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Considering the importance of mixed 3-Sasakian manifolds which admit
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representation of a mixed 3-Sasakian manifold when that is a generalized
mixed 3-ψ-recurrent.
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1. Introduction

An Einstein manifold plays an important role in Riemannian geometry as well as in
general relativity theory. This type of manifold holds immense significance in the
mathematical formulation of general relativity, cosmology, black holes, and string
theory. The critical point of the functional f(g) =

∫
M
sg ηg leads to an Einstein

metric. Einstein’s general relativity is a theory of gravitation that describes how
matter and energy influence the curvature of spacetime, which we perceive as
gravity. Einstein proposed that a general relativity equation takes the following
form:

Rc(B,A)− 1

2
sg(B,A) + αg(B,A) =

8πG

c4
T (B,A), (1)

in which Rc is the Ricci tensor, s is the Ricci scalar (trace of the Ricci), g is the
metric tensor, α is the cosmological constant, G is the gravitational constant, T is
the stress-energy tensor, and c is the speed of light [1]. If T = 0 holds in Equation
(1), then the manifold reduces to be an Einstein manifold (Rc = αg). The critical
value for the Einstein manifold is the cosmological constant α, which represents
the vacuum energy density in cosmological models. It can be positive, zero, or
negative depending on the type of spacetime. α > 0, α < 0, α = 0, corresponding
to a de Sitter, anti-de Sitter and flat space, respectively.

On the other hand, the Riemannian curvature tensor is a powerful tool for
describing how a geometric object, such as a curve deviates from a straight line
or a surface from a flat plane. It has a significant impact on both differential
geometry and great significance in different parts of physics, such as the theories
of general relativity and gravity, as well as the curvature of spacetime.

Historically, flat manifolds, such as Euclidean spaces with a vanishing Rieman-
nian curvature tensor, were studied by authors that were a special case of locally
symmetric manifolds. Then, as a generalization, the locally symmetric manifolds
were introduced, where their curvature tensor R satisfies ∇R = 0, in which ∇ is
a Levi-Civita connection [2]. For example, the locally symmetric contact metric
manifold (M, ζ, µ, ψ) with dimension 3 or 5, is either Sasakian or has constant cur-
vature 1 or locally isometric to the unit tangent sphere bundle of Euclidean space
[3]. So these types of manifolds are too strong for contact manifolds. Then locally
ψ-symmetric, ψ-recurrent and generalized ψ-recurrent Sasakian manifolds were in-
vestigated by many authors and proved that such manifolds are always Einstein
[4–8]. Also, 3-dimensional locally generalized ψ-recurrent Sasakian manifolds are
spaces of constant curvature [9]. Moreover, mixed 3-ψ-recurrent manifolds were
introduced by Kazemi and Raei, ψ2

i (∇R) = γiR, in [10]. They proved every 3-
ψ-recurrent manifold is recurrent. Also, they showed every 3-ψ-recurrent mixed
3-Sasakian manifold is locally ψ-symmetric and locally symmetric. Recently, we
introduced statistical generalized recurrent manifolds, and we proved that, de-
spite the Riemannian manifold, a statistical generalized recurrent manifold is not
statistical concircular recurrent [11]. In 1970, almost contact 3-structures and 3-
Sasakian manifolds were defined by Kuo [12]. Every 3-contact metric manifold is
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necessarily a 3-Sasakian manifold [13]. Every 3-Sasakian manifold is of constant
curvature. In 2024, Kazemi and his collaborators defined 3-Sasakian statistical
manifolds and they proved that invariant statistical submersions from 3-Sasakian
statistical manifolds with vertical structure vector fields have 3-Sasakian statistical
totally geodesic fibers [14, 15]. Also, mixed 3-structure manifolds and mixed 3-
Sasakian manifolds were introduced by Ianus and Caldarella [16, 17]. Every mixed
3-Sasakian manifold is Einstein. So, mixed 3-Sasakian structures hold immense
significance not only in the field of differential geometry but also in different parts
of physics, such as supersymmetry, supergravity, string theory and geometric flow
equations.

Considering the importance of mixed 3-Sasakian manifolds, which admit Ein-
stein metrics as mentioned above, in this article, we introduce generalized mixed
3-ψ-recurrent structures on mixed 3-structure manifolds and then investigate some
results of these types of manifolds.

This paper is organized as follows. In Section 2, we review some basic infor-
mation about mixed 3-structures and mixed 3-Sasakian manifolds. In Section 3,
we introduce generalized mixed 3-ψ-recurrent manifolds and prove that such man-
ifolds are generalized recurrent for their horizontal vector fields. In section 4, we
obtain a relation between the associated 1-forms γi and θi for a generalized mixed
3-ψ-recurrent manifold.

2. Preliminaries

Throughout this paper, we denote the set of vector fields on M by T (M). In
this section, we review some information about mixed 3-structure manifolds in the
context of [18, 19].

A (2m+1)-dimensional semi-Riemannian manifold (M, ζ, µ, ψ) is said to be an
almost contact manifold, if it admits a vector field ζ, a 1-form µ and a (1,1)-tensor
field ψ where

ψ2B = ε(−B + µ(B)ζ), µ(ζ) = 1, ∀ B ∈ T (M), (2)

for ε = 1, and it is said to be an almost para-contact manifold, for ε = −1.

Definition 2.1. ([10]). A semi–Riemannian (4m + 3)–dimensional manifold
(M, ζi, µi, ψi)i∈{1,2,3} is said to be a mixed 3-structure manifold, if it admits two al-
most para-contact structures (ζi, µi, ψi), i = 1, 2, and an almost contact structure
(ζ3, µ3, ψ3), where for i 6= j,

µi(ζj) = 0, ψi(ζj) = εjζk, ψj(ζi) = −εiζk, µi(ψj) = −µj(ψi) = εkµk, (3)

ψi ◦ ψj − εiµj ⊗ ζi = −ψj ◦ ψi + εjµi ⊗ ζj = εkψk, (4)

in which (i, j, k) permutes over {1, 2, 3}.
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(M, ζi, µi, ψi, g)i∈{1,2,3} is said to be a metric mixed 3-structure manifold, if
there exist a semi-Riemannian metric g on M such that

g(ψiB,ψiA) = εi[g(B,A)− τiµi(B,A)], ∀ A,B ∈ T (M), (5)

in which τi = g(ζi, ζi) = ±1. From Equation (5) we have

g(ψiB,A) = −g(B,ψiA). (6)

Definition 2.2. ([18]). A semi-Riemannian manifold that admits two metric
para-Sasakian structures (ζi, µi, ψi, g), i = 1, 2, and a metric Sasakian structure
(ζ3, µ3, ψ3, g), is said to be a mixed 3-Sasakian manifold if

(∇Eψi)A = εi[g(E,A)ζi − τiµi(A)E], (7)

for all A,E ∈ T (M), i ∈ {1, 2, 3}, and τ1 = τ2 = −1 = −τ3.

Let (M, ζi, µi, ψi)i∈{1,2,3} be a (4m+3)-dimensional mixed 3-structure Sasakian
manifold. Then the following relations hold:

∇Eζi = −τiψiE, (8)

µi (B) = τig (B, ζi) , (9)

(∇Eµi) (A) = g(E,ψiA), (10)

R(B,A)ζi = εi [µi(A)B − µi(B)A] , (11)

µi (R(B,A)Z) = τiεi [µi(B)g(A,Z)− µi(A)g(B,Z)] . (12)

If the Ricci tensor of a manifold satisfiesRc(B,A) = αg(B,A), for a scalar function
α, then it is said to be an Einstein manifold.

Lemma 2.3. ([20]).(Contract Bianchi identity) The covariant derivatives of the
Ricci and scalar curvatures satisfy div(Rc) = 1

2∇s, where div is the divergence
operator,

div(Rc) =
4m+3∑
j=1

g(∇ejRc, ej).

3. Generalized ψ-recurrent mixed 3-structures
In this section, we introduce generalized mixed 3-ψ-recurrent manifolds.

Definition 3.1. We say a metric mixed 3-structure almost contact manifold
(M, ζi, µi, ψi, g) for i ∈ {1, 2, 3} is generalized mixed 3-ψ-recurrent, if

ψ2
i (∇ER)(B,A,Z) = γi(E)R(B,A)Z + θi(E)[g(A,Z)B − g(B,Z)A], (13)
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for all A,B,E,Z ∈ T (M). Here, γi’s and θi’s are nowhere vanishing unique
1-forms such that

γ(E) = g(E, ρ1), θ(E) = g(E, ρ2), (14)

in which ρ1 and ρ2 are vector fields associated with 1-forms γ and θ, respectively.
In particular, if γi = θi = 0, then the manifold is locally mixed 3-ψ-symmetric.

Lemma 3.2. ([10]). Let (M, ζi, µi, ψi)i∈{1,2,3} be a metric mixed 3-structure man-
ifold. Then

ψ2
i ◦ ψ2

j = −εk[εiψ2
i + µj ⊗ ζj ] = −εk[εjψ2

j + µi ⊗ ζi],

where −ε1 = −ε2 = ε3 = 1 and (i, j, k) is an even permutation of {1, 2, 3}.

Theorem 3.3. Let (M, ζi, µi, ψi)i∈{1,2,3} be a non-flat generalized mixed 3-ψ-
recurrent manifold. Then relations

γj(E) = εkγi(E), and θj(E) = εkθi(E),

hold for all horizontal vector fields A,B,Z, that is, for all vector fields A,B,Z
which are orthogonal to ζi, and {i, j, k} is an even permutation of {1, 2, 3}.

Proof. From (13), it follows

ψ2
j (∇ER)(B,A,Z) = γj(E)R(B,A)Z + θj(E)[g(A,Z)B − g(B,Z)A]. (15)

By applying ψ2
i on both sides of (15), using Lemma 3.2 and Equation (2), we

obtain

−εk
[
εiψ

2
i (∇ER) (B,A,Z) + µj((∇ER) (B,A,Z))ζj

]
= εiγj(E) [−R(B,A)Z + µi (R(B,A)Z) ζi]

+εiθj(E) [g(B,Z)A− g(A,Z)B] .

So from (13) and direct computation, we get:

[εiγj (E)− εkεiγi (E)]R (B,A)Z

+[εiθj (E)− εkεiθi(E)] [g (A,Z)B − g (B,Z)A]

= εkµj ((∇ER) (B,A,Z)) ζj + εiγj (E)µi (R (B,A)Z) ζi. (16)

By applying µk on both sides of (16), we obtain:

[εiγj (E)− εkεiγi (E)]µk(R (B,A)Z) = 0, (17)
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for all horizontal vector fields A,B. Since M is non-flat, Equation (17) implies
that

γj (E) = εkγi (E) . (18)

By replacing (18) in (16) and applying ψj and then ψk on both sides of (16) and
considering Equation (4), we obtain:

[εiθj (E)− εkεiθi (E)] [εig (B,Z)ψi (A)− εig(A, Z)ψi(B)] = 0. (19)

By applying ψi on (19) and considering Equation (2), we get:

[εiθj (E)− εkεiθi (E)] [g(A,Z)B − g (B,Z)A] = 0. (20)

SinceM is generalized mixed 3-ψ-recurrent, so Equation (20) implies that g(A,Z)B−
g (B,Z)A 6= 0. Therefore θj (E) = εkθi (E).

Theorem 3.4. A non-flat generalized mixed 3-ψ-recurrent manifold is a general-
ized recurrent manifold for all horizontal vector fields A,B,Z.

Proof. Let M be a generalized mixed 3-ψ-recurrent manifold. It follows from
Theorem 3.3,

γ(E) = γ1(E) = γ2(E) = −γ3(E), θ(E) = θ1(E) = θ2(E) = −θ3(E).

By virtue of Equations (2) and (13), we get

− (∇ER) (B,A,Z) + µi ((∇ER) (B,A,Z)) ζi = γ (E)R (B,A)Z

+θ (E) [g (A,Z)B − g (B,Z)A] , (21)

for i = 1, 2, 3. By applying µj and µi on both sides of (21), we obtain:

µj ((∇ER) (B,A,Z)) = −γ (E)µj (R (B,A)Z) , (22)

and

γ (E)µi (R (B,A)Z) = 0, (23)

respectively. By virtue of (21), Equations (22) and (23) show that

(∇ER)(B,A,Z) = −γ(E)R(B,A)Z − θ (E) [g (A,Z)B − g (B,Z)A] .

Therefore, M is a generalized recurrent manifold.
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4. Generalized 3-ψ-recurrent Sasakian manifolds
Let (M, ζi, µi, ψi, g)i∈{1,2,3} be a (4m + 3)-dimensional generalized mixed 3-ψ-
recurrent almost contact manifold. Then, by virtue of (2), Equation (13) yields

(∇ER)(B,A,Z) = µi((∇ER)(B,A,Z))ζi

− γ(E)R(B,A)Z − θ(E)[g(A,Z)B − g(B,Z)A]. (24)

So, from (24)

g ((∇ER) (B,A,Z), F ) = µi((∇ER)(B,A,Z))µi(F )− γ(E)g(R(B,A)Z,F )

− θ(E)[g(A,Z)g(B,F )− g(B,Z)g(A,F )]. (25)

Lemma 4.1. Let (M, ζi, µi, ψi)i∈{1,2,3} be a generalized mixed 3-ψ-recurrent mixed
3-Sasakian manifold. Then for any vector field E, we have:

τiεiγ(E) + θ(E) = {τiµi (ρ1) + εiµi (ρ2)}µi(E). (26)

Proof. From (24) and the Bianchi identity, we obtain:

γ(E)µi (R(B,A)Z) + γ(B)µi (R(A,E)Z) + γ(A)µi (R(E,B)Z)

+ θ(E)[g(A,Z)µi(B)− g(B,Z)µi(A)]

+ θ(B)[g(E,Z)µi(A)− g(A,Z)µi(E)]

+ θ(A)[g(B,Z)µi(E)− g(E,Z)µi(B)] = 0.

By virtue of (12), we get:

{τiεiγ(E) + θ(E)} [g(A,Z)µi(B)− g(B,Z)µi(A)]

+ {τiεiγ(B) + θ(B)} [g(E,Z)µi(A)− g(A,Z)µi(E)]

+ {τiεiγ(A) + θ(A)} [g(B,Z)µi(E)− g(E,Z)µi(B)] = 0. (27)

By putting A = Z = {ei} in (27), where {ei} is an orthonormal basis of the tangent
space at any point of the manifold, and taking summation over i, 1 ≤ i ≤ 4m+3,
we obtain:

{τiεiγ(E) + θ(E)}µi(B) = {τiεiγ(B) + θ(B)}µi(E), ∀ B,E ∈ T (M). (28)

By replacing B by ζi in (28), we get (26).
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Theorem 4.2. ([10]). A (4m + 3)-dimensional manifold with mixed 3-Sasakian
structures is an Einstein manifold.

Theorem 4.3. Let (M, ζi, µi, ψi)i∈{1,2,3} be a generalized mixed 3-ψ-recurrent
Sasakian manifold. Then

γ(E) = −α{4m+ 2}θ(E), (29)

where α is a scalar function.

Proof. Since M is a mixed 3-structure Sasakian manifold, from Theorem 4.2, it
follows

Rc(A,Z) = αg(A,Z), (30)

in whichRc is the Ricci tensor ofM . Taking contraction over A and Z of Equation
(30), we get s = α(4m + 3), where s is the scalar curvature of M . In account of
Lemma 2.3, by contracting the Bianchi identity, we get 1

2∇s = 1
4m+3∇s. Hence,

for m ≥ 0, s is constant. Therefore, α is constant, and from (30), we conclude

(∇ERc)(A,Z) = α(∇Eg)(A,Z) = 0, ∀ A,E,Z ∈ T (M). (31)

Since M is a generalized 3-ψ-recurrent manifold, in view of Theorem 3.4, we have

(∇ER) (B,A,Z) = −γ (E)R (B,A)Z − θ (E) [g (A,Z)B − g (B,Z)A] . (32)

Also, by contracting (32), we get

(∇ERc)(A,Z) = −γ(E)Rc(A,Z)− (4m+ 2) θ (E) g (A,Z) . (33)

From (30), (31), and (33) we obtain (29).

Lemma 4.4. ([5]). The covariant derivative of curvature tensor has the following
symmetry for any vector fields A,B,E, F, Z.

g ((∇ER) (B,A,Z) , F ) = −g ((∇ER) (B,A, F ) , Z) . (34)

Theorem 4.5. A mixed 3-Sasakian manifold (M, ζi, µi, ψi, g)i∈{1,2,3} is general-
ized mixed 3-ψ-recurrent if and only if the relation

(∇ER) (B,A,Z) = {τiεi [g (A,ψiE) g (B,Z)− g (B,ψiE) g (A,Z)]

− g (R (B,A)ψiE,Z)}ζi − γ(E)R(B,A)Z

− θ(E)[g(A,Z)B − g(B,Z)A], (35)

holds for all horizontal vector fields A,B,Z ∈ T (M).
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Proof. Let M be a generalized mixed 3-ψ-recurrent Sasakian manifold. From the
covariant derivative of the curvature tensor, it follows:

(∇ER) (B,A, ζi) = ∇ER (B,A) ζi −R (∇EB,A) ζi

− R (B,∇EA) ζi −R (B,A)∇Eζi. (36)

By using Equations (8), (10), and (11) in (36), we get:

(∇ER) (B,A, ζi) = εi [g(E,ψiA)B − g(E,ψiB)A] + τiR (B,A)ψiE. (37)

By virtue of (24), (34), and (37), we obtain the relation (35). Conversely, if
Equation (35) holds for a generalized mixed 3-ψ-recurrent Sasakian manifold, then
by applying ψ2

i on both sides of (35) and keeping in mind that A,B,E,Z are
orthogonal to ζi, we get (13), and this completes the proof.

Theorem 4.6. If the relation

ψ2
i (∇ER)(B,A, ζi) = γ(E)R(B,A)ζi + θ(E)[g(A, ζi)B − g(B, ζi)A], (38)

holds for all horizontal vector fields A,B ∈ T (M) in a mixed 3-structure Sasakian
manifold (M, ζi, µi, ψi, g)i∈{1,2,3}, then

R (B,A)E = g (B,E)A− g (A,E)B + 2g (ψiA,E)ψiB

− 2g (ψiB,E)A. (39)

Proof. Theorem 4.5 and Equations (11) and (12) imply

(∇ER) (B,A, ζi) = 0,

holds for all horizontal vector fields A,B,E ∈ T (M). Hence, by virtue of (37), we
get:

R (B,A)ψiE = τiεi {g(ψiB,E)A− g(ψiA,E)B} , (40)

holds for all horizontal vector fields A,B,E ∈ T (M). Suppose that A,B,Z are
vector fields such that for a fixed point p ofM4m+3, (∇B)p = (∇A)p = (∇Z)p = 0.
By the Ricci identity for ψi, we have:

− (R (B,A)ψi)E = (∇B∇Aψi)E − (∇A∇Bψi)E.

At the point p, it holds

−R (B,A) (ψiE) + ψiR (B,A)E = ∇B ((∇Aψi)E)−∇A ((∇Bψi)E) .

So, from (7), we have:

− R (B,A) (ψiE) + ψiR (B,A)E
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= εi [∇B (g (A,E) ζi − τiµi (E)A)−∇A (g (B,E) ζi − τiµi (E)B)]

= εi {g (A,E)∇Bζi − τi (∇Bµi) (E)A− g (B,E)∇Aζi + τi (∇Aµi) (E)B} .

Hence, by virtue of (8) and (10), we get:

R (B,A) (ψiE) = τiεi{g (A,E)ψiB − g (B,E)ψiA− g (ψiB,E)A

+ g (ψiA,E)B}+ ψiR (B,A)E. (41)

From (40) and (41), we have:

ψiR (B,A)E = {g (B,E)ψiA− g (A,E)ψiB + 2g (ψiB,E)A

− 2g (ψiA,E)B}. (42)

Applying ψi on both sides of (42) and using Equation (2) it follows (39) for any
vector fields A,B that are orthogonal to ζi.
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325− 332.

[13] F. Sahin and B. Sahin, Homology of contact 3-CR-submanifolds of an al-
most 3-contact hypersurface, Chaos Solitons Fractals 151 (2021) #111267,
https://doi.org/10.1016/j.chaos.2021.111267.

[14] M. B. Kazemi Balgeshir, S. Panahi Gharehkoshan and M. Il-
makchi, Statistical manifolds equipped with semi-symmetric connection
and Ricci-soliton equations, Rev. Math. Phys. 37 (2025) #2450055,
https://doi.org/10.1142/S0129055X24500557.

[15] S. Miri, M. Ilmakchi and M. B. Kazemi Balgeshir, Coisotropic warped product
submanifolds of a mixed 3-Sasakian statistical manifold, Internat. J. Theoret.
Phys. 63 (2024) #130, https://doi.org/10.1007/s10773-024-05658-z.

[16] A. V. Caldarella and A. M. Pastore, Mixed 3-Sasakian structures and curva-
ture, Ann. Polon. Math. 96 (2009) 107− 125.

[17] S. Ianus, R. Mazzocco and G. E. Vilcu, Real lightlike hypersurfaces of
paraquaternionic Kahler manifolds, Mediterr. J. Math. 3 (2006) 581 − 592,
https://doi.org/10.1007/s00009-006-0098-2.



Cor
rec

ted
Pr

oo
f

12 F. Asali et al. /Generalized Recurrent and ψ-Recurrent Curvature...

[18] S. Ianus and G. E. Vilcu, Semi-Riemannian hypersurfaces in manifolds
with metric mixed 3-structures, Acta Math. Hungar. 127 (2010) 154 − 177,
https://doi.org/10.1007/s10474-009-9112-z.

[19] C. D. Neac, su, Mixed 3-Sasakian statistical manifolds and statistical submer-
sions. In: V. Rovenski, P. Walczak and R. Wolak (eds) differential geometric
structures and applications. IWDG 2023. Springer proceedings in mathematics
& statistics, vol. 440, Chapter 5, 89− 115, Springer, Cham (2024).

[20] J. M. Lee, Riemannian manifolds: an introduction to curvature, Springer
Science & Business Media, 2000.

Fatemeh Asali
Department of Mathematics,
University of Zanjan,
Zanjan, I. R. Iran
e-mail: e.asali@znu.ac.ir

Mohammad Bagher Kazemi Balgeshir
Department of Mathematics,
University of Zanjan,
Zanjan, I. R. Iran
e-mail: mbkazemi@znu.ac.ir

Fatemeh Raei
Department of Mathematics Education,
Farhangian University,
Tehran, I. R. Iran
e-mail: f.raei@cfu.ac.ir


