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Abstract

The Bratu-type equation of fractional order possesses considerable the-
oretical and applied importance, as it generalizes a conventional nonlinear
differential equation to model phenomena that exhibit inherent memory and
non-local interactions, which are crucial in fields such as nuclear reactor as-
sessment and the electrospinning process of nanofibers. This study presents
an innovative block-by-block (multi-step) computational methodology that
employs quadratic interpolation to attain high-order accuracy. The approach
ensures a convergence rate of order O(7?), significantly enhancing numerical
precision concerning the discretization parameter 7. Its practical utiliza-
tion is illustrated through a dedicated algorithm tailored for the fractional
Bratu problem. The effectiveness and robustness of the proposed method
are validated through numerical experiments, showcasing its ability to deliver
high-fidelity solutions.
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1. Introduction

The development of fractional differential equations, with historical roots in the
17th century, marks a significant evolution from classical calculus by enabling
the modeling of systems with inherent memory and non-local interactions. While
initially a mathematical abstraction, fractional differential equations have tran-
scended into a critical paradigm across diverse fields, including viscoelasticity,
control systems, biological transport phenomena, and financial modeling, due to
their unique capacity to encapsulate complex hereditary dynamics and long-range
dependencies more accurately than integer-order counterparts [1-6]. Consequently,
the transition of fractional differential equations from theoretical curiosity to prac-
tical necessity underscores their indispensable role in advancing the mathematical
description of real-world complexity.

The classical Bratu equation, a seminal nonlinear eigenvalue problem, is renowned
for modeling thermal combustion and serves as a fundamental benchmark for nu-
merical solvers [7]. Its fractional counterpart generalizes this framework by incor-
porating non-local operators, enabling the modeling of anomalous diffusion and
memory-dependent phenomena in complex systems. This evolution from integer-
order to fractional-order formulation exemplifies the broader paradigm shift in
applied mathematics toward fractional calculus.

The fractional Bratu differential equation, employing the Caputo fractional
derivative operator, is expressed as a nonlocal nonlinear initial value problem gov-
erned by

SDYy(t) + & =0,  0<t<T, 1<y<2 (1)

with y(0) = ap and y'(0) = a;. In general, the existence and uniqueness of
solutions to equations of the form §D]y(t) = Z(t,y(t)) are contingent upon the
fulfillment of a Lipschitz condition by the nonlinear term .# (see[8]).

Due to the inherent non-locality and hereditary properties introduced by frac-
tional order operators, analytical solutions to such equations are seldom attainable,
necessitating the formulation and application of specialized numerical methods tai-
lored for fractional differential equations. The approach presented in [9] utilizes
an operational matrix technique founded on fractional-order Lagrange orthogo-
nal polynomials, which transforms the governing fractional Bratu equation into a
system of algebraic equations via spectral projection. In [10], a neural network
framework incorporating rational activation functions is introduced to derive nu-
merical approximations for Bratu-type equations through machine learning-based
optimization techniques. Latif et al. introduced a collocation scheme employing
spline functions, wherein piecewise polynomial approximations are formulated on
discretized domains to obtain numerical solutions to the nonlinear Bratu problem
[11]. Also, researchers developed a hybrid Chebyshev-block-pulse wavelets method
to solve the fractional Bratu equation, transforming it into an algebraic system.
The method’s convergence was established, and numerical results confirmed its
accuracy across various fractional orders and parameters [12]. The Adomian de-
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composition transform method was developed by combining the Jafari transform
with Adomian decomposition to solve fractional Bratu-type equations [13]. Tay-
lor expansions were employed to accelerate convergence of nonlinear terms. A
generalized form of the higher-order nonlinear fractional Bratu-type equation was
introduced, utilizing a generalized fractional derivative for broader applicability
and the homotopy perturbation transform method was employed to solve [14].
For comprehensive methodological details and further numerical analyses, readers
are referred to the relevant literature [15-24].

The advancement of these refined computational methodologies marks substan-
tial progress in addressing nonlinear fractional-order problems, providing powerful
analytical tools for research applications in applied mathematics and engineer-
ing disciplines. This research introduces a high-precision computational technique
that integrates quadratic Lagrange interpolation within a block-by-block frame-
work for solving the nonlinear fractional model specified in Equation (1), attain-
ing fourth-order convergence. The original formulation is first converted into an
equivalent Volterra integral equation, which is subsequently discretized to yield a
system of algebraic equations. The solution domain is subdivided into 2m uniform
segments, facilitating local approximations of y(t) using quadratic polynomials at
nodal points.

The structure of this paper is organized as follows: Section 2 provides the
necessary foundational concepts of fractional calculus. The computational algo-
rithm and its numerical implementation are elaborated in Section 3. A rigorous
convergence analysis is established in Section 4. Extensive numerical experiments
demonstrating the efficacy of the proposed scheme are presented in Section 5. Fi-
nally, Section 6 concludes the study by summarizing the principal findings and
discussing their broader implications for the field of computational mathematics.

2. Fractional calculus preliminaries

This section establishes the mathematical foundations necessary for the formal
characterization of essential fractional calculus operators and their principal prop-
erties.

Definition 2.1. ([25]). The Riemann-Liouville fractional integral of order =,
where v > 0, for a function F(t) defined on the interval [z1, z5], is formally repre-
sented by

RLIYR(t) = ﬁ / (t — o) F(v)dv. (2)

Definition 2.2. (|25]). The Caputo fractional derivative (left-sided ) of order
with r —1 < v < r € N, for a sufficiently smooth function F(t) on the interval
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t € [#1, 22] is defined as follow:

CDJF(t)=_T(r—7) L, (3)
F(¢), y=r.

Lemma 2.3. ([25]). Assume F(t) is sufficiently smooth on [z1, z3]. Then, relation
between Riemann-Liouville fractional integral and the Caputo fractional derivative

holds as:

r—1 F(k)(21)

SN )k _l<~y<r (4

s (s oree) = Fio

3. Formulation of the multi-step approach

This section develops a high-accuracy computational scheme for addressing the
fractional initial value problem given in Equation (1). The adopted approach
commences with the conversion of the original differential problem into an equiva-
lent Volterra-type integral equation by applying Riemann-Liouville integration to
both sides and Lemma 2.3, resulting in the following expression:

t
y(t) = ao +ait — %/O (t — U)V_lefly(v)dv. (5)

A discretization of the computational domain [0, T7] is implemented by dividing it
uniformly into 2m subintervals of equal length 7 = %, with nodes specified by
t; =147 for i =0,1,2,...,2m. Over each segment [tg, t;], a quadratic interpolating

polynomial Y;(¢) is formulated to approximate e£19(®)  leading to the following
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representation:
Q(t—tl)(t tl) —4t—t t—t
Yl(t) = 27—2 e&lyo + ( 7_02)( 1)651(7!%
20t —to)(t—ty) [to, t1],
1Y1
+ = e
Ya(t) = (t—1t1)(t— tg)e&yo N (t—to)(t — 152)65”/1
272 ) o, 2]
+ weflm
272 ’
(2
t—1to;)(t —to;
Yoit1(t) = Yi(t) + Z ( 2])2( > 23+1>€£1y2j71
T
eﬁly(t) ~ j=1
n (t —t24771)(t—t2j+1)651y2j [to, taita],
)
+ (t _ t2‘7)2(t27 t2j—1)e»’§1y2j+1’ 1 S 'L S m — 1’
: (t—tT- )t — tajio)
Yaira(t) =) QJHQ —IH2 v
i=0 T
L= tzj)(tz— £2j42) €yays [to, taisal,
—T
+ (t— t2j)2(t2— tzj+1)651y%+27 l<i<m-—1,
T

(6)
in which t% = to+ %, yi = y(t;) and the value YL is approximated through
interpolation, yielding:

65174% ~ %eilyo + §6£1y1 _ %eflyQ. (7)

Substituting the expressions from (7) into the corresponding relation (6) yields the
approximation for e£1¥() over the interval [to, ;] as:

20 —t)(t—t1) 3(t—to)(t—t 20t —to)(t — 1ty
Yl(t)ﬁ 2 ( _7( 0)( 1) 651y0+ 2)
72 2 T2 72 (8)
_ S(t — to)gt — t1)>6§1y1 + 1 (t— tO)gt — tl)efly%.

T T
By incorporating the approximations (6) and (8) into (5), the numerical solution
at each discretization point ¢; for [ = 1,2,...,2m can be expressed as:
Y1~ ag + aity — So_ /tl(tl — )Y (v)dv, 9)

') Jo

to
Y2 >~ ag + arta — %/o (ty — v) 1Yo (v)dv, (10)
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toit1

0 _

Y2i+1 = ag + a1laiy1 — 75 / (t2ig1 —v)7 1Y2i+1(11)dv
L(y) Jo

i

t2j41 L
Z/ (t2ip1 — )7~
toj—1

J=1

ty
= Qo —|— a1t2i+1 — % |:/ (t2i+1 — U)’Y—lyl (’U)d’U +
0

" (v —t25)(v — t2j+1)egly2j,1 n (v —taj-1)(v— f2j+1)eglyzj
272 —72

I Gl t2j)2(v2_ taj-1) €£1y2j+1) dv] 7 (11)
T

and
50 toit2 .
Y2it2 = ao + artoiro — 7/ (t2ive — 5)7 " Yaipo(v)dv
L(y) Jo

& i t2j42 1 (U — t2j+1)(v — t2j+2) §1Y2;

_>Y <t2z 9 — ’U)PY € 1

['(v) 4 t2; 2t
j=0""2i

(0 = t2))(v = taj42) erynyn | (V= 82) (W = t2j1) g1y, dv, (12)
2 272

=ag + aitoi42 —

+
for 1 <i < m — 1. To simplify, it can be reformulated as:
Y1~ ag + arty — & (91,06&% + Gy 1eSv 4 g1,2€51y2>, (13)
Y2 >~ ag + arta — & (92,0651‘”0 + gz,legly1 + g2,26£1y2>, (14)

Yoit1 ~ ao + artoir1 — &o <g1,06§1y° + 91,165”11 + Gy petry2

i
+ 23172],_165192_7‘—1 + Zl,Qje&yzj 4 21,2j+1€£1y2'7+1>; (15)
j=1

and
i

Y2it2 = ag + a1tzipo — 50( E Zp05€51Y% + 2 9 151Y2 4 4 32,2j+2651y2j+2>,

B (16)
in which
! " —u)7 20w —t1)(v — —§v— v — v
60—y [, =0 (2= )0 — ) = S =)o - ) o, (1)
L ) vl — v—t1)—3v— v — v
Gi1= 721"(7)/0 (t1 —v) <2(v to)(v —t1) = 3(v —to)( tl))d . (18)
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Gio= T2r /Otl (t; —v)? ((v —to)(v — t1)>dv, (19)

Goo = 272r o /OtQ (ts — )" ((v —t)(v — t2)>dv, (20)
Gon = 72;(7) /tz (ts — v)"~? <(v —to)(v — t2)>dv, (21)

(e}

G2 = gz |, 20 (0=t =) (22)
and
taj41
Z12j-1= %Q;I‘(’y) /tzj: (taigr —v)* ((v —toj) (v — t2j+1)) dv, (23)
-1 t2jt1 L
2195 = 2T /t2~_1 (t2ip1 —v)"™ ((U —tgj-1)(v— t2j+1)) dv, (24)
1 J t2j+1 .
el S (RN ) PECY
1 203 .
2225 = 2721 (7) /tzj (t2iy2 —v)" ((U —taj1)(v — t2j+2)>d'[}, (26)
-1 t2jt2
222541 = 72T () /t2~ (taive — )77 ((U —12;) (v — t2j+2)>dv» (27)
1 Jtzj+2 .
232512 = 277107 /2j (taiq2 —v)7™ ((v —toj) (v — t2j+1)>dv. (28)

It is important to observe that every function is represented in relations of integrals
(17) to (28) are polynomial. Consequently, can be computed exactly in explicit
form for the specified parameters t; and . The numerical procedure simplifies
to solving the ensuing algebraic system in relations (13)-(16), which provides the
discrete numerical approximation of the solution y(¢) at all nodal points.

4. Error analysis

This section is devoted to establishing the order of convergence for the fully discrete
scheme formulated in the preceding section.

Theorem 4.1. Assume y(t) € C3([0,T]), and §(t) denotes the numerical approz-
imation of y(t) at the nodal points with uniform step size 7. Moreover, every
function y ™) (t) remains bounded over the entire domain [0,T] for all k = 0,1,2,3.
Indeed, we have
max |y (t)| < My, k=0,1,2,3. (29)
0<t<T

Then, the convergence order of the proposed discrete scheme is O(74).
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Proof. For the odd-indexed discretization points te;4+1, ¢ = 0,1,2,...,m — 1 the
corresponding local truncation error using the relations (5), (6), (7) and (15) is
expressed as:

|y(t2i+1) - Q(t2i+1)] < Ff((;) /o 1(t2i+1 —o)7!

[eslyw)

<2(v—t;)(v—t1) e L —A—to)(v—t1) &y
— e + e 2
72 72

2(v —to)(v —t1) v 3 3
4 = 2 e§1y1):| + (efly( %) _ (ge&yo + Z6511/1

1 —4('[} — t())(’U — tl)

11

— ée wz)) = dv

TIRN /t”“ 1] &)
4+ = (t21+1—v)v eS1ylv

F(’Y) ; toj—1

_ () (v —taji) ey, n (0~ t2j-1)(V = t2j41) g1y,
27-2 _7-2
(v —tg;)(v—ta;-1) .
272

+ dv.

(30)

By applying Taylor’s theorem and the Lagrange remainder form, we obtain the
following result for ¢, € [0,t1], ¥ € [0775%] and ¥; € [tgj_1,t2j41] with j =
1,2,...;iandi=1,2,...,m—1:

20 —t1)(v—t _ _ _
‘Rl(v)’ — |efrv(v) _ ( ( :_)2( 1)6512/0 + 4(v 3)2)(1} tl)efly%
2(v —tg)(v —t1) : ) /
+ 5 ef”ﬂ) < ’(y“”) (91) 4+ 3y" (1)’ (V1) + (y (191))3’)@@/091)
@t =t —t)] (M +3MaMy + MF)eMor?

3! = 3! ’
(31)

7_3
< 5| (1902 + 302 00)

(M3 + 3Mo My + M%)BMOTZS
16 ’

|R2(U)| _ ‘eily(v%) . (geilyo + %651741 _ %eﬁlyz)

<

+ (y/(192))3> 61/(192)

(32)
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and

v _ W) = taj1) gy, (0T 0o )(V ) gy,
272 —72

Lt =) e < | (490 + 3000+ (/0,)°)

272
’(’U — tgj_l)(v — tgj)(’U — t2j+1)‘ < (./\/lg + 3Mo My + M%)@MUT?’

3! 3!

|R;(v)| =

« e¥(?5)

(33)
This leads to the following key result:

£o 4(v —to)(v — t1)

t1 _
ly(taiz1) — G(taip)] < W/ (toig1 — U)Wl‘Rl (v) + Ra(v) - dv
0
o [t -
+ m Z/ (t2i+1 - U) ‘Rj (v)’dv
’y j:1 t2j71
(M3 + 3Mo My + M3)eMor3 g t .
< )Y
= 31 F(’}/) /0 (t22+1 1)) dv
4 . 3 3 Mo t1
+ (M5 + 3Ma My £ My)eTT & / (tai1 — )"t
16 L'(v) Jo

x (v —to)(v —t1)|dv

M + 3Mo My + M3)eMor? L[t

Jr( : 2 3} Qo Fg(?y) / (taipr —v) 'dv
< &o (./\/l3 + 3Mo My + ./\/lz{’)6/\407'3""Y
- L(v+1)

" &o (Mg + 3Ma M + ./\/111)’)6/\/107177’4 < 4

T b
L(y+1) -

j=1 toj—1

(2 +1)7 — (2i)"

(34)

in which € is the positive constant. The truncation error at even-indexed steps can
be evaluated in a manner identical to that demonstrated for the odd-indexed ones.
The details are excluded here for the sake of conciseness, and this constructive
process fully substantiates the theorem. O

5. Numerical results

This section employs the developed algorithm to examine the fractional nonlinear
problem (1). Computational accuracy is assessed via the maximum norm, defined
as:

loo(7) = max [y(t;) —§(ts)], (35)

0<i<2m
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in which g(¢;) is an approximation of y(t) at point ¢; with time step 7. Moreover,
the following relation is used to corroborate the theoretical convergence rates by

s (20)

co = 2 (36)
log (22
og ()
Example 5.1. We examine the formulation of problem (1) given by
cDJy(t) —2e¥® =0, 0<t<1
0+t y( ) ) € = = 4 (37)
y(0) =y'(0) =0,

in which the analytical solution is y(t) = —2In (cos(t)) for v = 2 [12, 22, 24].
The proposed computational framework was implemented to address the specified
problem. Its performance was evaluated across a range of parameters v and m.
A comparative analysis of the absolute errors, presented in Table 1, confirms the
accuracy of our method over the established techniques in [12, 24] for v = 2. The
experimental order of convergence, detailed in Table 2, aligns with the theoretical
rate predicted by Theorem 4.1, thereby validating the algorithm’s performance. A
comparison between the exact and numerically obtained solutions for m = 5 is pre-
sented in Figure 1, considering several fractional orders v € {1.5,1.6,1.7,1.8,1.9}.
The graphical results confirm the algorithm’s efficiency and illustrate the conver-
gence of the approximate solutions to the exact one as v — 2. A combined analysis
of the quantitative data in Table 1, 2, and the graphical depictions in Figure 1
validates the effectiveness of our method. These results conclusively show that the
numerical scheme is both successful and accurate for this category of nonlinear
problems.

Example 5.2. In this numerical experiment, we examine the fractional equation
(1), given by
§D7y(t) — e =0, (38)

on t € [0,1] with the initial conditions y(0) = ¢'(0) = 0 and the true solution is
y(t) = In (sec(t)) for v = 2 [12, 22]. The developed numerical methodology was
employed to solve the target problem, with its efficacy assessed over a comprehen-
sive range of parameters v and m. The empirical convergence rates and precision
metrics, summarized in Table 3, corroborate the algorithm’s high performance. In
the absence of an analytical solution for the fractional-order cases, a direct compu-
tation of the absolute error is not feasible. To rigorously assess the accuracy and
convergence of the proposed numerical scheme under these conditions, the problem
is solved using two successive step sizes, 71 and 75. The difference between these
numerical solutions at the common grid points provides a reliable measure of the
scheme’s stability and precision as follows:

oo = |y”r1 (T) = yr, (T)‘v (39)
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Table 1: Comparison of the ¢, of the presented method with those obtained in

[24] and [12] in Example 5.1.

t [24] [12] Presented method
0 6.13x 1079% 622 x 1072 0

0.1 5.85 x 1079 4.78 x 10796 1.46 x 10710
0.2 6.19 x 1079*  1.59 x 1079° 2.61 x 10710
0.3 7.08 x 10794 299 x 1079 1.32 x 10799
0.4 8.03 x 10794 4.17 x 1079 1.05 x 10799
0.5 8.73 x 1079  4.57 x 1079 3.05 x 10799
0.6 9.42 x 1079 4.06 x 1079 2.43 x 10799
0.7 1.05 x 10793 2.81 x 1079 5.38 x 10799
0.8 1.21 x 1079 1.38 x 1079 4.44 x 10799
0.9 1.39 x 10793 2.67 x 10796 8.40 x 10799
1 1.72 x 1079 1.81 x 10796 7.21 x 10799

CUP Time (s) — — 3.250

in which y., (T) and y.,(T") are the numerical solutions at the end of interval T'
with the step sizes 71 and 7, respectively. The results of this analysis are com-
prehensively presented in Table 4. A visual comparison of exact and approximate
solutions for m = 5, displayed in Figure 2, encompasses multiple fractional or-
ders . These results not only affirm the method’s computational robustness but
also demonstrate asymptotic convergence toward the exact solution as v — 2.
Synthesizing insights from the quantitative assessments in Table 3 and the graph-
ical representations in Figure 2, the proposed scheme validates the effectiveness
as an accurate and reliable tool for this class of nonlinear fractional differential
equations.

Example 5.3. Finally, the fractional main problem (1) is considered on the do-
main ¢ € [0,1] for & = 1 with the following form:

§DJy(t) + &oe?™ =0, (40)

cosh ((t — %)%)
cosh (%)
value of o is determined by solving the expression o = /2§ cosh (%) [23]. The
numerical framework introduced in this study was applied to the present equation,
with a rigorous evaluation of its performance conducted across a wide spectrum
of parameters v and m. Data on the experimental convergence order and com-
putational accuracy, compiled in Tables 5 and 6, provide strong evidence for the
scheme’s efficacy. Also, a comparative examination of the absolute errors, as delin-
eated in Tables 7 and 8, substantiates the precision of our methodology in contrast
to the conventional techniques documented in [11, 26-28] for the parameters v = 2
and 7 = 0.1. Graphical outputs depicting exact versus approximated solutions for

in which the exact solution is y(t) = —2In ( ) for v = 2 and the
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L/}

6
""" y=1.5
=16
mm—y=17
5 |==== =18 li
1=1.9 i
exact solution ’.:
4k
Ssr
ol
10
0
0

Figure 1: The exact and approximate solutions with several values  in 7 = 0.1 for Example 5.1.

1.4
----- =15
=16
""" =17
12 _____ ’7_1 8 'I'L
4=1.9 ;
exact solution Y
1F
0.8
=
0.6 [
0.4
0.2
0
0

Figure 2: The exact and approximate solutions with several values v in 7 = 0.1 for Example 5.2.
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Table 2: The £, error of the yielded outcomes for some values of 7 with v = 2
in Example 5.1.

T l co CUP Time (s)
1/2  5.3354 x 1072 - 0.532
1/4  5.0924 x 10793 3.3891 0.531
1/6  1.2367 x 10793 3.4905 0.594
1/8  4.2922 x 10791 3.6784 0.719
1/10  1.8442 x 1079 3.7855 0.719
1/12 9.1419 x 107%°  3.8492 0.687
1/14 5.0193 x 107%  3.8895 0.922
1/16 2.9753 x 107%  3.9162 1.422
1/18 1.8717 x 107%  3.9348 1.390
1/20  1.2347 x 1079 3.9482 16.485

Table 3: The ¢, error of the yielded outcomes for some values of 7 with v = 2
in Example 5.2.

T loo co CUP Time (s)
1/2  2.6677 x 10702 — 0.656
1/4 25462 x 10793 3.3891 0.484
1/6  6.1835 x 1079 3.4905 1.375
1/8 21461 x 107%¢  3.6784 0.719
1/10  9.2213 x 1079  3.7855 1.766
1/12 45709 x 107%  3.8492 0.922
1/14 25096 x 107%  3.8895 1.844
1/16  1.4876 x 107%°  3.9162 2.781
1/18  9.3588 x 107%  3.9348 4.125
1/20  6.1739 x 107°  3.9482 5.797

Table 4: The & error of the yielded outcomes with some values of m and ~ in
T =1 for Example 5.2.

v = 1.55 v =1.75 v =1.95
m T=1 Eno CPU T=1 Eno CPU T=1 Eno CPU
5 1.600604 — 2.812 0.930465 — 2.641 0.662684 - 2.672
7 1.601615 1.0111 x 107%  3.734 0.930817 3.5148 x 107%*  3.547 0.662771  8.7403 x 1079 3.750
9 1.602554 9.3885 x 107%%  4.813 0.930910  9.2688 x 1095 4.766 0.662792  2.0571 x 1079 4.906
11 1.603103 5.4919 x 10-%*  6.578 0.930941 3.1694 x 10-%°  6.234 0.662799  6.6681 x 107°  6.594
13 1.603417 3.1427 x 107%*  8.266 0.930954 1.2857 x 10-%°  8.047 0.662801 2.6464 x 10-°  8.906
15 1.603603 1.8518 x 10-%*  10.797 0.930960 5.8830 x 107%%  10.468 0.662802 1.2078 x 107%  10.516

m =5 (Figures 2 and 3) across various « values further verify the method’s relia-
bility and exhibit a clear convergence trend to the exact solution as v approaches
2. The collective evidence from the numerical data in Table 5, 8, and the visual-
izations in Figures 3 and 4 firmly establishes the proposed algorithm as a precise
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and effective solver for this category of nonlinear fractional problems.

Table 5: The £, error of the yielded outcomes for some values of 7 with v = 2
and £ = 1 in Example 5.3.

T loo co CUP Time (s)
1/4 15763 x107%  — 0.718
1/6  4.3816 x 1079 3.1575 0.828
1/8  1.5826 x 1079 3.5396 0.750
1/10  6.9465 x 1079 3.6903 0.703
1/12  3.4940 x 1079 3.7691 16.000
1/14  1.9399 x 107%  3.8169 18.812
1/16 1.1603 x 107%  3.8488 43.125

Table 6: The ¢ error of the yielded outcomes for some values of 7 with v = 2
and & = 2 in Example 5.3.

T le co CUP Time (s)
1/4  1.6716 x 10793 - 0.546
1/6  4.1556 x 107%%  3.4329 1.125
1/8 1.3973 x 107%%  3.7884 0.703
1/10  5.8453 x 1079 3.9056 0.640
1/12  2.8413 x 107%°  3.9566 12.828
1/14  1.5378 x 107%°  3.9823 16.235
1/16 9.0189 x 1079  3.9964 73.937

6. Conclusion

This paper introduces a high-accuracy numerical technique for the fractional Bratu
equation, founded on a unique block-structured algorithm incorporating quadratic
Lagrange interpolation. The proposed method demonstrates fourth-order conver-
gence O(7%), with both theoretical analysis and numerical experiments confirming
this optimal convergence rate. These tests also demonstrate the algorithm’s con-
firm the accuracy against the other methods.
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Figure 3: The exact and approximate solutions with several values  in 7 = 0.1 for Example 5.3.
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Figure 4: The exact and approximate solutions with several values v in 7 = 0.1 for Example 5.3.
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Table 7: Comparison of the ¢, with 7 = 0.1 and £ = 1 in Example 5.3.

t [26] [27] [28] [11] Presented method
0.1 2.98x1079 1098 %1079 268 x 1079 527 x 10 4.22 x 10707
0.2 5.46x1079% 394 %1079 2.02x107%9 9.67 x 107 8.50 x 10797
0.3 7.33x107% 585x107% 1.52x1079 1.30x 107 2.72 x 10796
0.4 850x107% 7.07x107% 220x1079 1.50 x 10794 1.39 x 1006
0.5 8.89x1079 047x 1079 3.01 x 1079 1.57 x 107%™ 4.62 x 10796
0.6 850x107% 1.11x107% 220x1079 1.50x 107% 1.42 x 10796
0.7 7.33x1079% 126x107% 1.52x107% 1.30x 1079 6.01 x 10796
0.8 546x107% 1.35x107% 2.02x107% 9.67 x 1079 8.88 x 10797
09 298x107% 120x107% 268 %1079 527 x 1079 6.94 x 10796

Table 8: Comparison of the ¢, with 7 = 0.1 and &, = 2 in Example 5.3.

t [26] [27] [28] Presented method
0.1 1.72x107% 213x1079 1.52x 10792 3.98 x 10796
0.2 3.26x1079 421 x107% 1.47x 10792 7.82 x 10796
0.3 4.49x1079% 6.19x107% 5.89 x 10793 2.67 x 10795
04 528x107% 8.00x107% 3.25x 10793 1.31 x 1079
0.5 5.56x107% 9.60x107% 6.98 x 10793 4.45 x 1079
0.6 5.28x107% 1.09x 1079 3.25x 1079 1.04 x 10795
0.7 449x107% 1.19x1079%2 5.89x 10793 5.42 x 10795
0.8 3.26x1079 124 %1092 1.47x 10792 1.12 x 10796
09 1.72x107% 1.09x107°2 1.52 x 10792 5.84 x 10795
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