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to find the Optimum Waves Amplification by
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Abstract

In this paper, a combinatorial elliptic-circular waveguide is introduced to
amplify electromagnetic waves. The cross-section of this waveguide is elliptic
and filled by a dielectric medium; while two axial circular cavities have been
created in it, just outside the center. A cavity has been filled by an unmagne-
tized cold plasma and a relativistic pencil electron beam(RPEB) is injected
in other cavity. By applying an adaptive finite element method(FEM), elec-
tromagnetic slow waves amplification in the waveguide is investigated. We
study variations of growth rate of excited microwaves under influence of dif-
ferent factors. The purpose of examining the effect of various parameters
of this waveguide such as plasma and electron beam radiuses, the RPEB
location, dielectric constant and beam current intensity; is to introduce the
waveguide with optimal configuration and parameters to obtain the highest
wave growth rate.
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1. Introduction

Waveguides are structures that are used for guiding waves as electromagnetic and
sound waves and applied in order to effective transmission of electromagnetic power
from one point to another in space [11]. Waveguides with different structures and
materials, are proposed and applied for various aims [12],[10]. Actually, the struc-
ture selection depends on the operating frequency band, the amount of transmit-
ting power and the transmission losses [12]. Although, a large number of empirical
and theoretic researches have been done on waveguides with rectangular, triangle,
circular and elliptic cross-sections [2,7]; but so far few scientific articles have been
published about waveguides with combined geometries. In 1997, Benito Gimeno
et al. applied an efficient method to achieve the modal spectrum of elliptic waveg-
uides and investigation of the connections between squar, circular, or elliptic to
elliptic waveguides [4]. Then, the electromagnetic wave scattering from an elliptic
dielectric column, covering peculiarly a circular metallic [17], and scattering by a
circular dielectric layer coating eccentrically an elliptic dielectric column, had been
investigated [18,23]. At first, Shahi et al. analyzed a circularly cored highly bire-
fringent (Hi-Bi) waveguide for the first time, in 2007 [19]. Afterwards, excitation
and amplification of electromagnetic waves in a combined dielectric waveguide was
investigated in 2019 [13].

Several methods as Integral Equation, Finite Element, Transverse Resonance
and Point Matching methods, have been developed to solve the vector-wave equa-
tion of a waveguide with an arbitrary cross section [16,22]. The finite element
method is known as a suitable approach to be applied in waveguides with com-
plicated and inhomogeneous structure. Finite element method has been used to
discuss the dominant mode in a simple elliptical waveguide and the electrical field
lines of the dominant TE mode and the magnetic field lines of the lowest TM mode
[8]. Field patterns in V-shaped micro-shield transmission line have been calculated
by using the edge-based finite element method [9]. The possibility of plasma wave
simulation based on the finite element method has been examined, and a full wave
simulation code of the lower hybrid wave was developed [20].

In the current work, we will investigate an elliptical waveguide including an
isotropic cold plasma column with circular cross-section that is placed in focus
of the waveguide. A relativistic solid electron beam has been injected in elliptic
waveguide in order to amplification of the electromagnetic waves. It should be
added that the rest of the waveguide space is filled with dielectric material to
decrease the phase velocity of the propagated waves and excitation of slow waves.
Here the excited waves have nonzero field component along the beam velocity
E⃗.V⃗0 ̸= 0, and consequently the field can influence the beam electrons. The beam
can be decelerated by the field, thus transmission part of its energy to the wave.
The wave emerging from an initial fluctuation increases with time. This increment
is most important in the frequency range of the Cherenkov resonance [1]. We will
attain the global generalized eigenvalue equation of the system by solving the fluid
and Maxwell’s equations for the dielectric, beams and plasma mediums. Such a
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non-isotropic combinatorial plasma-dielectric waveguide, has been adjusted from
elliptic laser pumping cavities [3]. Characteristic eigenvalue equation and disper-
sion relation of this structure will be found by applying finite element method
(FEM). The newness of this work alludes to this subject, the plasma effect on the
excitation and amplification of electromagnetic waves in a waveguide with such
complicated configuration that has a junction between circular and elliptical ge-
ometries has been investigated. As known the elliptical waveguides have a higher
growth rate for excited slow waves in comparison with circular cylindrical and
slab waveguides. With attention to different variable parameters considered in the
present structure such as geometric configuration including radiuses of plasma and
electron beam columns and location of the beam, dielectric permittivity and cur-
rent intensity of the electron beam, we can determine optimal design for obtaining
maximum wave amplification. It will be seen that by using the novel waveguide in-
troduced in this article, microwaves excitation with higher growth rate can accrue
in comparison with other dielectric-plasma waveguides.

The present work has been arranged in four sections where the Introduction was
presented as Section 1. The waveguide configuration and fundamental equations
of problem is presented in Section 2. In Section 3, the numerical outcomes and
diagrams of dispersion relations and time growth rate for excitation of slow waves
will be presented. Ultimately, a summary and conclusion are presented in Section
4.

2.Configuration and Fundamental Equations
In the present study, as illustrated in Figure 1-a, an elliptical dielectric waveguide
with completely conducting walls and relative permittivity ϵr including two axial
circular hollows, is considered. One of the hollows with radius Rp that created in
the left focus of the elliptical waveguide is filled by an unmagnetized cold plasma
with equilibrium density Np0. On the other hand, as shown in Figure 1-b, another
hollow with radius Rb is situated in right focus or slightly shifted from it under
angle θb. A relativistic pencil electron beam, (RPEB), with a uniform current
density is injected in the second hollow. It must be mentioned two hollows are
fully filled by plasma and RPEB, so it can be said the waveguide consists of three
region plasma, electron beam and dielectric. The equilibrium velocity and density
of the relativistic electron beam are defined respectively asV = V0ẑ and Nb0, where
ẑ is the unit vector along the symmetry axis of the electron beam column. In the
present work, we consider ions of plasma as motionless because of their heavier
mass. Therefore, in the linear approximation, the perturbed current density and
perturbed charge density of electrons in plasma and RPEB, can be found by the
relativistic momentum transfer and continuity equations as follows [1], [5]:[

∂

∂t
+
−→
V .

−→
∇
] −→

V√
1− V 2

c2

=
−e
m0

[
−→
E +

−→
V

c
×

−→
B

]
, (1)
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Figure 1: Geometric schematic of the elliptical waveguide with two hollows filled
by a plasma column and an electron beam.

∂N

∂t
+

−→
∇.(N

−→
V ) = 0, (2)

where c is the light velocity in vacuum, e and m0 are the electric charge and rest
mass of electron, respectively. On the other hand, it must be noted the electron
beam is assumed to be focused by a infinitely intense axial magnetic field so that
the transverse motion of the electrons of beam is negligible. Under this conditions,
and with linearizing Equations (1) and (2), the perturbed current and charge den-
sities of electrons in the plasma column and RPEB can be written in terms of
the fluctuation of electric field [14,15]. Then by applying the perturbed quantities
obtained from fluid equations that are written as a superposition of monochro-
matic plane waves of the form δψ = δψ0e

j(kz−ωt), and doing some uncomplicated
computing, one can obtain dielectric tensor of cold isotropic plasma and RPEB
regions. In this approach, system of Maxwell’s equations

−→
∇ ×

−→
E − jω

−→
B = 0, (3)

−→
∇ ×

−→
B + jωµ0ε̃

−→
E = 0, (4)

where
−→
B = µ0

−→
H , will be used in three regions plasma(I), RPEB(II) and dielec-

tric(III) with dielectric tensors ε̃:

ε̃ = ε0

 1− ω2
p

ω2 0 0

0 1− ω2
p

ω2 0

0 0 1− ω2
p

ω2

 , for P lasma, (5)

ε̃ = ε0

 1 0 0
0 1 0

0 0 1− ω2
b0/γ

3
0

ω2(1−kV0/ω)2

 , for Electron Beam, (6)
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ε̃ = ε0

 ϵr 0 0
0 ϵr 0
0 0 ϵr

 , for Dielectric. (7)

In above equations, j =
√
−1, k and ω are the wave number and frequency,

respectively; γ0 = 1/(1−V 2
0 /c

2)1/2, plasma frequency is related to plasma density
as ω2

p =
Np0e

2

m0ε0
and ω2

b0 = Nb0e
2

m0ε0
. Now, we write explicitly the cartesian components

of the main Equations (3) and (4) as follows:
∂Ez

∂y − jkEy − jωBx = 0,

jkEx − ∂Ez

∂x − jωBy = 0,
∂Ey

∂x − ∂Ex

∂y − jωBz = 0,

(8)


∂Bz

∂y − jkBy + j ω
c2 ϵxEx = 0,

jkBx − ∂Bz

∂x + j ω
c2 ϵyEy = 0,

∂By

∂x − ∂Bx

∂y + j ω
c2 ϵzEz = 0.

(9)

where in our problem the general form of the dielectric tensor ε̃ is as follows:

ε̃ = ε0

 ϵx 0 0
0 ϵy 0
0 0 ϵz

 ,

for plasma, RPEB and dielectric regions. By solving Equations (8) and (9), we
obtain Ex, Ey, Bx and Bx in terms of derivatives of Ez and Bz. Then with con-
sidering all of regions together as a whole system, one can write

ω

c2
[
∂
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(
ϵt
k2t

∂
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ω

c
cBz, (11)

where ϵt = ϵx = ϵy for each region can be defined according to Equations (5)-(7)
and k2t = ϵt

ω2

c2 − k2. As already explained in Ref. [13], for a propagation along
the z − axis, in an elliptical structure with several boundaries only hybrid waves
are permitted to be excited and propagated. Therefore, generally in the elliptical
waveguides, the waves are hybrid and only for the special problem including an
absolutely homogeneous elliptical waveguide, waves can be divided into two in-
dependent TE and TM modes. Now, after obtaining the governing equations of
longitudinal electric and magnetic fields, we are going to investigate the dispersion
diagram and the growth rate of excited waves in the waveguide. In the follow-
ing section, making use of FEM and meshing the structure, we will consider the
impact of different parameters on the growth rate, numerically.
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Figure 2: Meshing of geometric schematic of under study waveguide performed by
the FEM.

3. Dispersion Equation and Time Growth Rate
by Numerical Simulation

In this part, the region of under study waveguide region is divided to a number
O(105) triangular finite elements. The triangular elements are indexed by e =
1, ..., N , where N is the whole number of elements. An example of meshing of the
novel elliptical waveguide is plotted in Figure 2. The electric and magnetic fields
in e’th element are defined as follow:

E(e)
z (x, y) =

3∑
i=1

Φ
(e)
i (x, y)Ψi,

cB(e)
z (x, y) =

3∑
i=1

Φ
(e)
i (x, y)Ψ′

i . (12)

where Φ
(e)
i (x, y) are the interpolation functions and Ψi and Ψ′

i are the unknown
numerical values of the Ez and cBz at the nodes, respectively. By using Equations
(10) and (11), the action integral F is introduced in following form:

F =
1

2

ω

c2

∫
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{
ϵt
k2t

(
(
∂Ez

∂x
)2 + (
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)2
)
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(
(
∂cBz
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)2 + (

∂cBz
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)2
)

(13)
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+
2δ

k2t

(
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)
− ϵzE

2
z − (cBz)

2

}
,

where δ = kc/ω, dΩ = dxdy. The action integral F must be optimized [6].
With substituting Equations (12) in action integral F , Equation (13), the equations
of optimization are:

∂F

∂Ψi
= 0 ,

∂F

∂Ψ′
i

= 0

The matrix form of above equations can be written as:[
Aij Cij

C̃ij A′
ij

]
−→
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0 B′

ij

]
−→
Ψ (e), (14)

where
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and the matrices Aα
ij with α = +,−, 0 are the two-dimensional spatial integrals

of derivatives of the interpolation functions Φ
(e)
i (x, y) with respect to x and y

[28]. Here,
−→
Ψ (e) is the elemental unknown vector including six components Ψi

and Ψ′
i. After the augmentation processes on the elemental matrices and vectors

in Equations (14), the global generalized eigenvalue equation A
−→
Ψ = k2/δ2A0−→Ψ is

obtained which can be solved by the LAPACK routines.
In this section, in addition the dispersion diagram, the growth rate of slow

waves are studied. By comparing the growth rate of different configurations, the
optimal configuration for amplifying waves in this waveguide is selected. After-
wards, the effects of dielectric permittivity and current density of electron beam
on the growth rate of the selected configuration will be examined. In the present
waveguide, we have chosen semi-interfocal distance and the normalized plasma fre-
quency as ωpa/c = 2.5 , f = 1.32cm, where a is semi-major axis of the waveguide.
It should be noted that in all of the examined situations, the center of the plasma
column is exactly on left focus of the elliptic waveguide. In configuration I, the
radius of plasma and electron beam columns are Rp = f/3 and Rb = f/4, respec-
tively, and the beam center has been placed in right focus of the waveguide that
means θb = 0. The frequency spectra for hybrid modes excited in configuration
I is presented in Figure 3. As known, the energy sources can be a generator for
instability of the systems. In the presented waveguide, the electron beam as an
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Figure 3: Dispersion characteristic of slow waves in the elliptical plasma waveguide
involving an isotropic cold plasma circular column in the presence of the RPEB.
Input parameters are: ϵr = 4.2, ib = 10A, ∆Φ = 100kV and Rp = f/3, Rb =
f/4, θb = 0.

energy source can amplify the slow waves with phase velocity less than c, ω/k < c.
In this frequency range velocity of the beam particles can be faster than the phase
velocity of the wave. While overtaking the wave, the electrons will be slowed
down by the electric field of the wave. Thus kinetic energy from the beam par-
ticles is transformed to the slow wave and owing to the well-known phenomenon
of Cherenkov radiation, the wave amplitude grows. The growth rate of slow wave
excited in the waveguide with configuration I is shown in Figure 4.

In configuration II, the radius of plasma and electron beam columns are Rp =
f/3 and Rb = f/5, respectively and θb = 0. The normalized growth rate for
configuration II is plotted in Figure 5. In third configuration, the plasma radii is
decreased to Rp = f/4 and its effect on normalized growth rate is seen in Figure
6. Comparison between the normalized growth rates, Ga/c, in configurations I-III
of the novel waveguide shows by reducing of electron beam radius, the growth
rate increases. More focusing of the RPEB results greater synergy of the electrons
energy and therefore the wave amplification enhances. On the other hand by
decreasing plasma radius, growth rate decreases. This happens since active region
of the waveguide i.e. plasma gets smaller and efficient longitudinal electric field
will be reflected less into it. In the following, by shifting electron beam from the
waveguide focus, the effect of the beam location on amplifying of slow waves is
studied in configurations IV and V. Growth rate diagram of configurations IV with
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k a=5.074370

Figure 4: The normalized growth rate for configuration I of the novel elliptical
plasma waveguide. Input parameters are similar to Figure 3 and associated oper-
ating frequency is ω0a/c = 4.57080.
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0

Figure 5: The normalized growth rate for configuration II of the novel elliptical
plasma waveguide. Here Rb = f/5 and the other parameters are similar to Figure
3. The associated operating frequency is ω0a/c = 4.08185.
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ka
4.6408 4.641 4.6412 4.6414 4.6416

0.92

0.94

0.96

0.98

1

1.02

k a=4.6413
0

Ga/c

Figure 6: The normalized growth rate for configuration III of the novel elliptical
plasma waveguide. Here Rp = f/4 and other input parameters are similar to
Figure 5 and associated operating frequency is ω0a/c = 4.06517.

parameters Rp = f/3, Rb = f/5 and θb = π/16rad is presented in Figure 7. In
configurations V displacement of beam form focus is increased to θb = π/8rad and
the result has been shown in Figure 8.

The outcome derived from Figures 5,7 and 8 is that the optimal structure of
the present waveguide to amplify the slow wave will be found when the electron
beam is located on the focus. In this situation, the maximum energy transfers
from the energy source, namely, RPEB to the electromagnetic active medium of
the waveguide, namely the plasma column. In addition, the impact of relative per-
mittivity of dielectric ϵr, and the beam current on growth rate in a fixed structure
of the novel waveguide (configuration II), have been investigated. Diagram plotted
in Figure 9 in comparing with Figure 5 indicates that with increasing the permit-
tivity of dielectric from ϵr = 4.2 to ϵr = 6, the the growth rate increases. Figure
10 shows the variation of normalized growth rate Ga/c versus normalized wave-
length ka for three distinctive beam currents, (a)ib = 50A, (b)500A and (c)1kA,
respectively. As seen from these figures, with increasing the beam current, the
normalized growth rate increases.

By considering above growth rate diagrams, it can be obtained the optimum
design of under study elliptical waveguide with the criterion of maximum growth
rate. In this slow-wave plasma-dielectric waveguide, Cherenkov instability phe-
nomenon is the cause of wave radiation. Spontaneous Cherenkov radiation will
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ka
4.8195 4.82 4.8205 4.821

0.01

0.02
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k a=4.8204
0

Figure 7: The normalized growth rate for configuration IV of the novel elliptical
plasma waveguide. Here θb = π/16rad and other input parameters are similar to
Figure 5. Associated operating frequency is ω0a/c = 3.87881.

ka
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1.1
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1.3

1.4
Ga/c

k a=72376
0

Figure 8: The normalized growth rate for configuration V of the novel elliptical
plasma waveguide. Here θb = π/8rad and other input parameters are similar to
Figure 5. Associated operating frequency is ω0a/c = 3.97951.
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ka
5.49678 5.4968 5.49682 5.49684 5.49686

0.6

0.8

1

1.2

1.4

Ga/c

k a=5.496810

Figure 9: The impact of dielectric permittivity on the growth rate. Here ϵr = 6
and related operating frequency ω0a/c = 4.01429. The further parameters are
similar to Figure 3.
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Figure 10: The impact of electron beam current ib on the growth rate for a fixed
operating frequency ω0a/c = 4.57080. Here (a)ib = 50A, (b)ib = 500A, (c)ib =
1kA and the further parameters are similar to Figure 3.
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occur when the electron velocity is comparable or higher than the phase velocity
of electromagnetic waves [1]. By increasing the current intensity of RPEB, plasma
frequency of beam or number of relativistic electrons increases that leads to more
energy transfer to the wave and amplification of the slow wave rises.

Also, by following the figures one can find that in a configuration with the
minor beam radius and the major plasma radius, growth rate of the slow waves
in the waveguide will enhance. This result is due to the fact that RPEB as a
energy source in the medium, causes that slow waves are driven to instability and
amplification. Also plasma column is an energetic electromagnetic region in which
the electron beam can interplay with the longitudinal electric field of wave [15].
Therefore increasing of the active area and the more concentration of energetic
electrons of RPEB in the waveguide focus, will increase interaction between the
particle and wave and as a result energy transportation to the slow waves will be
increased.

4. Summary and Conclusion

In this research, the excitation and amplification of slow waves in an ellipti-
cal dielectric waveguide including relativistic electron beam and isotropic plasma
columns, were studied. We supposed relativistic pencil electron beam has been fo-
cused by an intense external magnetic field so that transverse motion of electrons in
the beam were trivial small. The allowed mode spectrum in the presence of RPEB
had been numerically calculated by finite element method. In addition, growth
rate of the excited waves owing to interaction with the electron beam was com-
puted. The influences of different geometric configurations that were marked by
configurations I-V, the electron current, and dielectric permittivity on the growth
rate have been investigated. By scrutinizing the growth rate, this result was ob-
tained that wave amplification increases by dwindling the radius of RPEB. It was
found the more growth rates would be obtained for larger radius of plasma column,
as well. Moreover, the investigation of effect of the dielectric permittivity showed
that with increasing dielectric constant, the normalized growth rate increased. On
the other hand, we demonstrated by increasing the current intensity, the growth
rate increases in a fixed voltage. Finally, it was concluded that the optimal design
to achieve the maximum wave amplification is related to the configuration II in-
cluding the RPEB with a current of ib = 1kA, and dielectric constant equal with
ϵr = 6 for dielectric material inside the waveguide.

Confilcts of Interest. The author declares that there are no conflicts of interest
regarding the publication of this article.
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