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Perfect Star Packings in (2,6)-Fullerene Graphs

Meysam Taheri-Dehkordi *

Abstract

A (2,6)-fullerene graph is a planar and cubic graph with hexagonal and
2-length faces. A perfect star packing is a spanning subgraph of a graph G
in which each component is isomorphic to the star graph K; 3. In this paper,
we investigate which (2,6)-fullerene graphs allow such packings.
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1. Introduction

A (k,6)-fullerene graph is a 3-regular planar graph in which each face has either k
or six edges. In [1], Dosli¢ proved that (k,6)-fullerenes exist for k= 2,3, 4, and 5.
Euler’s formula shows that the number of faces of length k in (k, 6)-fullerene graphs
for k= 2,3,4, and 5 equal 3,4,6, and 12, respectively. A perfect star packing in a
graph G is a spanning subgraph of G whose every component is isomorphic to the
star graph K 3.

In [2-4], the authors obtained results about perfect star packings of (k,6)-
fullerene graphs for k= 3,4, and 5. Also, in [5, 6], some properties of these graphs
have been examined. Dosli¢ et al. [4] have investigated which fullerene graphs
allow perfect star packings, and L. Shi proved that classical fullerene graphs with
8n + 4 (n € N) vertices do not have a perfect star packing [7]. Much research has
been done on fullerene graphs and their properties, and this subject has always
interested mathematicians and chemists [8-10]. In [11], R. Yang et al. investigated
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the structure of (2,6)-fullerene graphs. The results obtained about this type of
fullerene graphs are very limited compared to other known types. In this paper,
we investigate the structure of the (2, 6)-fullerene graphs and check the existence
of perfect star packings in these graphs.

2. Definitions and auxiliary results

This section states the important and used definitions and preliminary results.
Further reading [12, 13] is recommended. A (2,6)-fullerene graph is a cubic and
planar graph with faces of lengths 2 and 6. By Euler’s formula, the number of
faces of length two equals 3. A nx Ky graph is a graph with n parallel edges and
two vertices. The smallest (2,6)-fullerene graph is 3x K5, which contains three
parallel edges between two vertices [11]. (See Figure 1).

<

Figure 1: 3x K5 is the smallest (2,6)-fullerene graph.

A connected graph is called 2-extendable if every matching of size 2 can be
extended to a perfect matching. All classical fullerenes are 2-extendable [14]. A
graph G is called bicritical if, for all pairs of distinct vertices u and v, G—u—v
has perfect matching. Every (2, 6)-fullerene graph is l-extebdable; that is, every
edge of the graph is contained in a perfect matching [11]. Also, it is proved in [11]
that there is no 2-extendable and bicritical (2, 6)-fullerene graph, and the following
results are obtained.

Lemma 2.1 ([11]). The (2,6)-fullerene F has edge-connectivity 2, where |V (F)| >
2.

Lemma 2.2 ([11]). Every 2-edge-cut of a (2,6)-fullerene isolates a 2-length face.

In the next section, according to the structures introduced in [11], we will
examine the existence of star packings in (2, 6)-fullerene graphs.

3. Packing star

First, we examine the structure of (2, 6)-fullerene graphs, as stated by the authors
in[11]. As mentioned, (2,6)-fullerene graphs only have faces of lengths 2 and 6,
and the smallest (2, 6)-fullerene graph is 3x K3. Another simplest (2, 6)-fullerene
graph is a graph with six vertices, each vertex having two adjacent vertices, see
Figure 2.
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Figure 2: The graph Fg.

In the following, according to the structure of (2, 6)-fullerene graphs, we men-
tion some forbidden configurations precluding the existence of perfect star packings
and state some simple results.

Proposition 3.1. No vertex of 2x Ko can be the central vertex of the star.

Proof. Suppose that u is the vertex of the central star in a perfect star packing in
2x K5. Then, the two edges of the star are adjacent to the other vertex, which is
impossible. O

Corollary 3.2. 3x K, and Fg do not have perfect star packing.

Proposition 3.3. The necessary condition for the fullerene graph F to have a
perfect star packing is that the number of its vertices is a multiple of 4.

Griinbaum et al. proved in [15] that for every non-negative integer, h # 1,
there exists a (k,6)-fullerene graph, (for k = 3,4,5), with A hexagons. In paper
[11], (2,6)-fullerene graphs are classified. However, the authors have not answered
whether there is a (2,6)-fullerene graph with h hexagons for every non-negative
integer, h#1. They proved that there are (2, 6)-fullerene graphs with fr hexagonal
faces, so that fr depends on a parameter such as s.

Let F' be a (2,6)-fullerene graph. A fragment H of F' is a subgraph of F
consisting of a cycle with its interior, and every inner face of H is also a face of F’
[11]. In [11], (2, 6)-fullerene graphs are classified as follows.

If we denote the number of hexagons of the fragment H by fg, then we have:

Proposition 3.4 ([11]). In every (2,6)-fullerene graph, there is a fragment, say
Gy, which fg. = s*> + 5,5 € Z.

In the previous proposition, s is the number of hexagonal layers. If Gy is a
cycle of length 2, then G, with s layers of hexagons, is shown in Figure 3.

We call the (2, 6)-fullerene graph containing the fragment shown in Figure 3 a
fullerene graph of type 1.

Proposition 3.5. If F is a (2,6)-fullerene graph of type 1 with an even number
of hexagonal layers, it cannot have a perfect star packing.

Proof. Let F be a (2,6)-fullerene graph of type 1. For F' to have a perfect star
packing, the first layer should be covered, as shown in Figure 4. There are two
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Figure 3: The fragment G;.

Figure 4: First layer cover.

hexagons in the first layer, four hexagons between the first and second layers, and
2s hexagons between the (s—1)th and sth layers. Also, there are 6 vertices in
the first layer, 10 in the second layer, 14 in the third layer, and 4s + 2 vertices in
the sth layer. The number of vertices in each layer is even. Based on the above
explanation, we have Table 1 about (2, 6)-fullerene graphs of type 1.

According to the previous explanations and the information in Table 1, if the
(2, 6)-fullerene graph of type 1 has s layers, then the number of its vertices is equal
to

2% +4s+2=2(s"+1) +4s,

which is an even number. This value is a multiple of four when s is odd. Because
otherwise, if s is an even number, s2 41 will be odd. On the other hand, according
to Proposition 3.3, for F' to have a perfect star packing, the number of its vertices
must be a multiple of four, which completes the proof. O
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Table 1: Information from (2, 6)-fullerene graphs.

Layer Number of Vertices in Number of
hexagons each layer graph vertices

1 2 6 8

2 4 10 18

3 6 14 32

4 8 18 50

s 2s 45+ 2 252 4+ 45+ 2

According to the Proposition 3.5, we have the following theorem:

Theorem 3.6. If F' is a (2,6)-fullerene graph of type 1 with s hexagonal layers,
then

1. If s is odd, then F has a perfect star packing.
2. If s is even, then F does not have a perfect star packing.

Proof. To find a perfect star packing in graph F', we must look for graphs with
odd layers. Suppose F is such a graph. As mentioned, we have the packing in the
first layer, as shown in Figure 4. The number of vertices in each layer is equal to
4s+ 2,s € Z. If we discard the first layer, we will have an even number of layers.
We start with the second and third layers. We are packing the vertices of these
two layers as follows (see Figure 5): We are packing the vertices of the fourth and

Figure 5: Packing of second and third layers.

fifth layers as follows: In the fifth layer, we have two pairs of consecutive centers
of a star’s vertices. In fact, in each pair of layers, we have two pairs of consecutive
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Figure 6: Packing of the fourth and fifth layers.

central star vertices in the outer layer, which are located on both sides of the
axis shown in Figure 6 (dashed lines). Other vertices of the center of the star
are equally divided among the vertices of the layers. By continuing this process
in the last two layers, considering that according to Proposition 3.1, the vertices
of 2 x K5 cannot be the central vertex of the star, we consider each of the two
vertices adjacent to 2 x Ky as two consecutive central vertices. Finally, we will
have a perfect star packing in F. O

Figure 7 shows an example of a perfect star packing in a (2, 6)-fullerene graph of
type 1 with 72 vertices.

Proposition 3.7 ([11]). In every (2,6)-fullerene graph, there is a fragment, say
Cs, which fc, =s,s € N.

If Cp is 3 x Ky, then fc, = 0. Figure 8 shows the fragments C'; and Cs. We call
the (2, 6)-fullerene graph containing the fragment C a fullerene graph of type 2.

Theorem 3.8. If F' be a (2,6)-fullerene graph of type 2 with s hexagonal faces in
the first layer, then

1. If s is odd, then F has a perfect star packing.
2. If s is even, then F' does not have a perfect star packing.

Proof. Clearly, the fullerene graph containing the fragment C7 has a perfect star
packing. Now, we consider the (2, 6)-fullerene graph F', including the fragment Cs.
A perfect star packing for this graph is shown in Figure 9. Now, we examine the
graph F' containing the fragment C,. This graph has s hexagonal faces between
two cycles 2 x K5. We consider two paths P; and P, from vertex v; to vy and vy’
to vy, respectively, as follows:

. . 1o /o
Py ivizimo - o102 , Pyivi'z e’ xes 1 e
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Figure 8: The fragments C; and Cj.

These paths are shown in Figure 10. The number of vertices in each of these two
paths is equal to 2s+1. The total number of vertices in this layer (first layer)
equals 4s+2. From the second layer onwards, four vertices are reduced at each
step. After that, two vertices are added in the last layer, which has six vertices.
Therefore, in a (2, 6)-fullerene graph of type 2, if we have s hexagons in the first
layer, then the number of vertices is equal to

VI=2+6+10+ -+ (4ds +2) = 25> + 45 + 2.
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Figure 9: A perfect star packing in a (2, 6)-fullerene graphs of type 2 containing

the fragment Cj.
v, v,
X, '
h
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%, .
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Figure 10: The paths P; and P;.

The value of 25 + 45 + 2 is a multiple of four if s2 4+ 1 is an even number, which
means that s must be an odd number. Therefore, if s is an even number, then the
number of vertices of F' is not a multiple of four, and in this case, F' does not have
a perfect star packing.

Now, suppose that the number of hexagons in the first layer of F' is odd. In
the last layer, we have a packing, as illustrated in Figure 11. An even number
of layers remains. We start from the first and second layers. In the first layer,
we have 4s+2 vertices. The number of vertices between u; and us and v; and vs
equals to 2s — 5, which is odd. Therefore, the first and second layers can be packed
as depicted in Figure 12. By covering the remaining pairs of layers similarly, we
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Figure 11: Packing in the last layer.

Figure 12: Packing in the first and second layers.

obtain a perfect packing,which completes the proof. O

Next, we study two other cases of (2,6)-fullerene graphs and investigate the
existence of perfect star packing in these graphs.

Proposition 3.9 ([11]). In every (2,6)-fullerene graph, there is a fragment, say
K, which fx, = 25>+ 3s,s € Z.
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Suppose G’ and G are two fragments, as in Figure 3. There are 4s+ 2 vertices
in the layer s of each of these fragments. Suppose e; = w;v;, where ¢ is an odd

number, see Figure 13.
VI
n, /(
v, .
Vo :
v2i¢|

Figure 13: The initial fragment of (2, 6)-fullerene graph type 3.

We have the number of s hexagons, hy,ho,- - -,hs; we call the created fragment
K, and the (2, 6)-fullerene graph including this fragment is called a (2, 6)-fullerene
graph of type 3. Figure 14 shows a (2, 6)-fullerene graph of type 3.

Figure 14: A (2,6)-fullerene graph type 3.

Now, we try to create a perfect star packing for this graph. As mentioned,
a (2,6)-fullerene graph of type 3 consists of an initial fragment including two
fragments G’ and G” and edges e;=u;v;.

Theorem 3.10. If F be a (2,6)-fullerene graph of type 3 with s hexagonal layers
in the fragments G’ and G”, then



Mathematics Interdisciplinary Research 11 (2) (2026) 125 — 140 135
I —

1. If s is odd, then F has a perfect star packing.
2. If s is even, then F does not have a perfect star packing.

Proof. If the number of hexagons in the fragments G’ and G” is an odd number,
such as s, then s layers are formed around the initial fragment. The first layer
has 4s+2 vertices. In the second layer, we will have 4s—2 vertices. Similarly, in
the sth layer, the vertices of a hexagon, form six vertices. Finally, two vertices
are added to them. Therefore, the number of vertices of a (2, 6)-fullerene graph of
type 3 that has s layers in the initial fragment is equal to

[V(F)| =2(2s* +45+2) + 25 + 45+ 2 =65+ 125+ 6 =4k + 2 (s* + 1) ,k € Z.

The value is a multiple of four when s is an odd number. Therefore, if s is even,
F' does not have a perfect star packing. Now, suppose s is an odd number. In
this case, we show that I’ has a perfect star packing. For this purpose, we create
a packing for fragments G’ and G” as described in the packing of (2, 6)-fullerene
graphs of type 1. By doing this, the initial fragment of graph F is covered. Now,
we consider the vertices as the external layers. We start from the outermost layer.
For this layer, we must have the following packing as shown in Figure 15.

Figure 15: Packing of the outermost layer.

An even number of layers remains. We cover the vertices of each pair of layers
as shown in Figure 16. Therefore, we have a perfect star packing. O

Figure 17 shows a perfect star packing in a (2,6)-fullerene graph of type 3 with
three layers.

In [11], graph F is constructed in the following form; we call this graph (2, 6)-
fullerene graphs of type 4. First, we consider the graph Fg, which has three cycles
of length two, including uvu, uiviu1, and usvous, see Figure 18.

We create paths P, and Ps on two parallel edges uv as follow (see Figure 19):

Py iuxi1@12213 - 1250, Pz uxgi232733 - 23,240.
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Figure 16: Packing of each pair of layers.

Figure 17: A perfect star packing in a (2, 6)-fullerene graph of type 3.

Figure 18: The graph Fg.

In fact, we have created 2s vertices in each of the uv parallel edges. Also, we
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replaced the edge vius with path P, as follows:
Py 1 v1221722%23 - cT225U2-

Therefore, we have created 2s new vertices on the edge vius. Now suppose for
1= 1,2 we have

Ti2Ti+41,1, LidTi+1,3y - -+ 5 L5 2nTit1,2n—1 € E (F) .
So, the number of s+1 hexagons between P; and P, ; are created. (hq,ha, ..., hsi1
Or hy',hy,... , hsy1'). Figure 20 shows a (2, 6)-fullerene graph of type 4. We

Figure 20: A (2,6)-fullerene graph of type 4.

have placed 2s vertices in each path P;,7 = 1,2. Therefore, we have 6s+ 6 vertices
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in the first layer. If we add the four vertices in 2-cycles ujviuy and usvaus to
this number, we will have 6s+6 vertices. In the next layers, we will have 4s — 2,
4s — 6, and so on vertices respectively, and in the last layer, we have six vertices.
Therefore, the number of vertices in these layers is equal to

6+ 104 -+ (45 — 2) = 25% — 2.

Finally, two vertices are added to these numbers. Therefore, the total number of
vertices F' is equal to

6s+6+2s2—2+4+2=2s>+6s+6, seN.
However, we have
252 + 65 +6=4(s+1)+2(s* +s+1).

For the above value to be a multiple of four, s2+ s must be an odd number, which
is impossible. The following theorem can be concluded from the above:

Theorem 3.11. If F' is a (2,6)-fullerene graph of type 4, then F' does not have a
perfect star packing.

4. Open problems

There are many open problems related to perfect star packings in (2, 6)-fullerene
graphs. Here we explore some of them in the last part of this article.

1. Characterize (2, 6)-fullerene graphs that allow perfect star packings.

2. Find the number of perfect star packings in (2, 6)-fullerene graphs.

A perfect pseudo matching of a graph is a spanning subgraph such that
each component is Ky or K 3. Based on this definition, we state the third
problem.

3. Find the perfect pseudo matching in (2, 6)-fullerene graphs.
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