lemma 2.1, Theorem 2.1, and Cauchy-Schwarz inequality, we have

(Ri2e) = 30 (o (1)), — 5 ()..) (&)
= %hz[w (0f o) = ()
+ UJ( R I A (AR W)
= Y (@), - @),) (@)
= 3S0E), (@) - ), ()
QChz()( &), | +1er]) 1]
c[ue;n + llen ) + 2

O (Jlen [ + flez= [ + 2o+ flem? + 2lfen1 )
(33)

IN

IN

IN
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and

(.RQ7 25”) =

= =S {NFE)+ b -] T E),) 0
< 3oy (@) + 15D @),

< Cfllel® + lle) + e

< O (flex P+ e I1P+ e + el + flem=]) -

Noting that similar to (18)-(21) we have

(7“”,25”) — (rn n+1+en 1) < H nH 4+ = (H n—&-lH +H n— 1“ )

w
(@)
~

(
()30 26") = = () 8™+ ™) < Nl + 5 (e P+ 7))

(

(

((en)i7zén) — ((en)z7 n+1+en 1) < Hen” 4+ (H n+1H + H n— 1” )
From (32)-(37), we have

(11 + e ) = (el + =) +

(lems 12+ egal®) = (legall® + llez 1)

< Or (Jle P+ e * + llem 1 + flez 1 + llezl® + flez =" + llez. ) +

2
(38)
Similar to the proof of (23), we obtain
et * < & (llem 1 + flez 1) -
lezll® < & (llenll” + llez. 1) (39)
ezt 17 < & (llen =117 + ez )
Let D" = |le”|® + [le™,|I* + He"’ln + ||ens H then (38) can be rewritten as

follows
D"t — DM < 2r|r|)? + Cr (D" 4 DY, (40)
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which yields
(1—-Cr) (D" — D) < 207D™ + 277" )% (41)

If 7 is sufficiently small, which satisfies 1 — C'7 > 0, then
D™ — D" < CrD™ + Cr|lr™|?. (42)

Summing up (42) from 1 to n, we have

n—1 n—1
pr<p’+Cr S |H)F +or ] D (43)
=0 =0

First, we can get u! in order O(h?+72) that satisfies D < C'(h?+72)? by two-level
C-N scheme. Since

n—1
2 2 2
le; HrlH < nTOSI%agc_l ||rlH <T.O(r*+h?)", (44)
we obtain
n—1
D" <O(r2+h?)* + o7y Dl (45)
1=0
From Lemma 2.3 we get
D" <0(r* + %)’ (46)
that is
lle"]] <O (72 + h2) , llez.]l < O (72 + h2) . (47)
From (39) we have
eIl < O (7% + %) (48)
By Lemma 2.2, we obtain
le"]|, <O (% +h?). (49)
This completes the proof. O

Finally, we can state similarly the following theorem.

Theorem 4.2. Under the conditions of Theorem 4.1, the solution u™ of (9)-(12)
is stable in norm ||.|| -

5. Numerical Results

In this section we present the numerical results of the proposed method on a test
problem. We performed our computations using Matlab 7 software on a PC
with Intel Core 2 Duo, 2.8 GHz CPU and 2 GB RAM. We tested the accuracy
and stability of the method presented in this paper by performing the mentioned
method for different values of At and h.
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Absolute error

Figure 1: Surface plot of approximate solution (left panel) and plot of absolute
error (right panel) with h = 0.05, 7 = 0.05 at T = 20.



Unconditionally Stable Scheme for the Rosenau-KdV Equation

Table 1: Errors and computational orders obtained at different final times.

h=71=0.2 h=7=0.1 h=7=0.05

T =10

le™l o 2.718820 x 10~ 6.853283 x 10~5 1.718933 x 105
C — Order - 1.988 1.995

T =20

lle™ || o 5.026183 x 10—4 1.261183 x 104 3.157146 x 10~5
C — Order - 1.995 1.998

T =30

le™l oo 7.217771 x 10~4 1.810695 x 104 4.532327 x 10~5
C — Order - 1.995 1.998

T = 40

lle™ |l oo 9.396398 x 10~4 2.356919 x 10~4 5.899417 x 10~°
C — Order - 1.995 1.998

301

Also we calculated the computational orders of the method presented in this
article (denoted by C-Order) with the following formula

log(£L)

log(f2)’
in which F; and Fs are errors correspond to grids with mesh size h; and ho re-
spectively. Also we put xp, = —40 and xzz = 100.

5.1 Propagation of a Single Solitary Wave

We consider the equation (3) with the following exact solution

u(z,t) = (-5 + 25/313)
x sec it [ v/=26+2V/313

<o (5 + vET3) 1))

The initial condition can be obtained from exact solution. Table 1 shows the
computational orders and errors of proposed method with different values of h = 7
at different final times. Numerical results of this table confirm the second order
of accuracy of method. In Tables 2, 3 we compare the errors of proposed method
with the results of [4]. As we see the new method has better accuracy. Figure 1
shows the surface plot of approximate solution (left panel) and plot of absolute
error (right panel) with h = 0.05, 7 = 0.05 at T' = 20.
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Table 2: Comparison of ||e”|| . error at various time steps.

lle"|l., | h=1=0.1 h=7=0.05

Method Present Scheme [4] Present Scheme [4]
t=10 | 2718 x10™% 2507 x 1073 [ 1.719 x 10~° 1.585 x 10~ %
t=20 | 5.026 x 107* 4.489 x 1073 | 3.157 x 10~° 2.836 x 104
t=30 | 7.218 x 107* 6.081 x 1073 | 4.532 x 10~® 3.834 x 10~
t=40 | 9.396 x 107% 7.444 x 1073 | 5.899 x 107° 4.709 x 10~*

Table 3: Comparison of ||e™]| error at various time steps.

le™]] h=1=02 h=7=0.05
Method Present Scheme [4] Present Scheme [4]
t=10 | 7.389 x 107% 6.525 x 1073 | 4.663 x 10~° 4.113 x 10~ %
t=20 | 1.443 x 1073 1.209 x 1072 | 9.070 x 10~° 7.631 x 104
t=30 | 2132x107% 1.683x1072 | 1.339 x 10~® 1.063 x 1073
t=40 | 2.818 x 1072 2.101 x 1072 | 1.769 x 10~® 1.328 x 1073

5.2 Interaction of Two Solitary Waves

We investigate the interaction of two solitary waves for equation (3) using the
following initial condition

2
u(x,0) = Z3dj sec h? (kj (x — x;)),
j=1

in which k1 = 0.4, ks = 0.3, 1 = 15, 25 = 35, and

2
4K

dj=—"3__  j=1,2.
T T

From the above initial conditions, the solitary waves are propagated rightwards.
Shapes of both waves at times ¢t = 10, 15, 20, 25 and with h = 7 = 0.1 are shown in
Figure 2. We see that as the time progresses the collision occurs and after collision
two waves leave each other without changing their shape.

6. Conclusion

In this article, we constructed an implicit finite difference scheme for the solution
of Rosenau-KdV equation. We proved that this scheme is stable and convergent in
the order of O(72 + h?). Furthermore we showed the existence and uniqueness of
numerical solutions. We compared the numerical results of this paper with other
methods in the literature and concluded that the proposed method has better
results.
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Figure 2: The numerical solutions of two solitary waves with h = 7 = 0.1 obtained
at final times t = 10 (left-top), ¢t = 15 (right-top), ¢ = 20 (left-bottom) and t = 30
(right-bottom).
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Wiener Polarity Index of Tensor Product of
Graphs

Mojgan Mogharrab*, Reza Sharafdini and Somayeh Musavi

Abstract

Mathematical chemistry is a branch of theoretical chemistry for discus-
sion and prediction of the molecular structure using mathematical methods
without necessarily referring to quantum mechanics. In theoretical chem-
istry, distance-based molecular structure descriptors are used for modeling
physical, pharmacologic, biological and other properties of chemical com-
pounds. The Wiener Polarity index of a graph G, denoted by Wp(G), is the
number of unordered pairs of vertices of distance 3. The Wiener polarity
index is used to demonstrate quantitative structure-property relationships
in a series of acyclic and cycle-containing hydrocarbons. Let G and H be
two simple connected graphs, then the tensor product of them is denoted
by G ® H whose vertex set is V(G® H) = V (G) x V (H) and edge set
is E(G® H) ={(a, b)(c, d)| ac€ E(G) , bd € E(H)}. In this paper, we
aim to compute the Wiener polarity index of G ® H which was computed
wrongly in [J. Ma, Y. Shi and J. Yue, The Wiener polarity index of graph
products, Ars Combin. 116 (2014) 235-244].

Keywords: Topological index, Wiener polarity index, tensor product, graph,
distance.
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1. Introduction

In this section, we first describe some notations which will be kept throughout. A
graph is a structure composed of points (vertices or nodes), connected by lines
(edges or links).

A graph is called finite if both its vertex set and edge setare finite. If e = uv
is an edge of a graph, then we say that e joins the pair vertices u and v. Also
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the vertices v and v are named the end vertices of the edge e. An edge with
identical end vertices is called a loop. We say that a graph is simple whenever
it has no loop and no two of its edges join the same pair of vertices. The set
of finite simple graphs is shown by I'" and the set of finite graphs in which loops
are admitted is denoted as T'g, so I'CTy [13]. From now on, when we say that
“G is a graph” it means G € I', otherwise G € I'y. For a given graph G, we
show the vertex and edge set of G by V(G) and E(G), respectively. If z is
a vertex of the graph G, the degree of x in G is denoted by degs(x). In the
other words, if for any vertex z € G, Ng(z) denotes the set of neighbors that
x € G, ie. Ng(z) ={yeV(G)|zy € E(G)}, then degs () = |Ng(z)|. The
minimum and maximum degree of all vertices = of a graph G are denoted by ¢ (G)
and A(G), respectively. A walk in G is a sequence of (not necessarily distinct)
vertices v1vy ...U,, such that v;v;41 € E(G) for i = 1,2,...,n — 1. We call such
a walk a (v1,v,)—walk. A path in the graph is a walk without traversing any
vertex twice. So, a path in the graph is a sequence of adjacent edges without
traversing any vertex twice. The graph is called connected when there is a path
between any pair of vertices in it, otherwise the graph is disconnected. For the
vertices u,v € V(G), the distance between v and v in G is denoted by dg(u,v)
and it is the length of a shortest (u,v)-path in G. If G is a disconnected graph,
then we assume that the distance between any two vertices belonging to different
components of G, is infinity. For a given vertex © € V(G), its eccentricity
ecc(z) is the largest distance between x and any other vertex y € V(G), that is
ecc(z) = Maz{dc (z,y) |y € V(G)}. The maximum eccentricity over all vertices
of G is called the diameter of G and denoted by D(G). Also, the minimum
eccentricity among the vertices of G is called the radius of G and denoted by
R(G). Let G and H be two graphs such that V(H) C V(G) and E(H) C E(G).
Then we say that H is a subgraph of G and write H < G. Let us denote a cycle
and a path on n vertices by C,, and P,, respectively. For a graph H, a graph G is
called H-free if it has no subgraph isomorphic to H. So, a graph is called triangle
free if it has no subgraph isomorphic to C3. The adjacency matriz of a graph
G, denoted by A(G), is a (0,1)—matrix whose rows and columns are indexed by
V(G) and the element A(G),, , = 1if and only if uv € E(G) for each u,v € V(G),
otherwise A(G),, , = 0.

Mathematical Chemistry is a branch of theoretical chemistry for studying
the molecular structure using mathematical methods. Molecular Graphs or Chem-
ical Graphs are models of molecules in which atoms are represented by vertices
and chemical bonds by edges of a graph. The Chemical Graph Theory is a
branch of mathematical chemistry concerned with the study of chemical graphs.
In theoretical chemistry correlation of chemical structure with various physical
properties, chemical reactivity or biological activity are often modeled by means
of molecular-graph-based structure-descriptors, which are also referred to as
topological indices. A topological index is a function TOP from I' to the set of
real numbers R with this property that TOP (G) = TOP(H), whenever G and H
are isomorphic.
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There exist several types of such indices, especially those based on vertex
and edge distances. The most well-known and successful topological indices with
several applications in QSAR/QSPR studies in chemistry, was introduced by H.
Wiener [27] for acyclic molecules. It is defined as the sum of distances between all
pairs of vertices of the molecular graph. Let G be a simple connected graph. Then
the Wiener index of G is defined as W(G) = %Zx,yEV(G) d(z,y). Let v(G, k)
be the number of unordered vertex pairs of G for which the distance of them is
equal to k and therefore one can write W(G) = >, -, kv(G, k). In the case k = 3,
the number « (G, 3) is called the Wiener polarity index of G and denoted by
Wp(G).

It is believed that the Wiener index was the first reported distance-based topo-
logical index. This topological index was used for modeling the shape of organic
molecules and for calculating several of their physico-chemical properties [11]. For
example, Wiener used a linear formula to calculate the boiling points of the paraf-
fin (alkanes). More precisely, let A bean alkane with the corresponding (Hydrogen
suppressed) molecular graph G. Then the boiling point ¢t5(A) of A is estimated
as follows

tp (A) = aW (G) +bWp (G) +¢,

where a, b and c are constants for a given isomeric group.

Using the Wiener polarity index, Lukovits and Linert demonstrated quanti-
tative structure—property relationships in a series of acyclic and cycle-containing
hydrocarbons [20]. Hosoya [14] found a physical-chemical interpretation of Wp(G).
Du, Li and Shi [9] described a linear time algorithm APT for computing the index
of trees and characterized the trees maximizing the index among all trees of a given
order. Deng, Xiao and Tang [7] characterized the extremal trees with respect to
this index among all trees of order n and diameter d. Deng and Xiao [6] studied
the Wiener polarity index of molecular graphs of alkanes with a given number of
methyl group. They also found the maximum Wiener polarity index of chemical
trees with & pendants and characterized the extremal graphs [9]. Deng [8] also
gave the extremal Wiener polarity index of all chemical trees with order n. Liu,
Hou and Huang [18] studied Wiener polarity index of trees with maximum degree
for given number of leaves. Hou, Liu and Huang [15] characterized the maximum
Wiener polarity index of unicyclic graphs. Also Liu and Liu [19] established a
relation between Wiener polarity index and other indices like Zagreb indices and
Wiener index. They also obtained some extremal unicyclic graphs on n vertices
with respect to Wiener polarity index. Behmaram, Yousefi-Azari and Ashrafi [3]
determined the Wiener polarity of fullerenes and hexagonal systems. Chen, Du
and Fan [5] computed the Wiener polarity index of cactus graphs. A. Ili¢ and M.
Ili¢ [16] introduced a generalized Wiener polarity index and described a linear time
algorithm for computing these indices for trees and partial cubes, and character-
ized extremal trees maximizing the generalized Wiener polarity index among trees
of given order n. Ou, Feng and Liu [23] characterized minimum Wiener polarity
index of unicyclic graphs with prescribed maximum degree. Ashrafi, Dehghanzade
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and Sharafdini [1] computed maximum Wiener polarity index of bicyclic graphs.

Many graphs can be constructed from simpler graphs via certain operations
called graph products [13, 17]. It is believed that the most difficult one in many
aspects among standard products is the tensor product of graphs. The tensor
product of graphs has been extensively studied in relation to the areas such as
graph colorings, graph recognition, decompositions of graphs, graph embeddings,
matching theory and design theory. For any two graphs G, H € T'y, their tensor
product (also known as direct product, Kronecker product, categorical product,
cardinal product, relational product, weak direct product conjunction, ...) is
denoted by G ® H whose vertex set and edge set are as follows:

VIGeH) = V(G)xV(H)
E(Ge H) = {(a,b)(c,d)]|ace E(G),bd € E(H)}.

The vertices (a, b) and (¢, d) are adjacent in G ® H, whenever ac is an edge in
G and bd is an edge in H. From the definition, one can get immediately that

V(GeH)|=|V(G)||V(H)]

and if (a, b) (¢, d) € E(G ® H), then also (a, d) (¢, b) € E(G® H) and hence
[E(G®H)|=2E(G)|EH)|

Furthermore, we can see degggp ((a,b)) = degg(a)deg (b).

Note. Since a connected graph G is Eulerian if and only if it has no vertices of
odd degree. Therefore, if G ® H is a connected graph and one of the graphs G or
H is Eulerian graph, then G ® H is also an Eulerian graph.

We can consider the tensor product as a binary operation on the set T'g [26].
It is known that, up to isomorphism, this product is commutative and associative
in a natural way [24]. Also if the graph I € T'y denotes a vertex on which there is
a loop, then G ® I = G for any G € I'g. Therefore I is the identity element for
tensor product as a binary operation.

Note. If we consider the tensor product of graphs as a binary operation on the
set I', then this binary operation has no identity element.

By an appropriate ordering of V(G) x V(H), it follows that A(G ® H) =
A(G)® A(H), where A(G)® A(H) is the Kronecker product of matrices A(G) and
A(H) |25].

Lemma 1. ([4, 13]) Let G and H be two connected graphs. Then the graph
G ® H is connected if and only if any G or H contains an odd cycle if and only if
at least G or H is non-bipartite. For example, Figures 1, 2 illustrate two examples
of tensor products. Note that, in all Figures the vertex (x,y) in the tensor product
G ® H is shown by xy.

As is depicted in Figure 2, P3 ® P5 is disconnected.
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P,
b
bl b2 b3 b4 b5
Figure 1: P; ® C5 = C1p.
Ps

@ 2 2 L 2 L

1 2 3 4 5
a
P; b

Figure 2: The disconnected graph P3 & Ps.

Moradi [22] computed Wiener type indices of the tensor product of graphs. In
this article, we concerned about the Weiner polarity index of the tensor product
of graphs. The Wiener polarity index of tensor product of graphs was wrongly
computed in [21]. In order to show a counter example, we need to express the
following lemma.

Lemma 2. For the positive integer n > 3,

0, n=3,4,5;
Wp(Cp) =1 3, n = 6;
, n>"7

Remark. In [21] the authors (wrongly) stated in Theorem 4.1 that
Wp(G® H)=2Wp (G)Wp (H)+2Wp (H)m (G) +2Wp (G)m (H)

where G and H are two non-trivial connected graphs and at least one of them is
non-bipartite, m (G) and m (H) are the number of edges of the graphs G and H,
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respectively. Let us show that this formula is wrong as it is seen in Figure 1, for
which P, ® C5 =2 (19 and it follows from Lemma 3 that the left hand side of the
equation in the above formula is Wp (P, ® C5) = Wp (Cy9) = 10, while the right
hand side is zero.

In this article we aim to obtain Wiener polarity index of tensor product of
graphs. Note that our technique is that of used in [22].

2. Main Results

Let G and H be two graphs. In this section, we consider the Wiener Polarity
index of G ® H. Since this topological index is defined on the connected graphs,
it follows from Lemma 2 that we need to assume that at least one of the graph G
or H is non-bipartite and thus in this case G ® H is connected.

Now, let us study some distance properties of the tensor product of graphs.

Definition 3. [22] Let G be a graph and z,y € V(G). Define d'g(z,y) as follows

1. If dg(z,y) is an odd number, then di;(z,y) is defined as the length of a
shortest even walk joining z and y in G, and if there is no shortest even
walk, then di; (z,y) = +o00.

2. If dg(z,y) is an even number, then di(z,y) is defined as the length of a
shortest odd walk joining x and y in G, and if there is no shortest odd walk,
then d(z,y) = +oo.

3. If dg(z,y) = +oo0, then d(z,y) = +o0.

Note. We take dg(z,y) = 400, if there is no shortest odd walk and no shortest
even walk between z and y in G. Also, if d(z,y) < 400, then di(z,y) > 2 and

so dy(z,y) # 1.

Definition 4. [21, 22] Let G and H be two graphs and (a,b), (¢,d) € V(G ® H).
The relation ~ on the vertex set V(G ® H) is defined as (a,b) ~ (c,d) whenever
da(a,c),dp(b,d) < 400 and dg(a,c) + di(b,d) is an even number, hence the
parity of dg(a,c) and dg(b,d) are the same. Therefore (a,b) ~ (c,d) whenever
dg(a,c) = +oo or dg(b,d) = +o0 or dg(a,c) + dg(b,d) is an odd number.

Lemma 5. [21, 22] Let G and H be graphs and (a,b), (¢,d) € V(G ® H). Then

_ dq ((a7 b) ) (Cv d)) Zf (a7 b) ~ (Cv d)
dagn ((a,), (¢, d)) = { ds ((a.b) . (c.d)) if(a,b) = (c,d)

QU
=
—
=
8

o>
=
—
B)

SN

|

Max{dg(a,c),dp(b,d)}
min{Maz {dg (a,c),d i (b,d)}, Max{d ¢ (a,c),dy (b,d)}}

U
[\V]
BN
e
>
=
B
S
I



Wiener Polarity Index of Tensor Product of Graphs 311
[ TR PR R R R R S e

Now let (a,b),(c,d) € V(G ® H) be arbitrary. Then one can see that the dis-
tance between them is depended on (a,b) ~ (¢,d) or (a,b) = (c,d). Hence, if
dewm(a,b), (¢,d) = 3 then one may conclude that d; (a,b)(¢,d) = 3 or da(a, b)(c,d) =
3. So, we compute the distance between any two vertices in the graph G ® H, in
two cases. To proceed, let us discus the first case as follows.

Proposition 6. Suppose that
R (GeH) = {{(a,b),(c,d)} SV (G & H)|(a, b) ~ (¢, d) & d, ((a,b),(c,d)) = 3}.

Then R, (G® H) | =2[meWp (G) + miWp (H) + Wp (G) Wp (H)], where mq =
|E (G)| and mo = |E (H)|.
Proof. If {(a, b),(c, d)} € R (G® H), then can conclude that dg (a,c) +

dp (b, d) is an even positive integer. Then only three cases occur as follows:

1. dg (a,¢) = 1 and dy (b,d) = 3. In this case, the number of all unordered
pairs that are satisfied in this case is equal to 2m;Wp (H).

2. dg (a,c) = 3 and dpy (b,d) = 1. In this case, the number of all unordered
pairs that are satisfied in this case is equal to 2m2Wp (G).

3. dg (a,c) = 3 and dy (b,d) = 3. In this case, the number of all unordered
pairs that are satisfied in this case is equal to 2Wp (G) Wp (H),

and our proof is complete. O

Note. One can easily see that if {(a, b),(c, d)} is satisfied in the condition of
one part, then also {(a, d), (¢, b)} is satisfied.

Definition 7. For a graph G, the following notation is useful for the main results
of this paper. Suppose that

A(G) = {w € E(G)| Ng(u)NNg() =0} ={uv € E(G) |VCs < G;uv ¢ E(C,)},
B(G) = {ze€V(G)|3u,ve Ng(x);uww € E(G)} ={z e V(G)|3C3 <G;z € V(C3)},
C(G) = {{u,v} CV(G)|de (u,v) =2 and 3 (u,v) — walk of length 3},

also Ag = |A(G) |, Be¢ =|B(G)| and Cg = |C(G) |.
Proposition 8. Suppose that
Ro(G® H) ={{(a,b)(c,d)} CV (G H)|(a,b) = (c,d) & da((a,b),(c,d)) = 3}.

Then |R, (G® H) | =2[Cuy (G) + Cap (H)|+Buy (G)+Bay (H), where ¢ (G) =
Ac +Wp(G) and ¢ (H) = Ag + Wp (H).

Proof. Let {(a,b)(c,d)} € R2(G ® H), then we can conclude that dg (a,c) +
dp (b, d) is an odd natural number and

Min{Maz{dc(a,c),d g (b,d)}, Maz{d c(a,c),dm(b,d)}} = 3.
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Then two cases occur as follows:

Case (1): Maz {dg (a,c),d i (b,d)} = 3. In this case, we can easily see that one
of the following holds,

(i) dg (a,¢) =1 ,d g (b,d) = 3;
(i) dg (a,c) =3, d'p (b,d) = 3.
Let us investigate each case as follows:

(i) In this case we have dg (a,¢) = 1 and d'g (b,d) = 3. If dg(a,c) = 1,
then Maz {dg (a,¢),d g (b,d)} < Max{d ¢ (a,c),dy (b,d)} implies that
the even number d’'¢ (a,c) # 2 and so d'¢ (a,¢) > 4. Also, d'y (b,d) = 3
follows that dg (b,d) = 0 or 2. Therefore we have two cases as follows:

If d'y (b,d) =3 and dy (b,d) = 0, imply that b = d and b € V(Cs) for some
Cy < H. It d'y (b,d) = 3 and dpg (b,d) = 2, imply that {b,d} € C (H).
It follows that the number of all unordered vertex pairs {(a, b), (¢, d)} C
V (G ® H) satistying (i) is equal to AgBy + 2AcCH.

(ii) Let dg (a,c)=3, furthermore the hypothesize d g (b,d)=3 implies that
dg (b,d)=0 or 2. If dy (b,d) = 0, then we can conclude that b = d and
b € V(Cs) for some C3 < H. If dyy (b, d) = 2, then {b,d} € C(H). It follows
that the number of all unordered vertex pairs{(a, b),(c, d)} C V (G® H)
satisfying (ii) is equal to BgWp (G) + 2CxWp (G).

Consequently, the number of all unordered vertex pairs {(a, b),(c, d)} CV (G ® H)
satisfying in Case (1) is equal to AgBy + 2AcCx + BaWp (G) +2CxWp (G).

Case (2): Max{d ¢ (a,c),dy (b,d)} = 3. By a similar argument as Case (1), we
can conclude that |R, (G® H)| =2[Cuy¢ (G)+Cap (H)] + Buy (G) + Bay (H).
O

The following theorem is our main result which is a direct consequence of
Propositions 6 and 8.

Theorem 9. Let G and H be two graphs at least one of them is non-bipartite.
Then

Wp(G® H) = 2[(mg+Cx) We (G)+ (my +Ca) We (H) + AcCx + AuCa)
+ Bp(Ag+Wp (G)) + Bg (Ag + Wp (H)),

where mg and mpy denote the number of edges of G and H, respectively.

Note. Let G be a simple connected graph. For any unordered vertex pair {u,v} €
C (G), either of the following holds:
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i. The vertices u and v are two non-adjacent vertices of a cycle of length 5 of
G.

ii. The vertices u and v are the vertices as depicted in Figure 3.

Figure 3: Example of part ii of Note up to isomorphism.

Therefore, if G is a triangle free graph, then one can see that Ag = |E (G) |, Bg =
0. Also, {u,v} € C(G) if and only if u,v are vertices of a cycle of length 5 of the
graph G. Therefore, C; = 0 whenever the graph G is Cs-free.

Corollary 10. Let G and H be two simple connected Cj-free graphs for k € {3, 5}.
Then

Wp (G ® H) =2 [mHWp (G) +mgWp (H)] ,
where mg and mpy denote the number of edges of G and H, respectively.

A graph is called strongly triangular if every pair of its vertices has a com-
mon neighbor.

Corollary 11. Let G be a connected graph and H be a strongly triangular graph.
Then

Wp (G H) =2 [(”H)W

)W @)+ Aa((

”H) _ mH)} + g (Ag +We (Q)),

P 2

where my and ny denote the number of edges and the number of vertices of H,
respectively.

Proof. Let H be strongly triangular graph. Then each edge of H belongs to a
cycle of length 3, i.e. Cs. It follows that Agy=0, By = |V (G)|. Let u and v be
two arbitrary non-adjacent vertices of H. Since H is strongly triangular, « and v
have a common neighbor say w. Let zv be common neighbor of vertices u and w.
In this case vwv and uzwv are paths of length 2 and 3, respectively. Therefore
Cq = (72’) —m. In the other hand, Wp (H) = 0 since every two arbitrary vertices
of H are adjacent or of distance 2. Hence the proof is done by Theorem 9. O
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Let P denote the Petersen graph. Now we apply our main theorem to P ® G,
where G is one of the following well-known graphs,
e K,= The complete graph on n vertices;

e W, = The wheel on n vertices;

S, = The star graph on n vertices;

K, s = The complete bipartite graph whose parts are of size r and s;

@3 = The hyper cube graph on 8 vertices.

Our computations are summarized in the Table 1.

Table 1: W,(P ® —).

G n m D(G) Ac Ba Ca Wp(G) | Wp(PRG)
P 10 15 2 15 0 30 0 1800
C3 3 3 1 0 3 0 0 45
Cy 4 4 2 4 0 0 0 240
Cs 5 5 2 5 0 5 0 450
Ce 6 6 3 6 0 0 3 630
C, , n>7 n n [n/2] n 0 0 n 150n
Sn n n—1 2 n—1 0 0 0 60(n — 1)
K, n n(n —1)/2 1 0 n 0 0 15n
K, s r+s rs 2 rs 0 0 0 60rs
W, ,n>5 n 2n — 2 2 0 n n—1 0 15(3n — 2)
Qs 8 12 3 12 0 0 4 1080
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Diameter Two Graphs of Minimum Order
with Given Degree Set

Gholamreza Abrishami, Freydoon Rahbarnia® and Irandokht Rezaee

Abstract

The degree set of a graph is the set of its degrees. Kapoor et al. [Degree
sets for graphs, Fund. Math. 95 (1977) 189-194] proved that for every set of
positive integers, there exists a graph of diameter at most two and radius one
with that degree set. Furthermore, the minimum order of such a graph is
determined. A graph is 2-self-centered if its radius and diameter are two. In
this paper for a given set of natural numbers greater than one, we determine
the minimum order of a 2-self-centered graph with that degree set.

Keywords: Degree set, self-centered graph, radius, diameter.
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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set F(G). For a vertex
v of G, the degree of v in G, denoted by degg(v). We denote the minimum
and maximum degrees of the vertices of G by §(G) and A(G), respectively. The
distance between two vertices u and v of a connected graph G is denoted by
de(u,v) and it is the number of edges in a shortest path connecting v and v.
The eccentricity ec(u) of a vertex u, of a connected graph G, is maz{dg(u,v)|v €
V(G)}. The radius of a connected graph G, rad(G), is the minimum eccentricity
among the vertices of G, while the diameter of G, diam(G), is the maximum
eccentricity. If rad(G)=diam(G)=r, then G is an r-self-centered graph. We use
r-sc as a notation for r-self-centered graph. F. Buckley [2] worked on r-sc graphs,
but the concept of r-sc graphs was developed independently by Akiyama, Ando,
and Avis [1], who called them r-equi graphs. They proved that if G is an r-sc
graph, then G is a block and A(G) < |V(G)| — 2(r — 1).
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Hence, for » = 2 we have the following corollary.

Corollary 1.1. If G is a 2-sc graph and v is a vertex of G, then 2 < degg(v) <
V(G)| - 2.

In this paper we study 2-sc graphs in terms of the degree sets, where for a
given graph G the degree set of G, denoted by D(G), is the set of degrees of the
vertices of G. It is a simple observation that any set of positive integers forms the
degree set of a graph. So it is natural to investigate the minimum order of such
graphs. This question is completely answered by a result of Kapoor, Polimeni and
Wall [4]. Their result can be stated as follows.

Theorem 1.2 (S. F. Kapoor et al. [4]). For every set S = {a1,...,a,} of positive
integers, with a; < --- < ay, there exists a graph G such that D(G) = S and
furthermore,

w(S) =an+1,

where u(S) represents the minimum order of such a graph G.

The graph G in Theorem 1.2 has order a, + 1. Therefore G has diameter at
most two and radius one. Hence G is not a 2-sc graph. Corollary 1.1 implies that
every 2-sc graph has no vertex of degree less than or equal to 1. In this paper, we
show that for a finite, nonempty set S of positive integers greater than 1, there
exists a 2-sc graph G such that D(G) = S. Furthermore, the minimum order of
such a graph G is determined.

2. Results

We write K, and C,, for the Complete graph and the Cycle of order n, respectively.
Also for a graph G, the graph G is the Complement of G. The union of graphs
G and H is the graph G U H which consists of copies of graphs G and H. Two
graphs are disjoint if they have no vertex in common. If a graph G consists of
k(> 2) disjoint copies of a graph H, then we write G = kH.

Let S be a set of positive integers, where S = {a1,...,a,} and 1 < a; <
-+ < an. We define p1,-(S) to be the minimum order of an r-sc graph G for which
D(G) = S. In the case when S = {a;}, the following theorem implies that there
exists an ai-regular 2-sc graph of minimum order.

Theorem 2.2. Let a; be a positive integer greater than 1 and S = {a1}. There
exists a 2-sc graph G such that D(G) = S and furthermore,

ar +2 if a1 is even

Ha(S) = {al +3 if aq is odd

Proof. Let a1 be a positive integer greater than 1. If a; is even, then the graph

G = (5 +1)Ks,
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is clearly an a;-regular graph with a; 42 vertices. The graph G is also a 2-sc graph
[3]. Additionally, Corollary 1.1 implies that, every 2-sc graph of order a; + 1 has
no vertex of degree a;. Therefore, we need at least a; + 2 vertices to construct an
ay-regular 2-sc graph. Hence po(S) = a1 + 2.

If a; is odd, then the graph

H == 60.1-‘y--?)7

is an aj-regular graph of order a; + 3. The graph H is also a 2-sc graph. Since
the graph H has order at least 6 and for each pair of nonadjacent vertices u and
v of H there exists at least one common neighbour, it follows that dgy (u,v) = 2.
Since, in any graph, the number of vertices of odd degree is even. Thus there is no
ai-regular graph of order a; + 2. Therefore, the graph H has the minimum order
among all such 2-sc a;-regular graphs. Hence us(S) = aq + 3. O

The following lemma which is obtained by Z. Stanic [5] has an interesting
applications for constructing 2-sc graphs from other not necessarily 2-sc graphs
and also it will be needed in the proof of our results for non-regular graphs. Recall
that the join G + H of two disjoint graphs G and H is the graph consisting of the
union G U H, together with edges zy, where x € V(G) and y € V(H).

Lemma 2.3. (Z. Stanic [5]) Let G and H be simple nontrivial graphs with A(G) <
[V(G)| —2 and A(H) < |V(H)| — 2, then G+ H is a 2-sc graph.

Now, we extend Theorem 2.2 for non-regular graphs in following theorems.

Theorem 2.4. Let a; be even and S be a set of positive integers, where S =
{ai,...,an}, 2< a1 <--- < a, andn > 1. Then there exists a 2-sc graph G such
that D(G) = S and furthermore,

p2(S) = ap, + 2.

Proof. Let S; = {az — a1,a3 — a1, ...,a, — a1}. By Theorem 1.2, there exists a
graph H of order a,, — a1 + 1 such that D(H) = S;. Consider the graph

G=(HUK;)+F,

where F' = % The graph G has order a,, +2. We observe that for each vertices
v of G, one of the following cases occurs:
1) If v € V(Ky), then degg(v) = |V(F)| = a1.
2) If v € V(F), then degg(v) = degp(v) +|V (K1) |+ |V(H)| = (a1 —2) + 1+ (an —
a1+ 1) = ay.
3) If v € V(H), then degg(v) = degy (v) + |V (F)| = degr (v) + a.

Thus D(G) = S. Moreover, by considering Lemma 2.3, G is a 2-sc graph and
since there is no 2-sc graph of order a,, + 1, hence u2(S) = a,, + 2. O
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Theorem 2.5. Let a; be odd and S be a set of positive integers, where S =
{a1,...;an}, 3 < a; < -+ < ay, and n > 1. Then there exists a 2-sc graph G of
order an, + 3 such that D(G) = S.

Proof. Let S1 = {as — a1,a3 — a1,...,a, — a1}, where for 1 < i < n, a; € S.
By Theorem 1.2, there exists a graph H of order a,, — a; + 1 such that D(H) =
{as — a1, ...,a, — a1 }. Consider the graph

G = (HU2K)) + Fy,

where [ = 6(11. The graph G has order a,, + 3. We observe that for each vertices
v of G, one of the following cases occurs.
1) If v € V(2K4), then degg(v) = |V(F1)| = a1.
2) If v € V(Fy), then degg(v) = degr, (v) + |[V(2K1)| + |V(H)| = an.
3) If v € V(H), then degg(v) = degy (v) + |V (F1)| = degr (v) + a;.
Thus D(G) = S. Moreover, by Lemma 2.3, G is a 2-sc graph. O

Note that we considered S = {a1,...,a,} and presented a construction method
in Theorem 2.4 to ascertain the value of us(S), where a; is even, whereas if a; is
odd, the graph G described in the proof of Theorem 2.5 has not necessarily the
minimum order. As an example, for S = {3,4}, the graph G; of Figure 1 which
is obtained by the method of Theorem 2.5 has order 7, whereas the 2-sc graph G»
where Gy = Pg with 6 vertices has also the same degree set (see Figure 1).

A B

Gy

Figure 1: The 2-sc graphs G; and G5 with different orders and the same degree
sets.

In this section, we prove that if at least one element of S is even then s (S) =
an + 2. We begin with a simple case.

Theorem 2.6. Let S be a set of positive integers, where = {ay,...,an}, n > 1,
l<ay <az < -+ <ap, ar is odd and a, = ap—1 + 1 then ua(S) = a, + 2.

Proof. Let S; = {as — a1,a3 — a1,...,a, — a1 }. By Theorem 1.2, there exists a
graph H of order a,, — a1 + 1 such that D(H) = S;. Consider the graph
F=(HUK;)+C,.

Lemma 2.3 implies that the graph F' is a 2-sc graph. The graph F has order
an + 2, and D(F) = S. Since there is no 2-sc graph of order a,, + 1, therefore,
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Now we consider the set S = {ay,...,an} of positive integers. We prove that
if all the elements of S are odd, then ps(S) = a, + 3, otherwise us(S) = a, + 2.
Before proving the main result, we need to have the following theorem.

Theorem 2.7. (I. Zverovich [6]) Let S be a set of positive integers, where S =
{a1,...,an} and 3 < aj < --- < a,. Then there exists a Hamiltonian graph G such
that D(G) = S and |V(G)| = an, + 1.

Lemma 2.8. For a graph G, if A(G) = |V(G)| — 2 and G contains at least two
non—adjacent vertices of degree A(G), then G is a 2-sc graph.

Proof. Let x and y be two non—adjacent vertices of G with degg(z) = dega(y) =
A(G) = |V(G)| — 2. Obviously, z and y are adjacent to all other vertices of G.
Therefore, eq(x) = eq(y) = dg(z,y) = 2. Moreover, since A(G) = |V(G)| — 2, it
follows that for all other vertices v of G there is at least one non—adjacent vertex.
Hence eg(v) = 2. Therefore G is a 2-sc graph. O

Lemma 2.9. Let S be a set of positive integers where S = {aq,...,a,} and 2 <
ay < --- < ap. Then there exists a graph G of order a, + 1 such that D(G) = S
and G has a Hamilton path.

Proof. Let S = {a; + 1,...,a, + 1}. Since a1 + 1 > 3, Theorem 2.7 implies
that there exists a Hamiltonian graph G’ of order a, + 2 such that D(G’) = 5.
Let C' be a Hamilton cycle in G’ where C" = (v1,vg,...,0q, 42,v1). Without
loss of generality, let v; be a vertex of degree a, + 1 which is connected to all
other vertices of G'. Let G = G’ — v;. Thus D(G) = S, |[V(G)| = an + 1.
Furthermore, by removing the vertex v; of C’ we obtain the Hamilton path P
where P = (UQ,U37 ...7’Ua”+1,’l)a”+2). O

Lemma 2.10. Let S be a set of positive integers where S = {ay,...,an}, an be
odd and 3 < a1 < -+ < a,. Then there exists a graph G of order a, + 1 such
that D(G) = S and G has at least two adjacent vertices x and y of degree a,.

Moreover, G has a matching of size ““T_l which contains the edge xy.

Proof. Let S = {a; — 1,...,a,, — 1}. By Lemma 2.9, there is a graph G’ of order
an with D(G') = S’ and a Hamilton path P such that P = (vy, v, ...,v,, ) where
v; € V(G') for 1 < i < a,. Let « be a vertex of degree a,, — 1 of G’. We construct
G by adding a new vertex y to G’ adjacent to all vertices of G'. For 1 <i < a,
we have

dega(v;) = deggr (v;) + 1.

Clearly, we have two adjacent vertices x and y of degree a,, and also G is a graph
of order a, + 1 such that D(G) = S. We claim that G has a matching of size %==1
which contains the edge zy. Obviously, P is a path in G. Let M’ be a maximal
matching of P such that the vertex x is unsaturated. The size of matching M’
is at least “”2_3. Let M = M' U {zy}. Clearly M is a matching of G such that
M| = ‘I"T*H which completes the proof. O
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Now we prove our main theorem.

Theorem 2.11. Let S be a set of positive integers where S = {ay,...,a,} and
1<ay < <ap. If all elements of S are odd, then us(S) = a, + 3, otherwise
,LLQ(S) =a, + 2.

Proof. Consider the case when all elements of S are odd. Theorem 2.5 implies
that there exists a 2-sc graph G of order a,, + 3 such that D(G) = S. Moreover, as
noted earlier, in any graph, there is an even number of odd vertices. Hence there
is no graph of order a, + 2 with S as its degree set. Therefore G is a 2-sc graph
of minimum order such that D(G) = S, Hence us(S) = a, + 3.

Now assume that at least one even element a; exists in S where 1 < i <n. If
ay is even, then by Theorem 2.4, ps(S) = ap, +2. Now let a; be odd. There exists
at least one 7 where 2 < ¢ < n such that a; is even. Now we have two cases as
follows:

First we consider the case in which a,, is even. Hence |V (G)] is odd. Since a; >
3, Theorem 2.7 implies that there exists a Hamiltonian graph G of order a,,+1 such
that D(G) = S. Let C be a Hamilton cycle in G such that C' = (vy,va, ..., Vg, +1,v1)
where v; € V(G) for 1 <i < a, + 1. Without loss of generality, let v; be a vertex
of degree a,.

Let M be a matching of G where M = {vyv3, 0405, ..., Vg, Va, +1} and the edge
vV for 2 < i < a, is an edge of the Hamilton cycle C' (Notice that exactly one
vertex v1 of G is not saturated by M, hence |M| = %) Let G* = G — M.
Clearly, for 2 < i < a,, +1, we have degg~(v;) = degg(v;) —1 and also degg~(v1) =
degc(v1). Now, we construct a new graph H by adding a new vertex v adjacent
to each vertex of G* except vy. Since degy(v) = degy(v1) = degg(v1) = an
and for 2 < i < a,, we have degy (v;) = degg(v;), it follows immediately that
D(H) = D(G) = S. Furthermore, since |V(H)| = a, + 2 and H has at least two
non—adjacent vertices v and vy of degree a,, by Lemma 2.8, H is a 2-sc graph.
Therefore, ps(S) = ap, + 2.

Now we consider the case in which a, is odd. Lemma 2.10 implies that there
exists a graph G of order a, 4+ 1 such that D(G) = S. Furthermore, the graph G
has at least two adjacent vertices x and y of degree a,, and also G has a matching
of size “”T_l which contains the edge xy . Let v; be a vertex of degree a; where
a; is even and 2 < ¢ < n — 1. Consider the matching M of size % of G which
contains the edge xy. Let

G*'=G-M.
We construct H by adding a new vertex v to G* such that

E(H) = E(G")U{vu; | u; is the vertex of G which is saturated by M, where 1 < i < n}.

Clearly, D(H) = S and H has an order a, + 2. Since H has at least two
non—adjacent vertex x and y such that degy(x) = degn(y) = an, Lemma 2.8
implies that the graph H is a 2-sc graph and us(S) = a, + 2. O
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Eigenfunction Expansions for Second-Order
Boundary Value Problems with Separated

Boundary Conditions
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Abstract

In this paper, we investigate some properties of eigenvalues and eigen-
functions of boundary value problems with separated boundary conditions.
Also, we obtain formal series solutions for some partial differential equa-
tions associated with the second order differential equation, and study nec-
essary and sufficient conditions for the negative and positive eigenvalues of
the boundary value problem. Finally, by the sequence of orthogonal eigen-
functions, we provide the eigenfunction expansions for twice continuously
differentiable functions.

Keywords: Boundary value problem, eigenvalue, eigenfunction, completeness,
eigenfunction expansion.
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1. Introduction

In the present paper, we consider the boundary value problem L, defined by the
following second-order differential equation of the Sturm-Liouville type

(k(@)y') + (Aw(z) - g(x))y =0, = €[a,b], (1)
with the separated boundary conditions

cosa y' (a, \) —sina y(a, \) = 0, (2)
cos B y' (b, \) —sin 3 y(b,\) = 0, (3)
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which have many interesting applications in basic sciences, some branches of nat-
ural sciences and engineering. For example, in mathematical physics, the one
dimentional dif fusion equation is the form

ov 0 ov
& = (k)50 ~ 9@, (@)

where a <z < b, 0 <t < oo, and k(x),g(x) are real-valued functions. By the
separation of variables technique, we can write the solution v(z,t) in the form

v(z,t) = e My(z). (5)

In this case, the function y is seen to be a solution of the differential equation (1)
with w(z) = 1. For other examples, we refer to (2, 4, 17].

Studying the properties of spectrum of the boundary value problem L is an in-
teresting subject for many authors. For example, in [6, 11], the authors considered
regular Sturm-Liouville problems with £ = w = 1 and an integrable potential g, or
with locally integrable functions k=1, g, w on finite intervals, and obtained asymp-
totic approximations of eigenvalues and eigenfunctions. In [8, 18, 19], inverse spec-
tral problems with non-separated boundary conditions with an integrable function
g(x) were investigated. Also, inverse problems for singular differential operators
on finite intervals with & = w = 1 were studied in [7, 13, 15]. Boundary value
problems consisting of (1) with g = 0, together with Dirichlet boundary condition
or irregular decomposing boundary conditions were investigated in [9, 10], and
eigenfunction expansions and their uniformly convergent were studied. In [1], the
authors considered (1) in the case when the equation has a singularity and disconti-
nuity inside the interval [0, T], and investigated the properties of the spectrum and
its associated inverse problem. Also, in [3, 16|, the authors considered the prob-
lems consisting of (1)-(2) with k¥ = w = 1 or with discontinuous weight function
w(x) on symmetric intervals under discontinuity conditions in y and y’, together
with the boundary condition (3) or an spectral parameter dependent boundary
condition at the right endpoint, respectively. They investigated the properties of
eigenvalues and eigenfunctions, and obtained asymptotic approximation formulas
for fundamental solutions. Finally, in [14], a new type of boundary value problem
consisting of a second order differential equation with an abstract operator in a
Hilbert space on two disjoint intervals together with eigenparameter dependent
boundary conditions and with transmission conditions was investigated.

In the present article, in section 2, we study some properties of eigenvalues
and eigenfunctions of the boundary value problem L consisting of the equation
(1) together with the boundary conditions (2)-(3), in special cases. Here, X is
the eigenvalue parameter, k(z), w(z) and g(x) are real continuous functions on
[a,b], and k(x),w(z) are positive. We will provide the formal series solutions for
the function v(x,t) of the diffusion equation (4). Then, we study necessary and
sufficient conditions for negative and positive eigenvalues of L, and prove that
each twice continuously differentiable function can be expanded in terms of the
eigenfunctions of the problem, under a sufficient condition (see section 3).
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2. The Eigenfunctions and Formal Series Solutions
In this section, first, we consider some special forms of (1)-(3), and find the eigen-

functions and the formal series solutions in several examples.

Example 2.1. Let a =0,b=m, k(z) =w(z) =1, g(z) =0, a = § and = —
Then, we can rewrite the problem L as follows:

N

y' +xy = 0, 0<z<m,
y(0) = 0,  y(m)+y(m)=0. (7)
The differential equation (6) has two linearly independent solutions
y1(x) = cos(VAx), ya(2) = sin(VAx).

Thus, it follows from the first condition of (7) that the solution y(z, A) of (6)-(7)
is the form

—
D
~~

y(z,\) = esin(VAz),

where ¢ is constant. Therefore, according to the secondary condition of (7), we
get

VA + tan(v/Ar) = 0. (8)

Example 2.2. Let a =0, k(z) = w(z) =1, g(z) =0, « =0 and 3 = 7. In this
case, the problem L be transformed to

Y+l = 0, 0<z<b,
y'(0) = 0, yb)=0.
Therefore,
y(z,\) = ccos(VAz).
Moreover, L has a countable set of the eigenvalues

(2n + 1)77)2
2b ’

and so, their corresponding eigenfunctions are

An = ( n=1,2.3,..

(2n+ 1)z
2b

Definition 2.3. We define the function < .,. >,,: C[a,b] — C|[a, b] by

Yn(x) = cos( ), n=123,...

b
<y,z >w:/ y(t)z(t)dt

for all complex functions y, z € Cla,b]. Here, z(t) is the conjugate of z(¢).
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The function < .,. >, defines an inner product on Cl|a, b].

Theorem 2.4. Suppose that A\; and Ag are distinct eigenvalues of the boundary
value problem L with corresponding eigenfunctions y; and ys, respectively. Then,
y1 and ys are orthogonal with respect to the weight function w(x).

Proof. Since y; is the corresponding eigenfunction of \;, we have
(k(x)y;) — g9(x)ys = —Niw(@)yi,  i=1,2. (9)
For ¢ = 1, multiply (9) by y2 and integrate from a to b with respect to x, then

b

/ab y2(k(z)y)) dr — /b Y1y29(x)dr = —,\1/ yryow(z)dz.

a a

Integrate by parts yields

b b b
ygy'lk(x)|g—/ y’ly’Qk(fv)daz—/ ylygg(x)d:ﬂ:—)\l/ y1yaw(z)dx. (10)

Similarly, for ¢ = 2, multiply (9) by y; and integrate from a to b, we get

b b b
k(@) - / yyoh(z)dz — / y1129(2)dz = — Ao / pyew(@)dr. (1)

Subtracting the two equations (10) and (11), we obtain

b
y1ysk (@)l — yayik(@)]e = (A — )\2)/ y1yaw(x)d. (12)

Now, let o, 8 = km +7/2, k € Z, then it follows from (2)-(3) that
yi(a) =0 = y;(b), i=1,2. (13)

Applying (12)-(13) we conclude that
b
(M — /\2)/ y1ysw(z)dx = 0. (14)
Similarly, let o, 8 # km + w/2, k € Z, then we have

yi(a) = tana y;(a), yi(b) = tan 8 y;(b), i=1,2. (15)

Substituting (15) into (12), we arrive at (14). Also, in the case when o = kw4 m/2
and 8 # km + m/2, (14) is valid. Hence, in general, (14) together with \; # Ay
yields

b
/ yyew(z)dr = 0,

and our proof is complete. O
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Example 2.5. Consider the equation (1) with k(z) = w(z) =1, g(x) =0, a =0,
a,B=km+7n/2, k € Z. In this case, applying the method which used for finding
the eigenvalues in Example 2.1, we obtain the eigenvalues and the corresponding
eigenfunctions as follows

n27r2 nmx

2 Yn(z) = sin(——), n=123,..

b
Therefore, we deduce that

An =

mmnx nmwxr

)sin(——)dxz = 0, m # n.

b
< Ym,Yn >w:/ Sin(
a

Hence, according to (5), we may construct a formal series solution for v(x,t) by
superposition

Z b sin %) (16)

For finding the Fourier coefficients k,,, substituting ¢t = 0 and multiply both sides
of (16) by sin(™*), and integrate from 0 to b give us

b b o0
/ v(z,0) sin(m;m)d:c :/ an Sin(?)sm(n%bm)dx'
0 0

n=1

Assuming uniform convergence and by orthogonality we obtain (with m = n)

b
/v(z,())sin( dxf/ Zk sin? mr:r )dx,
0

therefore, we get

Hence, for M = %fob lv(z,0)|dz,
lkn| < M, n=123,...

Moreover,

nmwx )2t

|knewtsin(¥)| < Me=(F2% 0
as t — oo. This together with (16) yields
v(z,t) =0 ast— oo,

by uniform convergence.
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Example 2.6. Let k(z) = w(z) =z, g(z) = %2, m>0,a=0,0,0=kr+mx/2,
k € Z. Then,

2

)\n = Jg;’n, yn(l.) = Jm(]m’nm)7 n= ]" 2’37 AR

where j,  is the nth positive zero of the Bessel function J,,. Moreover,

b . .
< Ym>Yn Zw= / Jm(]n;,n x)J7rL(j77bL7s Q?)d.]? - Oa n 3& S.
0

By (5) and the method applied in Example 2.5, we can write

v(x,t) = Z rne_’\"'tJm(]";)’n x)dx,
n=1

where the coefficients 7,, are obtain as follows

b ‘7YL n
- Jo v(x,O)Jm(J " x)dac.

SO T (I ) Y2 de

Theorem 2.7. The eigenvalues of the boundary value problem L, defined by
(1)-(3), are real.

Proof. Tt follows from the relation (14) that for each eigenvalues A1, Ay of L,

b
(N — )\72)/ y1jzw(x)dr = 0. (17)

Now, we choose y; = y;1. This together with (17) yields

b
(M — )\T)/ |y1\2w(x)dx =0.

Since |y1|?w(z) > 0, we obtain A\; = ;. Consequently, the eigenvalue )\; is real.
Since A\; was an arbitrary eigenvalue of L, the proof is complete. O

3. The Eigenfunction Expansion

In this section, necessary and sufficient conditions for the negative and positive
eigenvalues of the boundary value problem L are obtained. Also, we discuss com-
pleteness of the eigenfunctions of L, and prove that each function can be expanded
in terms of the eigenfunctions of L, under a sufficient condition.
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Lemma 3.1. Suppose that A is an eigenvalue of L with corresponding eigenfunc-
tion y. Then,

L@ W) + @)y — (k@)yy)l;
ff y2(z)w(z)dx

Proof. First, multiply (1) by y and integrate the result with respect to x on the
interval [a, b], we obtain

A

(18)

/ab(k(x)y/)/y - /abg(x)gf)dx = —)\/ab 2w (z)dz. (19)

Now, after an integration by parts from (19), we arrive at (18). O

According to Lemma 3.1, we have the following corollary.

Corollary 3.2. Leta,f =kn+n/2, k€ Z. Iftana >0, tan 5 <0, and g(z) > 0
for every x € [a,b], then the eigenvalue \ of L is always positive.

Remark 1. We note that all eigenvalues of L are simple, because otherwise, let y;
and y2 be the linearly independent eigenfunctions correspond to the eigenvalue A.
Thus, y; and ys satisfy the boundary conditions (2)-(3). Moreover, we can write
every solution y(z, A) of (1) corresponding to A in the form

y(z, N) = cryi(z) + coya (),

where ¢y, ¢y are arbitrary constants, and y(z, A) must be satisfied in the boundary
conditions (2)-(3). On the other hand, we know that the problem consisting of (1)
together with arbitrary initial conditions that be incompatible with (2)-(3), has a
unique solution. Hence, these give us a contradiction.

The following assertion can be proved like Theorem 4.8, p. 157 of [12].

Lemma 3.3. If H(x,t) is a continuous, real-valued and symmetric function, f :
[a,b] — R is a continuous function defined by

b
f(z) = / H(z,t)r(t)dt, x € [a,b]

for some continuous r : [a,b] — R, then f may be expanded in the uniformly
convergent series f =Y "7 | a,yy on [a,b], where {y,} is the sequence of the the
eigenfunctions of L, and

_Jy f@)yn(@)da
JJvi(@yda

The Lemma 3.3 plays an important role for proving the following theorem
which is the main result of this section.

n>1.

n
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Theorem 3.4. If h : [a,b] — R is an arbitrary twice continuously differentiable
function satisfy (2)-(3), then h can be expanded in the uniformly convergent series
h =31 Bnyn on [a,b], where

_ f: h(x)yn(ﬁﬂ)w(x)dx
f; Y2 (z)w(z)dx

Proof. First, since h is twice continuously differentiable, there exists a continuous
function p : [a,b] — R such that

t(h(x)) = —p(x)/ k(z),

n > 1. (20)

where

Ch = %(k’(m)%) —g(x)h.

Second, h satisfies (2)-(3), thus by the method of variation of parameters, h(x)
can be written as

b
h(z) = —/ G(z, t)p(t)\/w(t)dt, x € [a, b,

where
__u(@u(t) <o <t<bh
TOWn@: CSTSES0,
G(z,t) = e
u(t)v(x
m, a<t<z<b,

where v and v are two arbitrary linearly independent solutions of (1), and W (u, v)(z)
is the Wronskian of v and v. Therefore,

b
h(z)vw(z) = —/ G(z,t)p(t)/w(z)w(t)dt, x € [a,b]. (21)

Since,

d
Iz k@W(uwv)(@)} = u(@)(k(z)v'(2)) = o(@) (k@) (z))
= 0,
thus, k()W (u,v)(z) is constant. Hence, G(z,t)y/w(z)w(t) is continuous and
symmetric. Therefore, by the relation (21) and Lemma 3.3 we derive the following
uniformly convergent expansion

n=1

where (3, is of the form (20). This completes the proof of Theorem 3.4. O
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