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1. Introduction

The concept of fractional-dimensional space(FS) is used in many fields of physics
to describe the effective parameters of physical systems. In the real world, space
is typically Euclidean three-dimensional space, but material objects do not always
move in this space. Electromagnetic wave propagation, radiation, and scattering in
fractal structures can be described by replacing these finite fractal structures with
D-dimensional F'S. So, according to this simple value of D, the actual system can be
modeled analytically. Some electromagnetic phenomena in fractal structures can
be described by replacing these limited fractal structures with F'S of dimension D.
Therefore, given this simple value D, the real system can be modeled analytically.

Many objects in the world, such as clouds, tree branches, dust particles, etc.,
have irregular shapes, so Euclidean geometry is limited, leading to fractals and
non-fractals. A fractal is geometrically described as a shape that can be divided
into parts, where each part is a small-sized copy of the whole shape. An essential
feature of fractals is that they allow complex geometries to be represented with a
few parameters because all fractals are similar and repeat themselves at distinct
scales. Due to the abundance of natural fractals, the laws of physics were invented
for them.

For the first time, Mandelbrot classified media as eitherfractal or non-fractal
categories [1]. To describe fractals that cannot be modeled in Euclidean space,
fractional space effectively suggests an equivalent system. Therefore, using the
FS, the real anisotropic enclosure structure can be replaced with an isotropic FS
in which the enclosure is measured with fractional dimensions [2, 3]. However, the
motion equation in a non-integer-dimensional space has been developed [4]. Elec-
tromagnetic fields, waves [5], and differential electromagnetic equations [6] in F'S
have been investigated. Solutions for electromagnetic wave propagation in rectan-
gular and cylindrical waveguides in F'S have been obtained [7-9]. Electromagnetic
wave propagation [10], general plane wave solutions [11], solution of the cylindri-
cal [12], and the spherical wave equation [13] in FS have been studied. A lot of
research has been done about behaviors of various phenomena in FS [14-20], and
some researchers have studied the fractal [21-25].

It is noted that the research conducted by the researchers has shown that ellip-
tical waveguides have advantages compared to circular waveguides. For example,
for two elliptic and circular dielectric waveguides with the same cross-section, the
attenuation in the dominant mode is lower for the elliptic waveguide than for the
circular waveguide. Attenuation effects and power flow expression for wave prop-
agation in a surface wave transmission line with an elliptical cross-section show
that some guide modes have less damping than the corresponding modes in a cir-
cular guide. Some modes in the elliptical waveguide have lower attenuation than
the circular waveguide in similar modes[26, 27]. However, the generalization of
operators of the divergence, Laplacian, curl, and gradient in rectangular, cylindri-
cal, and spherical coordinate systems for FS has been derived. Electromagnetic
fields and waves in rectangular, cylindrical, and spherical coordinate systems for
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FS have been investigated. General solutions of electromagnetic fields in the men-
tioned coordinate system in fractional space have been calculated. Rectangular
and cylindrical waveguides for FS have been studied.

The aim of this paper is to generalize and expand the range of applications
and calculations of F'S to the elliptical coordinates system(ECS). In this research,
we expanded and developed the range of applications and calculations in ECS for
FS. We generalize operators of the divergence, Laplacian, curl, and gradient in
ECS for FS. We investigate electromagnetic fields, the Helmholtz equation, and
solutions of electromagnetic fields in ECS for FS.

The present paper is formed of six sections, of which Section 1 is the Intro-
duction. Section 2 deals with the calculation of the generalization of operators of
divergence, Laplacian, curl, and gradient in ECS for F'S. In Section 3, we obtain the
solution of the wave equation in FS in ECS, and this solution inside an elliptical
waveguide is also rewritten. In Section 4, we calculate transverse electromag-
netic field components in terms of longitudinal electromagnetic field components
in ECS in FS. General wave solution in terms of vector potentials in ECS in FS is
investigated in Section 5. Finally, the conclusion is stated in Section 6.

2. Generalization of gradient, divergence, Laplacian,
and curl operators in ECS for FS

Elliptical coordinates are indicated by (¢, 9, 2) and are expressed as [28, 29]:

x =1lcosh(cosd, y=Isinh{sind, z=z,

where 0 < ¢ < 0o, 0 <9 <27, and | = /a}p — a2y is the semi-focal length.

Also, a,p, and ayp are defined as the semi-major and minor axes, that those
are related to the ellipse of cross-section. The elliptic boundary is indicated
by (g = arctanh(a,p/a,p). Moreover, e;, ey, e, are unit vectors in the ECS.
It is mentioned that gradient, divergence, curl, and Laplacian operators for frac-
tals in rectangular and cylindrical coordinate systems are calculated [5]. Here, we
similarly obtain these operators in ECS. The gradient for FS in ECS is developed
and derived in the following form:

1[0 1 1
VD = ecﬁ |:a< + 5(0&1 — 1) tanhC—|— 5(0&2 - 1)COth<:|

1[0 1 1 0 1(0[3—1)
+e195 [&9 - 5(0&1 — 1)tan19—|— 5(0(2 — 1)00t19:| +e, L?z + 22:| .

This operator is rewritten to be more compact as:

VDZVE-l-S,
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where Vg is the gradient operator in ECS when the dimension space is an inte-
ger,in other words: a; = as = ag = 1, and Vg is defined as:
10 0

\Y *engre —— te,—
E=%hac " hoo " oz

Here, h = [/ cosh? ¢ —cos? 9 is the scale factor, and S = eS¢ +eySy +e.S, is
a vector whose components are defined in the following form:

Se = % [;(al —1)tanh ¢ + %(az - 1)c0thC} )

17 1 1
Sy = % [—2(041 —1)tand + 5(&2 — 1)00t19:| )

9  1(ag—1)
S,=|— 4+,
[82 * 2 z
It should be noted that three parameters (0 < g, ag, a3 < 1) are used to describe

the measure distribution of space where each one is acting independently on a
single coordinate, and the total dimension of the system is D = aj + as + as.
Obviously, if we set a; = as = a3 = 1, then D = 3.

Similarly, we calculate the divergence operator in ECS for FS in the following

form:
1 0 1 0

+% [(a; — 1) tanh ¢ + (g — 1) coth (] FC+% [=(aq — 1) tand + (ag — 1) cot 9] Fy
an 1 (043 = 1)
Tl T3 Fe |-

This operator is rewritten to be more compact as:
Vp:F=VgF+SF,

and V- is the divergence operator in ECS when the dimension space is an integer;
specifically, a1 = as = a3 = 1, and Vg F is defined as:

10 1 0 OF,
—ﬁafc(hFc)—Fﬁa*ﬂ(hFﬁ)-i- 5

Vg F
Similarly, we calculate the Laplacian operator in ECS for FS in the following form:

v2 _1 iz+[(a —1)tanh ¢ + (« —l)cothd2
D — h2 8(2 1 2 8<

92 F)

<>

2
+hlZ{ 9 + [ (a1 1)tanﬂ+(a21)cot19]a}
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This operator is rewritten to be more compact as:
V4 =V%4 428V,

and V% is the Laplacian operator in ECS when the dimension space is an integer;
specifically, a1 = g = a3 = 1, and V% is defined as:

VQ_i i2+i2 _A'_iQ
E7 Rz [ac2 T o092 T 922

The curl operator in ECS for F'S is obtained in the following form:

VDXF:eC{laFZ OFy 1 lmg_l)Fﬁ}

> 5 _W—’_%[_(al —1)tan19+(a2—1)00t19]Fz—§

10F, 0F, 1 1 (az = 1)
+ey { o + 2 [(an — 1)tanh ¢ + (ag — 1) coth (] F, + 271:‘(}

1[0 0

+€Z% {l(ag — 1) tanh ¢ + (a2 — 1) coth (] Fy — [—(a1 — 1) tan ) + (a2 — 1) cot ] F¢}.

This operator is rewritten to be more compact as:
VpxF =VgxF + SXF,

and Vg is the curl operator in ECS when the dimension space is an integer;
specifically, a1 = as = ag = 1, and Vg xF is defined as:

10F, OFy 10F, OF¢ 1 0 0
} eﬁ{—h ¢ +({92} EZhQ{ac(hFﬁ)—aﬁ(hF()}.

h oy Oz

VexF :ec{

3. Solutions of the wave equation in FS in ECS in
terms of the Heun function

It is mentioned that Maxwell’s equations in the far-field region in FS are presented
in the following forms [5]:

oB oD
I H_— -
ot V p X J+

VD'D:pU, VD~B:O7 VDXE:— ot .

It is well known that the problems with elliptical geometries need to be calculated
and solved in ECS. We assume that the considered space is F'S and source-free.
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Therefore, the Helmholtz equation for source-free and lossless media is presented
as follows [5]:

VHE + B’E =0,

V4LH + 5*H = 0,
where 8 = w,/ue and time dependency is assumed as: exp(iwt). In elliptical

coordinates, a general solution for the electric field E(¢, ¥, 2) is written in the
following form:

E((,9,2) =ecEc((,V,2) +esEy((,9,2) + e, E.((, 9, 2).
So, substituting E((,?,z) we can obtain:
VhlecE: + egEy + e.E.] + *lecEc + eyEy + e.E.] = 0.
It is clear that:
VhlecEc] # ecVp[Ed,
VileoEs] # eV Esl,
Vile:E:] = e.Vp[E.].

Therefore, the solution of the above equation cannot be easily solved, but we
can convert it into a scaler coupled partial differential equation. However, for
simplicity, the solution of the wave expressed in ECS must apply to the following
equation:

VHU((, 9, 2) + B2p((,9,2) =0,

where, ¥(({,9,z) is defined as a scalar function such as a component of a vector
potential, or component of electric field, or'component of magnetic field. Substi-
tuting ¥((,¥,z) we can obtain:

1 {W + [(a1 — 1) tanh ¢ + (a2 — 1) coth ¢] (¢, 9, 2)}

h? o¢?
2
% {W n {—(al — 1) tand + %(O&Q - 1)cot19} w(w,z)}
2 9 0 —
+ |2 4 002D y(0,) + 52016, 0.2) =0,

or in compact form as follows:
VEY(( 9, 2) + 28V ((, 9, 2) + B29(¢, 0, 2) = 0.

Using the method of separation of variables, we can separate the above equation.
For this purpose, we assume:
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Therefore, three ordinary differential equations are derived as follows:

VL) o = 1)t ¢+ (o = 1) cot ¢ 2D 202 cos? e () €)=
2
d fgﬁﬁ) +[—(a; — 1) tan ¥ + (s — 1) cot V] d%ﬁ) — 1212 cos® Wiy (9)+biy (¥) = 0,

d*.(2) | (a3 —1) dy.(2)
2t Ep + B2¢.(2) =0,

where b is a separation constant and 3% — 82 = k2. In addition, the first two
equations are transformed into the following equations by replacing and changing
the appropriate variable:

" (6%) —l€22
U+ 15— T O — 1+ @ = 0

” Qg —Iig2
Va0) + 515 — T ) + T+ ey (@)= 0

The solutions of the above three differential equations can be written in the fol-
lowing forms:

Ye(C) = BiHeunC(ag, B¢, Ve, 0¢, ¥, X¢) + B1X<_ﬁ<H€WlC(Oé<, —B¢s ¢ 0¢, V¢ Xo),

P9 (¥) = ByHeunC(ay, By, 7,09, 99; Xg) + BaXy " HeunC(ay, —Bo,7,59,9, Xs),

«

V=(2) = 2 [Bsa(B:2) + BeYa(Be2)] , A=1- =7,

where HeunC' is defined as the solution of the confluent Heun function which is

explained in the next subsection in summary. In the case where the dimension

of space is an integer; specifically, a3 = as = a3z = 1, the classical results are
obtained as:

VED(C, D, 2) + B29(C, 9, 2) = 0,

which separates into three equations:

d2
L) 2 o G (€) — e () =
2
d 352(19) — K212 cos? 9y (V) + by (V) = 0,
P
V2 | pnz) =0

The solutions of the first two equations are presented as Mathieu and modified
Mathieu functions [28, 29].
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3.1 Confluent Heun equation

Solutions of Heun’s differential equation are widely applied across various fields of
the natural sciences, particularly in physics [30]. The confluent Heun’s differential
equation is written in the following form [31, 32]:

Y (X)
X2

Bn+1 w,+1)dY(X) (/m v+ 1

X "X-1) dx X X—1>Y(X):O'

+ (O&}L +

The solutions of the confluent Heun’s differential equation denoted by
H@UTLC(O{h, ﬁha Yhs 6h7 19h7 X)7

and:

@ «@ 1
Op = pn + v — %(ﬁh+7h+2), Nh = %(ﬁh +1) —p— §(ﬁh + Yh =+ Brvn)-

This solution is defined by the convergent Taylor series expansion around X = 0,
and normalization:

HeunC(an, Br, Yh, 0n, 1 0) = 1,

d 1 Bp(—an +yn+ 1) —ap + v, + 2
Ay S i 0) = = .
X eunC(an, Br, Yhy On, nn; 0) 5 By 1

The general solution is defined as:
Y (X) = HyHeunC(an, Bu, Yhs 6, i X )+Ho X ~Pr HeunC(an, —Bn, Y, Ony s X).

Note that the problem does not need to be very complicated to work with these
equations. We encounter Mathieu functions if we consider two-dimensional prob-
lems with elliptical shapes. Let us use x = f£cosh ( cos?, y = £sinh (sinv}. Then
the Helmholtz equation can be written as:

(¢ ¥) | (G, Y)

e+ g V(692 + k2 (cosh® ¢ — cos” D)y(C, D) = 0,

which separates into two equations:

RISIC
% + (b —2gcos29)O(9¥) = 0,
dZA

2 - 2gcoh200@) = 0

The solutions to these two equations can be represented as Mathieu and modified
Mathieu functions and ¢(¢,9) = O(J)A(().
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4. Transverse electromagnetic field components in
terms of longitudinal electromagnetic field
components in ECS in FS

We assume time dependence is e™* and wave propagation is along the z-axis. In
addition, it is important to mention that all differential operators presented |5, 6].
The generalized Maxwell’s equations for a source-free region are written in the
following forms:

VpXxE = —iwuH,
VpxH = iweE.

Furthermore, the fields can be written in the form of transverse and longitudinal
components as:
E((,7,2) = Er(¢, 9, 2) + e:E.((, 9, 2),

H(¢, 9, 2) = Hp(¢, 9, 2) + e- H.(C, 0, 2),

where:
ET(C) 195 Z) = eCEC(§7 197 Z) + eﬁEﬂ(Ca 19a Z)7

HT(<7197 Z) = eCHC(<7197Z) + eﬂHﬁ(Caﬁa Z)

Therefore, we obtain the transverse field components in terms of longitudinal fields
components in ECS in FS as:

E; = _(oﬂsui— 5h {wuaaHﬁz +wp {—;(al —1)tand + %(042 — 1)cot19} H,
+ Bzaa% + B. B(al — 1) tanh ¢ + %(0@ - 1)coth(} Ez} ,
Ey = —m {—wu% — Wit B(al —1)tanh ¢ + %(042 — 1) coth g} H,
+ Bz% + 8. [—;(al —1)tand + %(Olz - 1)c0t19] Ez} )
H; = 7(w2€ui— B {6288]? + 8. [;(al —1)tanh ¢ + %(O&g - l)cothg} H,
— wgaa% — we [—;(al —1)tand + %(042 - 1)cot19] EZ} :

) O0H, 1 1
i {5Z 59 + 5. [—2((11 —1)tan19+2(a2—1)c0t19} H,

Hy = —
v (w2ep — B2

OFE. 1 1
+ wsa—g +we {2(041 — 1) tanh ¢ + 5(042 - 1)C0th4 EZ} :
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In the limit of integer dimensional space oy = as = a3 = 1, the components of
transverse fields in ECS can be obtained as the classical forms:

b OH. OF.
CT T WPen—pn a0 T |
'L’ aHz 6Ez
By = — -
? (oﬂsﬂ—ﬁg)h[ TR 819}’
1 0H, oL,
He= (e —mn {52 ac o ] !
i 0H, OF,
Hy = — .
"= W= AR [ﬁz o9 T* ac}

4.1 TE mode: Transverse electric mode in ECS in FS

For transverse electric mode FE, = 0 and H, # 0,therefore by solving following
wave equation

V3,H, + 3?°H, =V%H, +2S-VgH, + °H, =0,

the solution can be obtained, and transverse field components can be calculated
by:

) 0H, 1 1
= W { " [2(0‘1 - Htanh (e gles - UCOthC} H}
5, O0H, 1 1
He= G e |3~ D+ e~ Deotnd] 1

After calculating the electric and magnetic field components, unknown constant
coefficients are determined using appropriate boundary conditions.

4.2 TM mode: Transverse magnetic mode in ECS in FS

For transverse magnetic mode H, = 0 and E, # 0, by solving the following wave
equation

ViLE, + B2E, = VLE, +2S-VpE, + ’E, =0,
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the solution can be derived, and the transverse field components can be computed
by:

E; = —(W%;Bj = {88% + B(a1 —1)tanh ¢ + %(ag — 1) coth g] E} ,
By = — (Wzé_;ﬁ_z 7 {aa% + {_;(al ~ 1) tand + %(ag ~1)cot 19] E} ,
He = (w%/iwfﬁg)h {88% + [;(al — 1)tand + %(a2 — 1) cot 19] E} ,
Hy = — (w%;iwfﬁg)h {a(,f;z + [;(al — 1) tanh ¢ + %(az - l)cothg} E} .

After calculating the electric and magnetic field components, unknown constant
coefficients are determined using appropriate boundary conditions.

4.3 Elliptical waveguide
4.3.1 TE waves inside the elliptical waveguide in FS

Here we consider an elliptical waveguide with the elliptic boundary defined by ¢ =
(o. To simplify, we assumed fractionality is along the z-axis. The waveguide is
filled by a material with permeability u and permittivity e.
For TE modes, considering a single parameter for a non integer dimension, H, must
satisfy in [11]:
1,0°% 0? 0 D-30

—_— ] ——— — — —_— 2 f—
o tap) ozt 55 TF|H:=0

Solution of the above equation is in the following form:

H.(¢,9,2) = [ConCem(C, q)cem (050)+SmSem (G, q)sem (9, @) 2N Ha H (8.2)+ Hao H) (B.2)],

where ce,, (9, q), sen (9, q), and Ce, (€, q), Sem(C, q) are the even and odd solutions
of the angular and radial Mathieu equation of the first kind [28, 29]. H/(\l)(ﬂzz)

and H f\Q)(ﬂzz) are the Hankel functions of the first and second kind of order .
We consider:

H.(C,0,2) = ApaClm (¢, q)cem (9, )2 HP (8.2),

or:
HZ(<7 9, Z) = Am)\‘sem(Ca Q)Sem(ﬁv Q)ZAHiz)(ﬂzZ%

and using the boundary condition, it is obtained Cel, (o, q) = 0 or Se!,((o,q) = 0.
Therefore, transverse fields components are presented as:
_ wp / A pr(2)
E; = —mAmAcem(Cy Q)cem(ﬁa Q)Z Hy (ﬂzz),
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W
Ey = mAmkcein(c:q)cem(ﬁvtﬁzAHi?)(ﬂzz)v
. i3 ’ Ar(2)
He = —mAmAcem(C7Q)cem(ﬁ7Q>z Hy (B-2),
.- iB: 4O / Apr(2)
9 — — mA em(<7q)cem(197Q)Z H>\ (ﬂzz)

(wZep — B2)h
For a limit D = 3 [28]

H.((,0,2) = ApaCem(C, q)cem (9, q)22 HP (8.2),

and using H(;)(ﬂzz) =14/ 7r[3 —e~'F:% [33], we obtain:

HZ (<7 197 Z) = A{m)\cem(<7 Q)Ce’m (19’ Q)eiiﬁ?a

W

Bt = ——5——— A, m ! —ifzz

¢ (W2El,l/ — ﬂg)h ’m)\ce (<7q)ce7n(ll97Q)e 5

Z.w'u —iB.z

Ey = ———= m\U, Q)
?= e g oGm0, a)e

He = LA’ Cer (C a)cem (D, q)e™ "7

(w gu 52)}1 mn m 9 m ) 9

Hy = LN ~ihaz

Ca ACenm(C, q)ce (¥, q)e .

(Wrep - R

4.3.2 TM waves inside the elliptical waveguide in fractional dimensional
space

For TM modes, considering a single parameter for a non integer dimension, £, must
satisfy the following equation as proposed for rectangular coordinates in [11]:

02 0? 02 D-30
ﬁa?*ﬁ”@*?a*” E.=0.

The solution of the above equation is in the following form:
E.(¢9,2) = [CuCen (G, a)eesn (9, 4)+SmSem (€, q)sem (9, @) Ha HYY (Bo2)+ HazHY (8.2)].
Similar to the TE case we consider:

E.(¢.9,2) = AmaCen(C, q)cem (¥, @)  H (8.2),

or:

E.(C,0,2) = AmaSem(C, q)sem (9, q)2  HE (B.2),
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and using boundary condition, it is obtained Ce,,({o,q) = 0 or Se,,((o,q) = 0.
Therefore, transverse field components are presented as:

o MAM@:”((, @)cen (0,92 HY (B.2),
Ey = _MAm,\Cem(gq)ce;n(ﬁ,q)Z)‘H§2)(5zZ>7
H, = Mifﬂg)hmcem(a a)cel, (9, @) H (B.2),
Hy = g 4,0Cl (G a)cem(0,0)2 H (.2).

zn P
For a limit D = 3 [28]

E.(C,0,2) = ApaCen(C, q)cem (9, q)22 HP (B.2),

and using Hf)(ﬂzz) =i,/ —2—e~ =% [33], we obtain:
2

B2z

E.(¢9,2) = ApyCem (S, g)cem (9, q)e ™7,
i

Ec = *mAmACQ;n(QQ)CQmwa Q)eiiﬁzzv
Z.Bz / —if,z
E19 == _7hAm)\06m, (Ca q)cem(ﬁv q)e )

(w2ep — (2)

twe —iBaz
He = oz gy Al (G a)ech, (0, 0)e ™,

we ,
He=—— """ A / —ifes
! (w2ep —B2)h maCey, (¢ q)cem(V, q)e
5. General wave solution in terms of vector potentials

in ECS in FS

The vector potentials A and F satisfy the following Helmholtz equation in a source-
free region [8]:

A
(VD + 8% [ - ] =0,
where:
A(Cu '197 Z) = eCAC(Cv 197 Z) + eﬁAﬁ(Ca 197 Z) + ezAz(<7 197 Z)v
F(C7 197 Z) = eCFC(C7 197 Z) + eﬂFﬁ(gv 197 Z) + eze(C: 79, Z)
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The electric and magnetic fields in FS can be expressed as [8]:
‘ i 1

E = —iwA — 7VD(VDA) — *VDXF,
wpe €

) 1
H=—iwF — —Vp(VpF)+ ~VpxA.
wpe L

Therefore, the generalized form for E and H for fractals in ECS can be calculated
as:

. i 10
Ezec{—zwAC €(h8C+SC)(VA+SA)
_1 l(r“)F 0Fy
e |h 0U 0z
i 10
1 1 0F, 3F<
) 0
CiwA. - < A+SA
—|—ez{ wA, wug(az+52)(v +S-A)
1 1 0 0
|:h2 (8ChF19 aChFC) + SCFﬂ — S§F4:| }
i 10
H—eg{—leC ua(h8C+S<)(VF+SF)
1[10A, 0Ay
" {h 99 W*SﬁAZ‘SZAﬁ]}
1 0
tey {inﬁ - L(haﬁ +89)(V-F +SF)
1 10A, 814(
+/J|: 7 ¢ + SCAZ-J—SZAC}}
) 0
CiwF. - — (£ F+SF
+ez{ iwF, wus(az—i—SZ)(V +SF)

1[1,0 0

In the limit of integer-dimensional space a3 = as = a3 = 1, the generalized form
of E and H for fractals in ECS can be obtained as the classical general solutions:

B ‘ i 19 1 19F, 0F,
EeC{MACW(haC)(VA) 5o 82]}
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i 10 1. 10F., OF;
+eﬂ{—lwf419— TM(E%)(VA) _*[_E ac 82']}
) i, 0 1.1,0 0
+ez{zwAz w,ua(@)( A) *E[ﬁ(aighFﬂ - 8ChF<)]}’
Heg{ingz(l 0 1. 104, 0Ay

, i 10 1. 104,  0A

oz nacVE) s az]}
}

, i 0 1.1,0 0

5.1 TE mode: Transverse electric mode

In this subsection, the E and H of TE mode in an elliptical waveguide filled with
FS are obtained, and in the limit case, are converted to their classical forms. For
transverse electric mode:

A=0, F=e,F,((,1,2).
Using the general solution for E and H, we obtain:

1. 10F, 1. 10F,
E= e[ 22 1 SyF, — S.Fy] — ey~
ng[h 50 + Sy S.Fy| — ey—|

- —ETC - S(Fz — SZFC]?

i 10 oF, 1 190 oF,
(ﬁa?+5<)( By +Sze)*eﬁm(**+Sﬂ)( oz

H=- + S.F,)

& one e\ 1 oo

) i 0 oF,

+ S.F,)].

In the limit of integer-dimensional space a; = as = a3 = 1, the classical results
are obtained in the following forms:

1.10F, 1.10F,

E=—e L[~ I
el Tzl e

]7

i ,1 0, 0F, i ,1 0 OF, . i 0 O0F,
GQTME(E&:)( B )*eﬂm(ﬁﬁ)( B )fez[szquw—ME(&)(

H=—
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5.2 TM mode: Transverse magnetic mode

In this subsection, the E and H of 7'M mode in an elliptical waveguide filled with
FS are obtained, and in the limit case are converted to their classical forms. For
transverse magnetic mode, we have:

F=0, A=e.A.((,1,2).
Using the general solution for E and H, we obtain:

i 10 0A, i 10 0A,

E=—-ec—(-5 AL) — —\T 53 LA,
ecw,ue(hac +90)( 0z +5:42) eﬁwua(hﬁﬁ +50)( 0z +5:42)
. i, 0 0A,
_ez[ZUJAZ—f—r‘ua(E—FSZ)( 92 +SZAZ)],
1.10A 1. 10A
=e—[- = A, — S, A -2 —S:A, — S A
ec/l[h 99 +S’L9 z Sz 19]+e19ﬂ[ h 8{ SC 2 Sz (]

In the limit of integer-dimensional space a; = as = a3 = 1, the classical results
are obtained in the following forms:

i ,10,,0A, i 10,04, i ,0,,0A,

ecrue(ﬁﬁig)(g)_e ) — esfiwF, + ——(

BE=- ﬂwi,ua(ﬁﬁiﬁ)( 0z wpe E)( 0z )

e l[laAq_e l[laAz]
T %uth o athac

6. Conclusion

In this work, we calculated generalized vector differential operators, such as gra-
dient, divergence, Laplacian and curl operators in the ECS in FS. By solving
Helmholtz equation in the ECS in FS, wave propagation in this system was in-
vestigated. The general solution of the scalar wave equation in fractional space
in ECS was obtained in terms of the confluent Heun function. The electric and
magnetic fields in an elliptical coordinate system in fractional space were devel-
oped using the vector potentials, and so TE and TM modes were investigated.
Transverse electromagnetic field components in terms of longitudinal electromag-
netic field components in ECS in FS were calculated. In all the cases examined,
when the dimension is taken to be an integer, the classical results were rewritten
to verify the findings.
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