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Trees with Extreme Values of Second Zagreb

Index and Coindex
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Abstract

The second Zagreb index M2 (G) is equal to the sum of the products of the
degrees of pairs of adjacent vertices and the second Zagreb coindex M2 (G)
is equal to the sum of the products of the degrees of pairs of non-adjacent
vertices. Kovijani¢ Vukiéevié and Popivoda (Iranian J. Math. Chem. 5
(2014) 19-29) prove that for any chemical tree of order n > 5,

8n—26 n=0,1 (mod 3)
My(T) < { 8n — 24  otherwise.

In this paper we present a generalization of the aforementioned bound for
all trees in terms of the order and maximum degree. We also give a lower
bound on the second Zagreb coindex of trees.
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1. Introduction

In this paper, G is a simple connected graph with vertex set V =V (G) and edge
set E = F(G). The order |V| of G is denoted by n = n(G). For every vertex
v € V, the open neighborhood N(v) is the set {u € V(G) | uv € E(G)} and the
closed neighborhood of v is the set N[v] = N(v)U{v}. The degree of a vertex v € V
is d, = |[N(v)|. The minimum and mazimum degree of a graph G are denoted by
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0 =0(G) and A = A(G), respectively. A leaf of a tree is a vertex of degree 1 and
a pendant edge is an edge adjacent to a leaf. Trees with the property A < 4 are
called chemical trees.

The Zagreb indices have been investigated more than forty years ago by Gut-
man and Trinajsti¢ in [6]. These parameters are important molecular descriptors
and have been closely correlated with many chemical properties [6,8]. Hence, they
attracted more and more attention from chemists and mathematicians [2-4,11,12].

The first Zagreb index, M; = M;(G), is equal to the sum of squares of the
degrees of the vertices. Consult [9] for a good survey on this subject. Also, in [10]
we found some lower bound for first Zagreb index of trees.

The second Zagreb index My = M»(G) is equal to the sum of the products of
the degrees of pairs of adjacent vertices of the graph G, that is,

My(G)= > dwd(v)= > dud,.

uveE(G) weE(G)

Dosli¢ in [5] introduced two new graph invariants, the first and the second
Zagreb coindices, defined as follows:

Ml(G) = Z (duJde)a

wéE(G)

My(G)= > dyd,.
wgE(G)

Let T be a tree of order n and let n; be the number of vertices of degree i for
eachi=1,2,...,A. Clearly

ny+ng+---+na=mn (1)
and
ny+2ng +---+Ana = 2n — 2. (2)
By (1) and (2), we have
no+2ng+ -+ (A—=1)na =n—2. (3)

Trees with the property A <4 are called chemical trees. The following family
of trees was introduced in [7]. For n = (A — 1)k +r (k > 2), let T,, be the family
of trees T' of order n with maximum degree A such that:

e If r = 0, then T has k — 1 vertices of degree A and one vertex of degree
A — 2, and the remaining vertices are pendant.
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o If r =1, then T has k — 1 vertices of degree A and one vertex has degree
A — 1, and the remaining vertices are pendant.

e If r > 2, then T has k vertices of degree A and one vertex has degree r — 1,
and the remaining vertices are pendant.

Theorem A. [7] If T is a chemical tree of order n > 5. Then

8n —26, n=0,1 (mod 3)
My(T) < { 8n — 24, otherwise

with equality if and only if T € T,,.

In this paper we generalize the aforementioned upper bound and classify all
extreme trees.

2. An Upper Bound on the Second Zagreb Index

In this section we present the following upper bound on the second Zagreb index
of trees as a generalization of Theorem A.

Theorem 2.1. Let T be a tree of order n and maximum degree A. If n = r (mod
A — 1), then

2nA — A? —4A +6 r=0
2nA — A2 —3A +2 r=1
MoT) =3 9pa— A2 24 r=2

2nA — A% —rA+2+7r(r—3) r>3

with equality if and only if T € T,,.
We start with some lemmas.

Lemma 2.2. If T is a tree with at least two vertices of degree 2 < g < A — 1,
then its second Zagreb index cannot be maximal.

Proof. Let x,y € V(T) such that d(z) =d(y) =5,2< <A -1.

Let N(ZE) = {xl,IEQ,..-,ZEﬁ}, N(y> = {y15y27"'7yﬁ}7 € = X5, i = YYi and
i=1,2,... 8.

We consider two cases.

Case 1. ay & E(T), that is,  and y are not adjacent.
Without loss of generality, suppose that

d(x1) + d(z2) + -+ d(zp) < d(y1) + d(y2) + -+ d(yp)
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and the unique path between z and y goes toward the vertices z1 and y;. Let T’
be a tree, such that from 7" obtained by remove edge eg = 23 and adding edge
yrg. ie. T" =T —eg + yxg (see Figure 1).

We will show that My(T') < Ma(T"). To this end, let S = {ey,es,...,€,91, g2,
..,93}. By definition we have

My(T) = > d(u).d(v) + B(d(z1) + - -+ d(wp)) + Bld(yr) + -+ + d(yp)),
uvgS

My(T') = ) d(u).d(v) + (8 = 1)(d(x1) + - - + d(w5-1))
uvgS
+ (B+D)(d(y1) + -+ +d(yg) + d(zp)).

Thus

(d(z1) + ... +d(x-1)) — d(zs) = (d(y1) + ... + d(ys))
= (d(xl) + ...+ d(zﬁ)) — (d(yl) + ...+ d(yg)) — 2d(z5)
< 0.

My(T) — Ma(T")

Therefore My (T) < M»(T"), as desired.

z €1 1‘1_ ________________ g1 Yy X e
e unique path 92 o
X2
@) O
e\ . >
T e ” T

Figure 1: Case 1 - Lemma 2.2.

Case 2. ay € E(T), that is,  and y are adjacent.
The vertices 1 and y; from the above construction are the vertices y and =,
respectively, and the edges e; and g; are one and the same edge xy. Similar to

the proof of case 1, we suppose that
d(z2) + - +d(zg) < d(y2) + - + d(yp).

Let S = {e1 = g1,€2,...,€8,92,...,93} (see Figure 2). By definition we have



Trees with Extreme Values of Second Zagreb Index and Coindex 231

Ma(T) = ) d(u).d(v) + B(d(xs) + - +d(wg)) + 5+ B(d(y2) + - - + d(ys)),
uvgS

Ma(T") = ) d(u)-d(v) + (8 = 1)(d(w2) + -~ + d(z5-1)) + (8 — 1)(B + 1)

uvegS
+ (B+ D(d(y2) + -+~ + d(yp) + d(zs)).

Thus

My(T) = My(T") = (d(w2) + -+ + d(wp-1)) — d(xp) + 1 = (d(y2) + - - + d(yp))
= (d(z1) + - +d(zp)) — (d(y1) + -+ +d(yp)) — 2d(xp) + 1
<0.

Since d(xzg) > 1, —2d(xg) + 1 < 0. This completes the proof. O

Figure 2: Case 2 - Lemma 2.2.

Lemma 2.3. If T be a tree with at least one vertex of degree a and one vertex
of degree 3, 2 < a < 8 < A —1, then its second Zagreb index cannot be maximal.

Proof. Let x,y € V(T) such that d(z) =a and d(y) = 5,2 < a <8< A—1. Let
N(z) = {z1,22,...,2a}, N(y) = {y1,92,...,ys} and e; = zx; and g; = yy, be
the appropriate edges for each i =1,2,...,acand j =1,2,...,5.

Without loss of generality, suppose that the unique path between x and y goes
toward the vertices x1 and y;. (see Figure 3).
Let S = {e1,€2,...,€qa,91,92,...,93}. We consider two cases.

Case 1. zy ¢ E(T), that is, x and y are not adjacent.

Subcase 1.1 d(z1) > d(y1). Let 7" =T — {e1, 91} + {yx1,zy1}. So
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My(T) = 3 d(u).d(v) + a(d(@1) + - + d(za)) + B(d(y1) + -+ + dlyp)),
uvegS

My(T') = ) d(u)-d(v) + a(d(y:) + d(x2) + - -~ + d(za)) + Bld(z1)
uvegS

+d(y2) + -+ d(ys)-
Therefore
My(T) — Ma(T") = d(z1)(a — B) +d(y1) (8 — a)
= (d(z1) — d(y1))(a = B)

< 0.

Because, by hypothesis, « < 8 and d(y1) < d(z1).

Figure 3: Case 1 - Lemma 2.3.

Subcase 1.2 d(z1) < d(y1) and for some 14,7, d(z;) > d(y;) 2 < i < q,
2<j<P). Let T =T —{e;,9;} + {yxi,zy;}. So

My(T) = > d(u).d(v) + a(d(@1) + ... + d(za)) + B(d(y1) + ... + d(yp)),
uvgS

My(T') = d(u).d(v) + a(d(z1) + ... + d(za)) + Bdy1) + ... + d(yp))
uvgS

+ (Bd(zi) — ad(z;)) + (ad(y;) — Bd(y;))-
Therefore
My(T) = Ma(T") = d(x)(a — B) + d(y;)(B — )
= (d(zi) — d(y;)) (e — B)

< 0.
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Because, by hypothesis, o < 8 and d(y;) < d(z;).
Subcase 1.3 d(z1) < d(y1) and for all 2 < i < o and 2 < 5 < 8, we have
d(z;) <d(y;). Let T =T — eq + yzqo. So

Ma(T) = ) d(u).d(v) + a(d(z1) + -+ d(wa)) + Bd(y1) + -~ + d(yp)),

Mo(T) — Ma(T") = (d(z1) + - + d(z0-1)) + (@ — 8 — 1)d(z0)
= (d(y1) + -+ +d(yp))
= (d(x1)+ -+ d(xg)) + (. — = 2)d(xq4)
= (d(y1) + - +d(yp))

Because, by hypothesis and a < 5.

Case 2. zy € E(T), that is,  and y are adjacent. The vertices z1 and y; from
the above construction are the vertices y and x, respectively, and the edges e; and
g1 are one and the same edge zy. Let S = {e2,...,€q,92,...,93}. We consider
two subcases.

Subcase 2.1 There exist 2 < i < « and 2 < j < §3, such that d(z;) > d(y;).
Let 7/ =T — {ei, g;} + {zw, zy;}. So

My(T) = ) d(u).d(v) + ald(ws) + - +d(za)) + B(d(y2) + - - + d(yp)),
uvgS

My(T') = ) d(u).d(v) + ald(ws) + -+ d(xa)) + B(d(y2) + -~ + d(yp))
uvgS

— ad(z;) + Bd(z;) — Bd(y;) + ad(y;).
It follows that
My(T) — Mo(T") = (@ — B)d(a) + (B — a)d(y;) = (o — B)(d(zs) — d(y;)) < 0.
Because, by hypothesis « — 8 < 0 and d(x;) — d(y;) > 0.

Subcase 2.2 For all 2 <i < a and 2 < j < 3, we have d(z;) < d(y;).
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In this case, we suppose that S = {e2,...,€q,92,...,98,1 = g1 = xy} and
T =T — ey + yvo. We deduce that

= > d(u).d(v) + a(d(zy = y) + -+ d(za))

uvgS
+ Bd(yr = ) + -+ + d(ys)),
My(T') = d(u).d(v) + (a — 1)(d(z1 = y) + - + d(za-1))
uvgsS
+ B+ 1) dyr = 2) + -+ d(yp) + d(za)).

Therefore

Ms(T) = Ma(T") = (d(y) + d(z2) + - -+ + d(¥a—1)) + (@ = B — 1)d(za)
— (d(z) +d(y2) +--- + d(yp))
=(a—-p- ) (2 ) + (d(y) — d(z)) — (d(y2) + -+ d(yp))
(d(z2) + -+ d(za-1))

B—1d(za) + (B —a) — (d(y2) + -+ d(ys—a+2))
— (d(ys- a+3) +--+d(yg)) + (d(z2) + - + d(xa-1))
0.

+
+

Q

_|_

=(a—

A

Because, by hypothesis (a—f—1)d(zq) < —1, (B—a)—(d(y2)+- - -+d(ys—at2)) <
B—a—(f—a+1) < —land (d(z2)+: +d(xa-1)) = (d(Ys—ats)+---+d(ys)) < 0.
Consequently, in any cases we have Ma(T') < M2(T"), that is contradiction. O

From the Lemmas 2.2 and 2.3, we make the next conclusion.

Corollary 2.4. If T is tree of order n such that Ms(T") = max{Ms(T") | T" is a tree
of order n}, then T satisfies exactly one of the next two conditions:

(i) all vertices of the graph T have degrees 1 or A;
(ii) in V(T') there is exactly one vertex of degree 8 (1 < 8 < A) and remaining

vertices have degrees 1 or A.

Proof of Theorem 2.1. By Theorem A, we may assume that A > 5. Let T be
a tree such that

M5 (T) = max{My(T") | T' is a tree of order n with maximum degree A}.

By Corollary 2.4, T has at most one vertex of degree ¢t where 2 <t < A — 1. Let
A be the set of all pendant edges of T and B = E(T) \ A. Define the function w
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on E(T) by w(uv) = d(u)d(v). Then

My (T) = Z w(e) + Z w(e).

ecA eeB

There are non-negative integers k,r such that n = (A—1)k+rand 0 <r < A-2.
By (3), we have

n2+2n3+---+(A—2)nA_1:(A—l)(k—nA)—i—r—Z (4)

Case 1. n; = 1.

f41—
Tt follows from (4) that £+ 1 —r — (A — 1)(k — na) and so na — k — —t "

A—-1
Since 0 <r <A —-2and2<t<A—1 and since 15217_717’ is an integer between
0 and 1, we deduce that one of the following statement holds.

(a) if r=0,thent=A—-2na=k—1,na_o=1and ny =n—k,

(b) if r=1,thent=A—-1,na=k—1,na_1=1and ny =n—k,

(c) f3<r<A—-2thent=r—1,na=kn—1=1landn; =n—k—1.

Let V; be the set consists of all vertices of degree i for each i = 1,2,..., A.
Suppose E; ; denotes the set of all edges with one end in V; and the other end in
Vj. Clearly, E = E1; UE1 A UE A UEAa and t = |Ey 4| 4+ |Ey al|. Therefore

My(T) = wle) + Y w(e)

ecA e€B
= (|Ey |-t + |E1al-A) + (|EBeal tA + |Ea a|.A%)
= (|Ep4]t + (n1 — |E1i)A) + (|Ee Al tA 4 (n —ny — |Epa| — 1).A%)
=t —A)(|E1t| + AlEyal) + A — ni A%+ (n— 1)AZ. (%)

Since t — A < 0 and M3(T) is maximum, we should minimize |Ey ;| + |E¢ a|A.
It follows from t = |E4 4| + |Eyal that |Ep a| =1 and |E7 | =t — 1. Hence,

MQ(T):t27t72A2+A+7’L1A77’L1A2+nA2. (>k>k>k)
If (a) holds, then n = (A — 1)k and by (% % x) we have

Mo(T) = (A —2)? — (A —2) —2A% + A+ (A — 2)kA — (A — 2)kA% + (A — 1)kA?
= —A? —4A + 6 — 2kA + 2kA?
=2nA — A% —4A +6.



236 R. Rasi, S. M. Sheikholeslami and A. Behmaram

If (b) holds, then n = (A — 1)k 4+ 1 and by (* * %) we obtain

Mo(T) = (A —1)> — (A —1) —2A2 + A+ (A = 2)k + 1)A — ((A — 2)k + 1)A?
+ (A -1k +1)A%
=A% - A+2—2kA +2kA?
=-A?-A+2+2(n-1)A
=2nA — A? —3A +2.

If (c) holds, then n = (A — 1)k + r and by (* x ) we have

MQ(T):t27t—2A2+A+n1A—n1A2+nA2
=7% = 3r4+2— A% - 2kA +rA +2kA%
=2k(A —1)A =A% +7A+2+7(r —3)
=2nA — A? —rA+2+7(r —3).

Case 2. n; = 0.

By (4) we have (A —1)(k —na) +r —2 = 0 that leads to r = 2 and na = k. If
follows from () that

M, ., (T) :nlA—nlAQ—l—(n— 1).A%
= (A =2k +2)A — ((A—=2)k+2)A% + (A - 1)k +1)A?
= 2A(A — 1)k — A +2A
=2A(n—2) — A2 +2A
= 2nA — A? - 2A.

max

This completes the proof. O

3. Lower Bound on the Second Zagreb Coindex
among All Trees

In [1], Ashrafi and others proved that for any connected graph G with n vertices
and m edges,

MQ(G) = 2m2 - MQ(G) - %Ml(G)

The next corollary is direct consequence this equality and Theorem 2.1.
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Corollary 3.1. Let T be a tree of order n and maximum degree A. If n = r
(mod A — 1), then

4n? — 5n(A +2) + 2A% + 12(A - 1) r=0

— 4n? — Bn(A +2) 4+ 2A% + 9A r=1
2M5(T) 2 n f5n(A+2)+2A2+6(A+1) r=2
5n(A+2) +2A% + (2+3r)A +(7—3r)r r>3.

Proof. From Theorem 2.1, we conclude that 2Mo(G) = 4n? — 8n+4 — (2M(T) +
M;(T)). Now by Theorem 2.1 and Corollary 2.1, the proof is straightforward. O
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