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Abstract

Assume that A is a unital C*-algebra and a € A is a positive and invert-
ible element. Set

f
Sa(A) ={—== : feS(A), f(a) # 0},
(A =A{ 7@ (A), f(a) # 0}
where S(A) is the state space of A.
The main aim of this paper is to introduce and study the notions of ap-
proximate a-orthogonality and approximate a-Birkhoff-James orthogonality
associated to the norm:

[z]la = sup e(z*az) (z€A),
PESa(A)

in C*-algebra A. First, by providing some examples, we show that these ap-
proximate orthogonalities are generally incomparable in non-commutative
C™-algebras. Next, we will see that under what conditions, these orthogo-
nality relationships are related. Also, two different characterizations of ap-
proximate a-Birkhoff-James orthogonality in terms of the elements of S, (A)
are obtained. Moreover, the strong version of approximate a-Birkhoff-James
orthogonality is studied. Finally, we prove that if approximate a-Birkhoff-
James orthogonality and its strong version coincide on A, then A is commu-
tative.
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1. Introduction and preliminaries

Let A be a unital C*-algebra with unit 14, and let A’ be the topological dual
space of A. The adjoint of element x € A is denoted by z*. Also, the real part of

1
x is denoted by Re(z) = i(x + 2*). We denote the cone of positive elements of A

by A*. A linear functional f € A’ is called positive if f(a) > 0 for all a € A™.

The set of all positive linear functionals f € A" such that ||f|| = 1 is denoted
by S(A) and it is called state space of A. Let a € AT. A generalization of S(A)
is proposed in [1] as the set

Su(A)i={ped : >0, p(a) =1}

Obviously, S, (A) = S(A), whenever a = 1 4. According to [1, Proposition 2.3|,
if a is invertible, then S,(A) is w*-compact and

z]la == sup{v/p(z*ax) : ¢ € Su(A)}, (€ A),

is a sub-multiplicative norm on A. Moreover, it was proved in [1] the following
result:

Proposition 1.1. ([1, Lemma 5.1]).  For any v € A and a € A" such that
xa = ax, we have ||z|, < ||z

The a-adjoint of € A is the element zf € A such that azf = z*a. It was
proved in [1, Corollary 4.9] that

)13 = llea|la = |2*ello = l|l2*]3. (1)

Further details regarding these concepts can be found in previous studies by [1, 2].

The concept of Birkhoff-James orthogonality (briefly, BJ-orthogonality) pro-
vide a good framework for studying the geometry of operator spaces; see e.g.,
[3-7] and the references therein. In particular, BJ-orthogonality in C*-algebras
and Hilbert C*-modules has been studied extensively in [8-13].

Let e € [0,1). In inner product space (X, (-,-)), a natural way to generalize
orthogonality is to define the approximate orthogonality by: x 1. y if and only
if {x,y)| < ellz|lllyl] (z,y € X); see [14]. Based on this idea, for elements z
and y in unital C*-algebra A, approximate orthogonality with respect to the A-
valued inner product (r,y) = z*y (e-orthogonality) is stablished by ||(z,y)] <
ellz|[llyll [12]. Chmieliniski et al. in [14-17] introduced and studied the concept of
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approximate Birkhoff-James orthogonality (e-BJ-orthogonality) in normed linear
spaces. Accordingly, € A is said to be approximate Birkhoff-James orthogonal
toy € A, written as  Lgy_. y, if

Iz + Ayll* > Jll|* = 2e[lll Myl (¢ € Q).

Approximate BJ-orthogonality of Hilbert space operators, and operators on
C*-algebras and Hilbert C*-modules are widely studied in [12, 17-19]. Also, ap-
proximate BJ-orthogonality of operators on semi-Hilbert spaces is investigated in
[20, 21].

Recently, the concept of BJ-orthogonality associated to || - || in unital C*-
algebra A, so called a-Birkhoff-James orthogonality, has been investigated in [22].
In this paper, we consider approximate a-orthogonality and approximate a-BJ-
orthogonality in A. By presenting some interesting examples, we describe the
relation between these orthogonality relationships. In particular, we show that
approximate a-orthogonality implies approximate a-Birkhoff-James orthogonality,
provided that a > 1 4. Next, two different characterizations of approximate a-BJ-
orthogonality based on the elements of S,(A) are obtained. Moreover, the strong
version of approximate a-BJ-orthogonality in unital C*-algebras is studied. In
particular, we prove that if these two concepts of orthogonality are coincide on A,
then A is commutative.

2. Approximate a-Birkhoff-James orthogonality in
(C*-algebras

Throughout the paper, we suppose that A is a unital C*-algebra with unit 1 4 and
a € AT is invertible. Also, for any z,y € A, we define A-valued inner product
(et Ax A= Aby (z,y)q 1= 2" ay.

First we introduce the notions of approximate a-orthogonality and approximate
a-BJ-orthogonality related to || - ||, in A.

Definition 2.1. For ¢ € [0,1), we say that an element x € A is approximate
a-orthogonal ((e, a)-orthogonal) to element y € A, denoted by = L2 y, if

{z: v)alla < e llzllallylla-
Note that (g, 14)-orthogonality coincides with e-orthogonality.

Definition 2.2. For ¢ € [0,1), we say that an element z € A is approximate
a-Birkhoff-James orthogonal ((,a)-BJ-orthogonal) to element y € A, in short
1% .y, if

lz+ XyllG =[]z — 2ellzllallMylle, (VA €C).

Note that (e, 1 4)-BJ-orthogonality matches with e-BJ-orthogonality. Also, Clearly,
if ¢ = 0, then the above definition coincides with the definition of a-Birkhoff-James
orthogonality which is defined and studied in [22].
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Proposition 2.3. For any z,y € A, the following statements hold:
1
(1) Fore €0, 5), (e, a)-BJ-orthogonality is non-degenerated,
(ii) (g, a)-BJ-orthogonality is homogenous,
(i4i) © L%, .y if and only if ¥ 1%, _ 4,
(iv) Let x,y € A be nonzero elements. If v 1%, _ vy, then x,y are linearly
independent.

Proof. (i) If z € A such that x 1%, _ z, then ||z + Az||2 > [|z]|2 — 2¢|A|||z|? for
all A € C. Let A = —1. Then we get ||z||?(1 — 2¢) < 0, and hence ||z||? = 0, since

1
e €10, 5) Thus = = 0.
(#4) Assume that z L% ;__ y. Let a, 8 € C such that o # 0. Then

o+ A8y12 = lla(z + A29)12 = lal?lla + ALy

B
> lal (g = 2|zl Zvlla)
= [zl — 2e|Mllozlla[|Bylla,

for all A € C. It follows that ax 1% ;_, By.
(#43) Assume that z L% ;__ y. So, by (1), we get
2+ MgF 117 = Nl + Ag)FI1E = Nl + Myl (2)
> ||z[|2 — 2l Mlllellallylla = l2*17 — 2eA] 12l ally*la,
for all A € C. Therefore 2! 1% ¢ y*. Also, (2) immediately follows the converse.

iv) As a contrary, suppose that x 1% ;__ vy, but x,y are not linearly indepen-
BJ—¢
dent. Hence z = ky for some k € C. Then

Iy + Mylz = lkyllz — 2ellkyllallMylla, (VA € C),

and so
|k + APIyllZ > [lyll2 (1K = 2¢[k[ A, (VA € C).

—k
Since [|ylla # 0, we get |k + A|? > |k|> — 2¢|k||\| for all X € C. Let A = on
(n € N). Hence
1 €

EP(1— =) > |k*(1 - .

K20~ ) 2 P~ )
Consequently,

1 oy

On the other hand, lim, (1 — W) = 1. Therefore (3) implies that ¢ > 1,

which is impossible. O
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Remark 1. Let 2 € A. Then 2 = a~'2*a is a unique a-adjoint of x. Hence (1)
implies that

||z = la™ z*az; = [lza™ 2" a]la = [a™ 2" a3
As a consequence of this fact, if A is commutative, then
7 = =" = llzz*(la = [l2*|]3-

Therefore |||, coincides with the C*-norm of \A, and so (e, a)-orthogonality and e-
orthogonality are the same. Also, (e, a)-BJ-orthogonality and e-BJ-orthogonality
are matched.

It is known that L. C L ;. (see [12, Proposition 3.1]). The following example
demonstrates that there is no such a relationship between 12 and L% ; ., in
general.

Example 2.4. Let Tr be the trace functional on C*-algebra of all 2 x 2 complex
matrices My(C) with identity matrix I as unit. Consider the positive linear
functional ¢}, is defined by

¢ :M(C) = C, pn(x) =Tr(hx) (heMy(C)h).
Then for each a € My(C)*, we have

Sa(Mz(C)) = {on : h € Mz(C)T and Tr(ha) = 1}.

1
First we consider the matrix a = 6 1 | and assume that € € [i, %) We show

5
that there are z,y € My(C) such that « 1L y, but « £%;__ y. After some simple
matrix computations, we conclude that

Sa(M2(C)) = {on : heKa},

where

1 1
ICa =< h = ﬁll haa S MQ((C)+ : hig € (C, h117h22 >0, —hi1 + =hga =15%.
hia  haa 4 5

Let x =y = I5. Then ||z||, =1 and ||y||, = 1. Moreover, we have

Iz, v)allz = lz*ayll = llall = sup  pn(a®)
@hESQ(Mz(C))
hi1 hio } { =0 ]
= sup Tr(| + 64
4 ( { hiz  hao 0 35 )
1 1 1
= sup —hi1 + —-ha = —.

Thi1+45hao=1,h11,h22>0 64 125 16
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Then

<elzllallylla = e

B

(@, ¥)alla =
Therefore x 1¢ y. On the other hand, for A = —1, we have
2+ Ayllz =0 <1 —2¢\[[|lz[lallylla = 1 — 2.

It follows that x L% ;_ . v.

2
0 1
such that L% ; _ y while z /¢ y. To this end, note that

Now, let a = and let € € [0,1). We prove that there are z,y € My(C)

Sa(M2(C)) = {¢n : h € La},

where

Ly := {h = { b o } € My(C)T : hig € C, hir, has >0, 2hiy + hog = 1}-
hia  hao

0 0

Take x = I and y = [1 0

} Then ||z, = 1 and

sup  on(y ay) = sup Tr(h(y*ay))
Yh€S.(M2(C)) heLl,

h 1
) I
heL, 0 0 2h11+ho2=1,h11,h22>0 2

Hence for every A € C, we have

Iyla

e+ Myllz = sup  wnl(z+ Ay)*a(z + Ay))
Pr€S.(M2(C))
hi1 hio 2+ A2 A
pr— ’I‘I‘ _—
:élcpa ([ hiz  hao ] [ A 1
= sup ((2+ [A[*)h11 + 2Re(Ahi2) + hoo)
2h11+ho2=1,h11,h22>0
PPy e
>1+ > 1=z,
2
. Lo
since hg = [ (2) 0 ] € L,. Then

lz+Xyll% = N1l = 213 = 2eMllzllallyla,
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for all e € [0,1), and so z L% ;__ y. But L2 y. In fact,

. 0 0
el =tz =1 | ] o |12

([ 5]l o))
e Pz has || 0 0
1
= sup h11:§.
2h11+h22=1,h11,h22>0

Therefore, if

e alla = = <
T, Y)alla = S € )

Y V2 T V2
then ¢ > 1, which is not possible.

In the next result, we will see under what circumstances, the concept of (e, a)-
orthogonality and (e, a)-BJ-orthogonality are related.

Theorem 2.5. Assume that € € (0,1). Let z,y € A and let a € A such that
a>1y. Ifx 12y, thenax L% ;_, ya.
1

Proof. Note that since aa™" = a~'a = 14 and a > 14, by Proposition 1.1, we
conclude that |ja=!||, < ||a=!|| < 1. Hence

ylla = llyaa™ o < lyallalla™ o < lyalla- (4)

Now, let ¢ € Sy(A) so that o({z,z),) = ||z||> and let b € A be an arbitrary
element. So by (4) and the Cauchy-Schwartz inequality, for any A € C, we have

@+ AyallZ > o((z + Aya)*a(z + Aya))
= o((z,@)a) + o((z, Aya)a) + e((Aya, z)a) + [N e ((ya, ya)a)
> p(z"az) + 2Rep({(z, Aya)a)
= ||=|1Z 4+ 2Rep((z, Aya)a)
> ||@]|2 — 2|Rep((z, Aya)q)]
> =2 — 2le((z, Aya)a)|
1 1
> |lz)|2 = 2|A|e2 ((z, y)ealy, 2)a) 2 (a)
> |lz[12 — 2z, y)alla
> |ll|Z — 2¢[Al|z]|ollylla
> ||]|Z — 2¢|Al|z]|ollyalla-

Therefore x L% ;_, ya. O
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Let B(H) be the C*-algebra of all bounded linear operators on a complex
Hilbert space (H, (-,-)). Any A € B(H)™ produces a positive semi-definite sesquilin-
ear form on H as follows:

(V4 HXH—=C, (x,y)a = (Az,y).

Also, the semi-norm

[zlla = v (Az,z) (x€H),
is induced on H by (-,-)4 cf. [23]. In addition, the set

B, (M) ={T €BM) : Fc>0,|[Tx)|a <cllz]la, VzeH}
is a unital subalgebra of B(H) furnished with the semi-norm

v4(T) := sup (ATz,Tz) (T € BA% (H)).

lzlla=1

Let (Hy,ms) be the GNS representation associated to f € Sq(.A); see e.g., [24, 25].
In [1] the authors presented the unital faithful x-representation 7, for A as the
orthogonal direct sum of all (Hy,7y), where f ranges over S,(A); i.e.,

o= @® wr:A—B ®  Hr).
FE€Sa(A) d <f68a(«4) f)

In particular, it was proved in [1, Theorem 3.5] that

[2lla = Yra(@)(Ta(2)) (= € A). (5)

Sen et al. in [20, 21] introduced the notion of approximate orthogonality with
respect to the semi-norm 74(-) for positive operator A € B(#H). The following
characterization of (e, A)-BJ-approximate orthogonality is obtained in [20, 21].

Theorem 2.6. LetT,S € B, 1 (H) ande € [0,1). Then T 14, _ S if and only if
for each 6 € [0,27), there is a sequence {h,} C H of A-unit vectors (||hnlla =1)
such that the following conditions hold:

() limy o0 | Thalla = ya(T),

(43) limy, 00 Re(e 7 (Thy,, Shp) a) > —eya(T)ya(S).

Theorem 2.7. For any x,y € A, the following statements are equivalent:
(Z) €T J-(J‘l;'s’J—a Y,
(i1) There exists ¢ € Sq(A) such that

(ii — 1) p(z*az) = |||,
(it — 2) Re(e oy az)) > —¢l|zllallylla (Re(e “p(z*ay)) > —el]allylla)-
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Proof. (i) = (i4) Assume that x 1%, _ y. Hence m,(z), 7, (y) € B_ @} (H), and

50 74 () J_E“J(f)g 7a(y). So, Theorem 2.6 yields that for each 6 € [0, 27) there exists
a sequence of 7, (a)-unit vectors {h,} C H such that

i {170 (@)ho s 0) = e ) (Tal2)) ©)
and
nh—>120 Re(e_ia <7Ta($)hn, Ta (y)hn>ﬂ—a (a)) > &4 (a) (Wa(l‘))'yﬂa(a) (Wa (y)) (7)

The linear functionals
en(z) = (Ta(2)hn, hn) (n €N),
belong to S,(A). Now, (6) and (7), respectively, imply that
nhﬁngo on(zax) = nl;r&(ﬂa(x ax)hp, hy) = nl;r&(wa(a)wa(x)hn,ﬂa(x)hn>
= tim_ [l (o) ()12, 0y = 72 () = ]2
and

lim Re(e” o, (y*ax)) = lim Re(e™" (m,(y*az)hn, hn))

n—oo n—oo
= lim Re(eiie@ra(a)ﬂ(x)hnvWa(y)hn»
n—oo
_ 1 —if
= nhﬁrréo Re(e (o () hns Ta(Y) ), (a))
> —&%m0(a) (Ta(2)) Vo (a) (Ta(¥) = —€l|2[lallylla-

On the other hand, invertibility of a implies that S,(A) is w*-compact. So,

one can find ¢ € S,(A) such that ¢, SEN ¢. Therefore p(z*ax) = ||z||? and
Re(e“p(y*az)) > —el]lallylla-

(i1) = (i) Let A = |A\|e~% for some § € [0,27). Then there is ¢ € S,(A) for
which p(z*az) = ||z||2 and Re(e~ ¢ (y*ax)) > —¢||x||a||y|le. Therefore

2+ Xyl > o((x + Ay)*alz + Ay))
= o((z,2)a) +2Ale"“Re(p(z, y)a) + [A*((y, y)a)
p((@,x)a) + 2[ARe(e o (z, y)a)
p((z,2)a) = 2N |zllallylla = 127 — 2¢A2llallylla-

Thus z 1%;_ . y. O

2
>

Zamani in [7] was shown that if 7,5 € B ; (H), then the set

WA(T, S) = {)\ eC: El{hn} - H? th”A =1, <Thnvshn>z4 — A ||Thn||A — ’YA(T)}a

is a nonempty compact and convex subset of C. Moreover, it was proved in [20]
that
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Theorem 2.8. (/20, Theorem 2.1]). Let H be a Hilbert space, A € B(H)" and
TS e BA% (H). Then for each € € [0,1), the following statements are equivalent:

(Z) T J*ngs 57
(i) Wa(T, 5) N B(0,e7a(T)7a(5)) # 0.

We end this section by presenting the following characterization of the (g, a)-
BJ-orthogonality in terms of the elements of S, (A).

Theorem 2.9. Let z,y € A and let € € [0,1). Then the following statements are
equivalent:

(Z) x J-%J—s Y,
(ii) There is p € So(A) so that p(x*ax) = ||z||? and |o((z,y)a)| < ellz|lally]la-
Proof. Let
Wa(z,y) :={A € C : Jp € S4(A), p(y*ax) = A, p(z*az) = [lz]2}.

By (5) and Theorem 2.8, it is sufficient to show that W, (z,y) = Wr, (a)(7a (), 70 (y)).
Assume that A € W (4)(7a(2), Ta(y)). Then there exists a sequence {h,} C H of
7o (a@)-unit vectors such that

<7Ta(x)hnaWa(y)hn>7ra(a) =\, Hﬂ-a(l‘)hn‘lﬂ-a(a) — ’Yﬂa(a)(ﬂa(x))-

So
(Ta(yax)hp, hn) = X, (To(x*ax) Ry hin) = Vi, (a) (Ta(T)).

Hence for the linear functionals ¢, (2) = (74 (2)hy, by, ) defined on A, we have
on(y*ar) = X\ and o, (x*ax) = ||z||2.

But, one can find ¢ € S,(A) such that ¢, > o, which follows that A € W, (z, y).
Now, let A € W, (z,y). So there is f € S,(A) such that

f(y“az) = A and f(a*az) = |2,

Also, Lemma 2.4 of [1] implies that there exists a s-representation (%, 7¢) and a
unique cyclic vector hy € Hy such that (wy(a)hs, hy) = 1and f(z) = (m;(2)hs, hy)
for all z € A. Let h := @yes,(a)hy € Dges,(a)Hy be such that all b, are zero,
except hy. Then we have

(@) = (mal@)hsh) = Y (wg(@lhg, hg) = (ms(a)hy, hy) =1,
9gE€Sa(A)

and
<7Ta(m)h77ra(y)h>'n’a(a) = <7Ta(a)7ra($)h77ra(y)h> = <7Ta(y*ax)h7h>

D (malyax)hy, hy) = (ma(y*az)hs, hy) = f(y*ax) = A,
g€ A)
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Moreover, by (5), we get

17a(@)Rl[%, @) = (Ta(@)a(@)h, Ta(2)h) = (Ta(z"az)h, h)

Y (ma(ataz)hg, hy) = (mo(a*ax)hs, hy)
QGSQ(A)

= f(@*az) = ||2[|; = Yr, (@) (7(2))-
So, Wa(z,y) € Wi, (a)(Ta(), Ta(y))- -

Remark 2. For ¢ = 0 in Theorem 2.9, we derive the characterization of a-BJ-
orthogonality which is obtained in Theorem 2.6 of [22].

Approximate strong a-Birkhoff-James orthogonality in

C*-algebras

In this section we investigate the concept of approximate strong a-Birkhoff-James
orthogonality in A.

Definition 3.1. For ¢ € [0,1), we say that an element = € A is approximate strong
a-Birkhoff-James orthogonal (strongly (e, a)-BJ-orthogonal) to element y € A, in
short  L¢p,_, v, if

lz +wolla = ll2llz — 2ellzllallyblla, (¥ € A).

Proposition 3.2. Let 2,y € A and let € € [0,1). Then the following statements
hold:

1
(¢) Fore €0, 5), strongly (g, a)-BJ-orthogonality is non-degenerated,

(1) Strongly (e, a)-BJ-orthogonality is homogenous,
(tid) If ¢ LEp;_ .y, thenax L%, vy,
() & Lsp .y if and only if x LG ;__ yb for allb e A.

Proof. (i) Let x € Aand  1L%5; _x. So ||z +xb||2 > ||z||2 — 2¢||z| 4 |zb|| o for all
be A. Let b= —14. Then ||z —z14]? > |z — 2¢||z||2, and so ||z]|2(1 —2¢) < 0.

Therefore x = 0, since ¢ € [0, 5)
(#3) Assume that x L %5, _ y. Let a, 8 € C such that o # 0. Then
b 2 ﬂ b 2 2 /8 b 2
laz + Byblla = llalz + —yd)lla = lafllz + —ybll,
B
> lal* (=]l — 2ell2llall - yblla)
= llazls — 2el|o]la]|Byda,

for all b € A. It follows that ax L¢5; . By.
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(#1) It is enough to take b = A1 4 for A € C in Definition 3.1.
(tv) Assume that L%, _ y. Then

Iz +wolla = [l — 2ellzllallyblla (V0 € A). (8)

Substituting b with Ab (A € C) in (8), we concludes that ||z + Ayb||2 > ||z]|? —
2e|M|||z||allyblla; and so x L% ;. yb. Now, assume that o L% ;__ yb for all b € A.
So

lz + Aybllz > [l=[1Z — 2e[Mllzllallyblla, 9)
for all A € C. Taking A =1 in (9), we conclude that 1%z, _ y. O

In Proposition 3.2, we have shown that 1 &5, .C1%; _. But the converse is
not true in general. The following example illustrate this fact.

2 0

Example 3.3. Let € € [0, 3) and a = [ 0 1

}. Then
Sa(M2(C)) = {on : h € La}.

1
Take x = Iz, y = [ (1) (2) } By the same argument as in Example 2.4, we get

1
lz|le = 1 and ||y||ls = —=. Hence for all A € C, we have

V2

[z+My2 = sup  en((z+Ay)"alz + \y))
Ph€SL(M2(C))

e (A I [ F
s his hes | [ AX 1] 0

1
A
<{ hi1 hi2 } { 2+ |A%  2Re) })
= sup Tr —

2)

hEL, hlg h22 2Re)\ ]. + 2‘)\|2
= sup Tr((2 + |A\*)h11 + 4Re(Ahi2) + (1 + |/\|2 Yhao)
heL,
by 2
> 14 A0 sy e,
Lo
since hg = [ (2) 0 ] € L,. Therefore

lz+XyllZ > ll2llz > l2l1Z = 2eMllzllallyla,

for all e € [0,3). Sox L%, . y. But fore € [0,1),  £%5,_. y. Indeed, take

b = [ _02 _01 ] By a similar argument, we get ||ybllo = 1. Moreover, since
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0 0] .
x+yb= [ 0 0 ], if
&+ ybll2 = 0> 1—2¢ = ||z[|7 — 2]lz]lallydla,

then we conclude that € € [1,1), which is impossible.

Proposition 3.4. Let v,y € A and let e € [0,1). If 2*z 1%y, _ afy, then
r LSpy ey

Proof. Assume that z # 0. Since zfx 1%5, _ x*y, by the definition, we get
oz + 2fyb||3 > afa|; — 2¢|2f]la|2fyblla (VD € A).
By (1) and the sub-multiplicative property of || - ||, we have
213 N + ybll2 > ll2*z + afyblls > 2]z — 2e]2]13 15D a-
But ||z||s # 0. Then
Iz + gz > [zl — 2el|zllallyblla,
andsox L¢p;_ . v. O

Our next results give us characterization of strong (&, a)-BJ-orthogonality based
on Proposition 3.2, (iv) and Theorems 2.7 and 2.9.

Theorem 3.5. Let x,y € A and let ¢ € [0,1). Then x L%y, . y if and only
if for each 0 € [0,2m) there exists ¢ € S,(A) such that p(z*ax) = ||z|? and
Re(e™o((w,y)ab)) > —€l|zllallyblla for all b € A.

Theorem 3.6. Let x,y € A and let € € [0,1). Then = L%g,;__ y if and only if
there exists ¢ € Sa(A) such that o(z*ax) = ||x||2 and |p((z,y)ab)| < el|x||allydlla
for allb € A.

Finally, in the last result, we investigate the condition of equivalence between
(e, a)-BJ-orthogonality and its strong version on A implies that 4 must be a
commutative C*-algebra.

Theorem 3.7. Let ¢ € [0, 3). If
tLlsprcyerly, oy (VoyeA),
then A is commutative.
Proof. First, we prove that for all z,b € A there exists 0 # o € C so that

xb L%p; . (2b® + axb). (10)
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If b = 0, then clearly (10) holds. So, let z € A and b # 0. Then zb L%, z. In

fact, if b L% ;__ =, then b L¢p;_ _ =, and so xb L% ;__ xb, by Proposition 3.2,
1

part (iv). Since (g, a)-BJ-orthogonality is non-degenerated for € € [0, 5), we con-

clude that b = 0, which is incredible. Since a is invertible, one can find ¢ € S,(A)
such that o((zb, zb),) = ||zb||2. On the other hand, since zb L% ; _ x, by Theo-
rem 2.9, we get [¢o((xb, x)q)| > €||2b|a]|z|la > 0, and hence p({zb,z),) # 0. Now,

let @ = ﬂ Therefore
(b, )2)
xb||?
efabyad + aa)u)] = labl ~ /2o (ot a))

=0 < g||zb||a]|zb + ax||a-

Hence Theorem 2.9 yields that b 1%, _ (zb+ax), and so xb L%y, . (zb*+axb),
by the assumption and Proposition 3.2.

It is known that in non-commutative C*-algebras, there is a nonzero b € A with
b> = 0 (see [24], p.68). If & = b*, then there is a # 0 such that b L%y, . azb,
by (10). Therefore b*b = xzb = 0, and hence b = 0. This is a contradiction, and so
A is commutative. O
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