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Abstract

Let R be a unital additive ring, C(R) denote the center of the ring R and
g(x) be a polynomial in C(R)[x]. We explore a new ring structure called
a g(x)-p-clean ring. An element r is said to be g(x)-p-clean if it can be
decomposed into r = p + s, where p belongs to the set of pure elements
Pu(R), and s is a root of the polynomial g(x). This study examines the
core properties of such rings. We show, for instance, that if R admits the
g(x)-p-clean property and I is an ideal of R, then the quotient ring R/I also
inherits this property provided g(x) ∈ C(R/I)[x]. We establish a number of
structural results concerning these rings.
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1. Introduction

Assume that R is a ring. An element p ∈ R is labeled as pure if there exists
some q ∈ R such that p = pq [1]. The symbol Pu(R) represents the collection
of all pure elements in R. Commonly used subsets in ring theory include U(R),
Id(R), and C(R), representing the units, idempotents, and central elements of a
ring R, respectively. An element r ∈ R is called clean if it admits a representation
r = u+ e, where u ∈ U(R) and e ∈ Id(R) [2, 3]. This notion has been generalized
by incorporating polynomial roots. If g(x) is a polynomial in C(R)[x], then an
element r ∈ R is said to be g(x)-clean if it can be written as a sum of a unit and
a root of g(x). A ring R is said to be g(x)-clean if every element in R satisfies
this property [4, 5]. A more relaxed version, called weakly g(x)-clean, allows r to
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be either the sum or the difference of a unit and a g(x)-root [6]. These ideas have
been further extended in various studies [7–11]. An element r ∈ R is called p-
clean if there exist e ∈ Id(R) and p ∈ Pu(R) such that r = p + e [1, 12]. In this
paper, we introduce and explore a broader concept known as g(x)-p-clean rings.
An element r ∈ R is said to be g(x)-p-clean if there exist some p ∈ Pu(R) and a
root s of g(x) such that r = p+s. The ring R itself is called g(x)-p-clean whenever
every element of R admits such a decomposition.

2. Main results
In this section, we present a framework and establish the foundation for defining
g(x)-p-clean rings and elements. The focus then shifts to analyzing the essential
properties that characterize these rings. To support our findings, relevant examples
are provided.

Definition 2.1. An element p ∈ R is said to be pure provided there exists an
element q ∈ R with p = pq [13]. The collection of pure elements in the ring R is
represented by Pu(R).

Definition 2.2. An element r ∈ R is called p-clean if there exist e ∈ Id(R) and
p ∈ Pu(R) such that r = p+ e. When all of the elements in a ring R are p-clean,
the ring is considered p-clean [1, 12].

Definition 2.3. Let g(x) ∈ C(R)[x] and p ∈ Pu(R). A g(x)-p-clean element of
R is an element r = s+ p such that g(s) = 0. Every element in a ring R must be
g(x)-p-clean for the ring to be considered g(x)-p-clean.

Given that all g(x)-clean rings are also g(x)-p-clean rings. Alternatively, p-
clean rings are precisely (x2 − x)-p-clean, to be precise. There exist rings that are
g(x)-p-clean but not g(x)-clean, and vice versa:

Example 2.4. (1) Z is (x2 − x)-p-clean but is not (x2 − x)-clean.

(2) Z(3) ∩ Z(5) = {
a

b
| a, b ∈ Z, b 6= 0, gcd(3, b) = 1, gcd(5, b) = 1} is (x2 − x)-p-

clean but is not (x2 − x)-clean.

This establishes that p-cleanness and g(x)-p-cleanness are not equivalent in all
cases, although for certain forms of g(x), they may coincide.

Theorem 2.5. Given a ring R with g(x) = (x−d)(x−f) ∈ C(R)[x], where d 6= f
are central elements of R and (d − f) is not a zero divisor element. Then, the
following claims are true for a pure element p of R.

(1) (d− f) ∈ Pu(R) and R is p-clean if and only if R is (x− d)(x− f)-p-clean.

(2) Let R be p-clean and (d− f) ∈ Pu(R). Then R is g(x)-p-clean.



Mathematics Interdisciplinary Research 11 (2) (2026) 177− 184 179

Proof. (1) Suppose that r is an element of R. A g(x) root s1 and a pure p1 exist
such that f = p1 + s1 since R is g(x)-p-clean. As h(s1) = (s1 − d)(s1 − f) = 0, we
may conclude that s1 = d. Accordingly, f − d ∈ Pu(R). Assume once more that
there exist a pure p2 and a root s2 of g(x) such that, (f−d)r+d = p2+s2. We may
start with p = (f−d)(s2−d), s2 = (f−d)e+d. After that, we have r = p+(f−d)p2.
When f −d ∈ C(R), then , h(s2) = (s2−d)(s2− f) = (f −d)p[(f −d)p+d− f ] =
(f − d)2(p2 − p) = 0. Since (f − d) 6= 0 is not an element of zero divisors and,
p2 = p, we get p ∈ Id(R). Note that (f − d)p2 ∈ Pu(R) is evident. Conversely,
suppose that r ∈ R. Hence (f−d)(r−d) = p+e, where p ∈ Pu(R) and e ∈ Id(R).
So r = [(f − d)e + d] + (f − d)p. Since (f − d), p ∈ Pu(R), (f − d)p ∈ Pu(R).
Because h((f − d)e + d) = (f − d)e[(f − d)e + d − f ] = (f − d)2e(e − 1) = 0,
(f − d)e+ f is a g(x) root. Then R is (x− d)(x− f)-p-clean.
(2) Derives from (1).

In fact, the requirement that both d and f belong to C(R) in Theorem 2.5 may
be substituted with the single condition that (f − d) lies in C(R).

Corollary 2.6. Assume R is a ring. Then R is p-clean precisely when it is
(x2 + x)-p-clean.

Proof. It follows from Theorem 2.5, whit d = 0 and f = −1.

Corollary 2.7. Let R be a ring. Then R is p-clean and 2 ∈ Pu(R) if and only if
every element in R can be expressed as the sum of a square root of 1 and a pure
element.

Proof. This is obtained from Theorem 2.5, whit g(x) = x2 − 1.

Theorem 2.8. If R is a ring, n ∈ N and r1, r2 ∈ R, then R is (r1x
2n − r2x)-p-

clean if and only if R is (r1x
2n + r2x)-p-clean.

Proof. Let R be (r1x
2n − r2x)-p-clean and r ∈ R. Then, there exist p ∈ Pu(R)

and a root s of (r1x2n−r2x) such that −r = p+s. Hence, r = (−p)+(−s), where
−p ∈ Pu(R) and (r1(−s)2n+ r2s) = 0. Therefore, R is (r1x2n+ r2x)-p-clean. The
convrse is clear.

As an illustration, it can be deduced that rings which are (x2− x)-p-clean and
those that are (x2 + x)-p-clean are essentially the same as p-clean rings.
The corner ring eRe is a p-clean ring if R is a p-clean ring and e is a central
idempotent element, as demonstrated by [12, Proposition 2.16]. For rings that are
g(x)-p-clean, the following can be proved:

Lemma 2.9. Suppose R is a (x− d)(x− f)-p-clean ring, where d 6= f are central
elements of R and (f − d) is not a zero divisor element. Then, for every central
idempotent element e, eRe is (x − ed)(x − ef)-p-clean. Especially, if g(x) =
(x− ed)(x− ef) ∈ C(R)[x] and R is (x− d)(x− f)-p-clean where d 6= f ∈ C(R)
and (f − d) is not a zero divisor element, then eRe is g(x)-p-clean.
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Proof. Just when R is p-clean and (f−d) ∈ Pu(R), R is (x−d)(x−f)-p-clean. In
[12, Proposition 2.16] it is proved that if the ring R is p-clean, the eRe is p-clean for
every e ∈ Id(R). Then, based on Theorem 2.5, eRe is (x−ed)(x−ef)-p-clean.

A natural illustration of Lemma 2.9 can be given through the following simple
example

Example 2.10. Let R = Z6 and take the polynomial g(x) = (x − 0)(x − 1) =
x(x−1). Since the roots of g(x) in Z6 are 0, 1, 3, 4, and Pu(Z6) = {0, 3}, it follows
that every element of R may be written as the sum of a pure element and a root of
g(x). Thus R is g(x)-p-clean. Let e = 3 ∈ Z6, which is a central idempotent. Then
the corner ring eRe = 3Z6 = {0, 3} is a subring of R. The polynomial induced on
eRe by Lemma 2.9 is (x − e · 0)(x − e · 1) = x(x − 3), whose roots in eRe are 0
and 3 and Pu(eRe) = eRe, every element of eRe is immediately the sum of a pure
element and a root of this polynomial. Hence eRe is (x− e · 0)(x− e · 1)-p-clean,
confirming Lemma 2.9 for this concrete case.

Assume that R and R
′
are rings, and that the identity element of R is mapped

to that of R
′
by a ring homomorphism θ from C(R) to C(R

′
). This homomorphism

gives rise to a corresponding map, denoted θ0, from the polynomial ring C(R)[x]
into C(R

′
)[x]. For a polynomial g(x) =

∑n
i=0 aix

i ∈ C(R)[x], the image under θ0
is given by θ0(g(x)) =

∑n
i=0 θ(ai)x

i ∈ C(R′
)[x]. Whenever g(x) ∈ Z, it states that

θ0(g(x)) = g(x). We then go through several characteristics related to the class of
rings that are θ0(g(x))-p-clean. We begin with a fundamental finding.

Proposition 2.11. Consider two rings R and R′, and let θ : R −→ R′ be a
surjective ring homomorphism. Suppose g(x) =

∑n
i=0 aix

i ∈ C(R)[x]. If the ring
R is g(x)-p-clean, then the ring R′ is also θ0(g(x))-p-clean.

Proof. Let g(x) =
∑n
i=0 rix

i ∈ C(R)[x], and define θ0(g(x)) =
∑n
i=0 θ(ri)x

i as an
element of C(R′)[x]. Given any β ∈ R′, there exists some r ∈ R such that θ(r) = β.
Because R is g(x)-p-clean, we can write r = p+ s for some p ∈ Pu(R) and s ∈ R
satisfying g(s) = 0. Applying θ, we obtain β = θ(r) = θ(p + s) = θ(p) + θ(s),
where θ(p) ∈ Pu(S). Now, θ0(θ(s)) =

∑n
i=0 θ(ai)(θ(s))

i =
∑n
i=0 θ(ai)θ(s

i) =∑n
i=0 θ(ris

i) = θ(
∑n
i=0 ris

i) = θ(h(s)) = θ(0) = 0. Hence, R′ is θ0(g(x))-p-
clean.

Corollary 2.12. Let I be an ideal of a g(x)-p-clean ring R. Then R/I is g(x)-p-
clean, where g(x) ∈ C(R/I)[x].

Proof. Assume that θ : R −→ R/I is the canonical epimorphism. Note that if
r ∈ C(R), then r ∈ C(R/I), and therefore the outcome is derived from Proposi-
tion 2.11.

Lemma 2.13. Let g(x) ∈ Z[x] and R1, R2, · · · , Rn be rings. Then R =
∏n
i=1Ri

is g(x)-p-clean if and only if for every 1 ≤ i ≤ n, Ri is g(x)-p-clean.
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Proof. Suppose that R is g(x)-p-clean. Define θj : R =
∏n
i=1Ri −→ Rj by

θj((ri)) = rj . Since θj is a ring epimorphism for every 1 ≤ j ≤ n, Rj is g(x)-p-
clean, by Corollary 2.12. Conversely, assume taht (r1, r2, · · · , rn) ∈

∏n
i=1Ri and

ri = pi+ si , 1 ≤ i ≤ n, where pi ∈ Pu(Ri) and h(si) = 0. Let p = (p1, p2, · · · , pn)
and s = (s1, s2, · · · , sn). Then p ∈ Pu(R) and g(s) = 0. Thus, R is g(x)-p-
clean.

The following example illustrates the statement of Lemma 2.13 that the di-
rect product ring is g(x)-p-clean precisely when each component ring admits this
property.

Example 2.14. Let R = Z4 × Z2 and consider the polynomial g(x) = x2 − 1. In
Z4, the elements 1, 3 satisfy x2− 1 = 0, and Pu(Z4) = Z4. In Z2, the element 1 is
a root of x2 − 1 = 0, and Pu(Z2) = Z2. Let (r, s) ∈ R. Since in each component
r and s may be written as r = p1 + s1 and s = p2 + s2, where p1 ∈ Pu(Z4)
and p2 ∈ Pu(Z2), and g(s1) = g(s2) = 0, we obtain (r, s) = (p1, p2) + (s1, s2),
where (p1, p2) ∈ Pu(R) and g(s1, s2) = 0. Thus every element of R is g(x)-p-clean.
Consequently, R = Z4 × Z2 is g(x)-p-clean.

Suppose R is a ring with unity, and R′ is a (possibly non-unital) ring equipped
with a bimodule structure such that, for any r ∈ R and s1, s2 ∈ R′, (s1s2)r =
s1(s2r), r(s1s2) = (rs1)s2 and (s1r)s2 = s1(rs2). Multiplying (r1, s1)(r2, s2) =
(r1r2, r1s2 + s1r2 + s1s2) yields the additive abelian group I(R,R′) = R ⊕ R′,
which is the ring constructed by extending R through the ideal R′, denoted by
I(R,R′). gR(x) = r0 + r1x + · · · + rnx

n ∈ C(R)[x] is obviously true if g(x) =
(r0, s0) + (r1, s1)x+ · · ·+ (rn, sn)x

n ∈ C(I(R,R′))[x].

Theorem 2.15. Let R and R′ be as above. Then if I(R,R′) is g(x)-p-clean, then
R is gR(x)-p-clean.

Proof. Suppose that θR : I(R,R′) −→ R is defined by θR(r, s) = r. Hence θR is a
ring epimorphism. If I(R,R′) is g(x)-p-clean, then R is gR(x)-p-clean, according
to Corollary 2.12.

Suppose that φ ∈ End(R) and that R is arbitrary. The symbol R[[x, φ]] rep-
resents the ring of skew formal power series whose coefficients lie in R, where
xr = φ(r)x for any r ∈ R. Notably, when φ is the identity map on R, this con-
struction reduces to the standard ring of formal power series R[[x]]. The skew
polynomial ring R[x, φ] can be defined in an analogous way. It can be demon-
strated that the idealization I(R, 〈x〉), where 〈x〉 indicates the ideal produced by
x, is isomorphic to R[[x, φ]]. Next, the following can be stated.

Theorem 2.16. Consider a ring homomorphism φ from R to itself. If R[[x, φ]]
is g(x)-p-clean, then R is gα(x)-p-clean, where α : R[[x, φ]] −→ R is definde by
α(f) = f(0).

Proof. Follows from Corollary 2.12.
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Corollary 2.17. Take R to be a ring such that R[[x]] be a g(x)-p-clean ring. Then
R is g(x)-p-clean.

Proof. Follows from Theorem 2.16.

A Morita context M(R,R′,M,K, f, h) consists of two rings R and R, two
bimodules RM ′

R,
′
RKR and a pair of bimodule homomorphisms f : M ⊗R′ K −→

R and h : K ⊗R M −→ R′ such that f(m ⊗ k)m′ = mh(k ⊗ m′) and h(k ⊗

m)k′ = kf(m ⊗ k′) [14]. These data give rise to a ring T (M) =

(
R M
K R′

)
with multiplication defined in the natural matrix-like fashion, making T (M) an
associative ring. This construction is known as the Morita context ring determined
by M . For additional information regarding these rings, see [14–17]. If g(x) =(
r0 m0

k0 s0

)
+

(
r1 m1

k1 s1

)
x + · · · +

(
rn mn

kn sn

)
xn ∈ C(T (M))[x], then gR(x) =

r0 + r1x+ · · ·+ rnx
n ∈ C(R)[x] and gR′(x) = s0 + s1x+ · · ·+ snx

n ∈ C(R′)[x].

Lemma 2.18. Let the ring T (M) =

(
R M
K R′

)
be g(x)-p-clean. Then R is gR(x)-

p-clean and R′ is gR′(x)-p-clean.

Proof. It is easy to see that I =

(
0 M
K R′

)
and J =

(
R M
K 0

)
are two ideals of

T (M). Since T (M)/I ∼= R and T (M)/J ∼= R′, the claim holds by Corollary 2.12.

Corollary 2.19. Let R and R′ be two rings, and assume M be a bimodule over
them with left R-action and right R′-action. Define the upper triangular matrix

ring T =

(
R M
0 R′

)
. If T possesses the g(x)-p-clean property, then both R and R′

individually satisfy gR(x)-p-cleaness and gR′(x)-p-cleaness, respectively.

Proof. Follows from Lemma 2.18.

Corollary 2.20. Take R is a commutative ring such that every pure element of
R is unit, M is an R-module and 2M = 0. Define the triangular matrix ring

T =

(
R M
0 R

)
. Then T is g(x)-p-clean if and only if R is g(x)-p-clean.

Proof. Follows from Corollaries 2.12 and 2.19.

We conclude the article with the following two problems.

Problem 1. How do matrix rings behave when they are constructed over g(x)-p-
clean rings?

Problem 2. How does the ring R[x] behave across g(x)-p-clean rings?
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3. Conclusions

In this paper, we introduced and investigated the class of g(x)-p rings, a new gen-
eralization that simultaneously extends both p-clean and g(x)-clean structures. By
expressing each element of a ring as the sum of a pure element and a root of a
fixed central polynomial g(x), we developed a unified framework that encompasses
several earlier notions studied in the literature.

We established fundamental properties of g(x)-p-clean rings, including their
behavior under quotient constructions, direct products, idealizations, skew power
series rings, and Morita context rings. In particular, we proved that the g(x)-p-
clean property is preserved under ring homomorphisms and passes naturally to
factor rings whenever g(x) ∈ C(R/I)[x]. We also characterized conditions under
which p-clean and g(x)-p-clean rings coincide, especially for polynomials of the
form (x− d)(x− f) with central coefficients.
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