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Abstract

This paper presents a novel integration of mimetic gravity and massive
bi-gravity theories. Despite the success of general relativity (GR), explaining
cosmic phenomena requires additional elements like dark matter and dark
energy. Mimetic gravity extends GR’s degrees of freedom while respecting
conformal symmetry, and bi-gravity introduces an additional metric field for
massive gravity. We redefine the action for combining these theories and
linearize it around a flat spacetime solution. Our analysis highlights the
dynamical behavior and stability of the combined model, offering insights
for further theoretical and empirical investigations. This work contributes
to bridging GR with quantum field theories and exploring new directions in
gravitational research.
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1. Introduction

The theory of general relativity (GR), first formulated by Albert Einstein in 1915,
has proven to be a highly successful theory for describing and predicting almost
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all gravitational phenomena observed to date, and together with one of the funda-
mentals of quantum field theory, forms the modern physics [1]. On the other hand,
describing the universe using general relativity at the cosmic and galactic scales
requires additional non-baryonic components. These are cold dark matter (DM)
and dark energy (DE), and hence the models associated with these two in general
relativity are known as the ACDM, where A stands for the cosmological constant
describing dark energy. The nature of dark matter is still unknown, despite many
proposed dark matter candidates, including particles, compact objects, and grav-
itational effects [2].

Early in 1919, four years after the formulation of general relativity, suggestions
were made to generalize this theory, particularly through independent Weyl-field
theories [3, 4] and Eddington’s theory of connections [5]. Theoretical motivations
for modifying the gravitational action emerged rapidly, primarily due to the fact
that GR is non-renormalizable and cannot be quantized in the same way as conven-
tional Quantum Field Theories. It has been proven that 1-loop renormalization
requires the addition of higher curvature terms to the Hilbert-Einstein action.
Additionally, if higher temporal derivative terms are included, they lead to the
appearance of ghost degrees of freedom, which complicates the theory [1].

The simplest correction of general relativity is achieved by upgrading to tensor-
scalar theories [6]. Tensor-scalar theories, such as Brans-Dicke, Dirac-Born-Infeld,
and Hrondsky models, include a scalar field that produces the longitudinal mode
of gravity dynamical. In the basic formula of the Brans-Dicke model, the Scalar
field is non-minimally to the curvature and not paired to the matter sector. It
seems that the model can be written in the form of the standard Hilbert-Einstein
interaction, without any coupling between the scalar field and the curvature, but
the scalar field is now paired non-minimally with the material part. The first
is known as the Jordan frame, and the other is called the Einstein frame. The
two frames are interconnected and transformed at the classical level through the
conformal transformation [7]. Throughout this work, we use the (+,—,—, —,-+)
signature and units in which h = ¢ = 1.

Recently, a new approach to general relativity has been generalized that respects

the conformal symmetry as an internal degree of freedom. We usually consider
metric g,,, as the fundamental variable of gravity. However, new degrees of free-
dom can be expressed the metric in a different way. In such a statement, the
equation given by the new degrees of freedom can adopt a new or wider solution
than the solutions of the equations given by metric changes. A simple example of
such models is the "mimetic model" [8, 9].
The organization of this paper is as follows. In Section 2, we will have a brief ex-
planation of the initial work of Chamseddine and Mukhanov, and then in continue
we will to give explanations about massive gravity. In Section 3, we introduce
our model (the model of combining the two ideas of mimetic gravity theory and
bi-gravity theory). In Section 4, we analysis of linearized action around the flat
solution.
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2. Mimetic gravity and massive gravity

2.1 Mimetic gravity

Mimetic gravity, which has been obtained in the last few years from the correction
of general relativity, is a special case of the scalar-tensor theory of high degree of
degeneracy in which the gravity action is conformally invariant and in which the
physical metric gE},}ys should be written in terms of a scalar field ¢ and an auxiliary
metric g, [8, 10]:

Guv = gaﬁ aaSD 8/3@ g;w = Pg/uw

The physical metric feature is that it remains invariant under the auxiliary metric
conformal transformation.

Guw = LG, § — QG

In which the action is written in terms of the physical metric that is a function of
the auxiliary metric and the scalar field,

S = —% /d4l’ \/m [R (guV(guquD)) + Lm]ﬂ

where L,, is the Lagrangian of matter, and we have set 87G = 1. Clearly, ac-
tion is invariant under the conformal transformation of the above co-ordinator,
because the action depends only on the physical material that is in itself in the
transformation of the coordinate.

By studying the equations of motion for the physical metric and scalar field
we find two equations where the scalar field ¢ satisfies the constraint equation:
OOt = 1. This constraint helps the scalar field not to be an extra degree of
freedom and consequently a non-ghost field [11].

2.2 The theory of bi-gravity

Massive gravity is a correction of general relativity based on the idea of equipping
mass with a graviton. A model of non-self-interacting massive gravitons was first
proposed by Fierz and Pauli before the introduction of field theory. This original
model was then shown by Van Damme, Weltman, and Zakharov to differ from
general relativity even on small distance scales [12], disproving the theory based on
experiments in the solar system.Vainshtein conjectured a solution to this problem,
arguing that general relativity could be recovered at small distances by including
nonlinear terms in the field equations of the hypothetical mass theory of gravity
[13]. Later, careful studies of several non-linear massive gravities showed that this
was indeed the case. However, the general nonlinear versions of the Fiers-Pauli
theory, although able to recover general relativity via the Veinstein mechanism,
were found to exhibit another pathology, the so-called Boulevard-Deser ghost.
Recently, this problem of ghosts has been solved in several papers [14], in which it
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is shown for a subcategory of massed potentials, the Boulevard-Deser specter does
not appear [15-17], both in massed gravity and the digravitational expansion,
a theory with a dynamical metric and a fixed metric, the so-called de Rham,
Gabadadze and Tulley model.

The theory of two gravity includes two dynamic metrics that interact with each
other through non-derivative sentences. If ordinary matter is coupled to only one
of the metrics, the theory can be interpreted as an extension of Einstein’s gravity
with an additional spin-2 field coupled to gravity via a special non-minimality.

The idea of massive gravity has been proposed since the time of Fierz-Pauli,

but no candidate has been presented in which a homogeneous action in a linear
solution leads to the massive Fierz-Pauli action. Until 2011, when the dRGT ar-
ticle and then Hasan-Rosen’s works came up.
Mass gravity is one of the strong candidates to correct the theory of general rela-
tivity. Early in 1939, the linear theory of massive gravity was presented by Fierz
and Pauli. The linear theory can be considered as an extension of the full nonlinear
massive gravity model around the Minkowski background.

The expansion of the Einstein-Hilbert action in metric perturbations h,,, is
9uv = Nuv + hyw, which 7, is the Minkowski metric, and the index h,, goes up
and down with the 7, metric. In the linear theory of gravity with mass, only
terms up to the second order of linearization are kept in action, and other terms
are omitted. In this way, the linear approximation of general relativity is obtained
as follows:

1
Scr = Ml%/d‘la; (—Qh“”é';j‘fhag) + 0O (h?).

Here, M3 is the Planck mass, and Eﬁf hag is the linearized Einstein tensor G, =
Ew + 0O (h?’) and is equal to,

1 1 1 1 1
5000 h= 5 Ol + 50,0145 0,0, Sy (9707 — OB

Euw = E hap =
When matter exists, the perturbation of the metric h,, through the interaction
term h,, T"” to the energy-momentum tensor 7}, is paired, the point is that this
term can be omitted for vacuum solutions.

The action contains only derivative expressions. By adding non-derivative
quadratic terms h? (where h = h,,n"") and h,,h*" by the action of a linear
massive gravity theory is obtained. If non-derivative terms in the special combi-
nation (hwh’“’ — hz) are added to the action, the Fierz-Pauli action is obtained,

1 1
Spr = M} / d*z [—Qh’“’é’ﬁ‘fhaﬁ — 1m2‘ (huwh™ — h?) |,

where m is the mass parameter corresponding to the graviton mass. This particular
mass combination only describes the linear Lorentz inversion theory for the massive
spin-2 field [18, 19]. Models with other mass terms can be shown to have physical
ghost degrees of freedom, which in turn are related to the Ostrogradsky ghost [20].
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3. The model

In this section, we present a new extension of the bi-gravity theory. We consider
a space-time metric dependent on a scalar field. The action of the model is the
same as the action of the bi-gravity model. We rewrite the action based on the
physical metric. Then we linearize the action of the model around the flat solution
and finally analyze the obtained results. All calculations are done in 4 dimensions.
The metric’s signature in this problem is (—, 4+, +, 4, ).

The action for two independent metrics f,,, and g, is as follows:

S = Mj/d% V=gR(g) +M?/d4wJTfR(g)

+2m4/d4x\/—gﬂnen(1€), n=1,...,4.

In which the interaction term is ¥ = Try/g~1f. Similar to Chamseddine and
Mukhanov’s model [8], we consider two conformal transformations, ghiY* = Pg,,,,, and

fﬁ,})ys = @ fuv- The Hilbert-Einstein action is invariant under the above conformal
transformation. Also there is a singular limit to this choice. To check the sin-
gularity limit of eigen equations, we consider a value for two metrics f and g as
follows:

hys hys
99" 990"

8fphys afphys
aBf T af — A v -
T

¢ g4y,
) P

= M-

According to the two expressions P = gaﬁaagoaﬁap and QQ = faﬁaagoaﬁcp, we can
write, gEByS = AP, Q)guv, f}fl}}ys = B(P,Q)gu,- By putting f and g in the special
expression, we have:

OgPhys

A
£ Aga +g Vfoz a3 Napg = >\§ v
aguy B H B 89;1,1/ B H

0A OP
5a(5ﬁA @ _)\ v NANGTCAPNTSY = Oa
v €as Eu +g;gﬁapagaﬁ
o 0A
(A - )‘)guu - guugaﬁa 9086908? =
If £, = g, then (A— ) — P34 = 0. Also, if P = 0 then A = . If we do the
same calculations for B, we will have, B = \.

0.

3.1 Rewrite the action

Now we can rewrite the action according to the above conformal transformation.
For this purpose, we use the following set of relationships:

Tr(nk) = nTr(k), det(nk)=ndet(k),
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which in our model n = \/P~1(Q and d = 4. In this case, we will have,

Tr(v/g= @) fobvs) = Tr(g ™" £)V/P1Q,

det(y/g=1(Phys) fobys) = (PT1Q) det /(g1 f).

The set of equations for the metric g are as follows:

gﬁll}ys = Pg;wa
glt’/(phys) — p—lg/w,
gPMs = det(gh®) = Plg = Plg,

/,gphys — PQ\/jg

And, in the same way, the set of equations for the metric f are as follows:

f}szS = qul/a
fW(phyS) - Qflf;w’

FP = det(75) = Q' = Q9.

VI = Q2T

Similarly, we will have an interaction sentence, k = /g—1(Phys) f 9 = T'ry/g—1(Phys) f where,
(g~ 1Phys) fyn = guA(phys) f}{’ly‘ys.

By applying the conformal transformation and using the set of above equations,
the mimetic bi-gravity action is obtained as, Siotal = S¢ + Sy + Sine, where,

Sy = M; / d*z\/—g (PR(g#u)+§Plg“VV#PVVP>,
50 = M3 [atev/=o7 (@R + 307 0,0%.0).
S = M [ d'ay=gP* (U(f.9.9)).

In the above action, R(g,,) and R(f,.) are the Ricci scalars and M, and M; are
the Planck masses corresponding to the physical metrics g,, and f,,. Also, the
potential U(f, g, ) is as follows:

3
2

Uf,9.9) = 2m* [Bo + 61 (P1Q)* w1 + B> (P71Q) o + By (PT1Q) i + 64 (P1Q) ]
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In the high potential, terms x; are defined as follows [21],
1
v =U (vg‘1f> =) AL
11
o = Us (s/gflf) = z:)\f)\,i7

i<k
w5 =Us (Vo lf) = ;}Kl)\)\k)\l

24 = U, (\/g—1f> = VA ds .

Here, )\; are eigenvalues of /g~—1f. Also, 1 <1i,k,l < 4. In addition, we can intro-
duce expressions corresponding to x; for the metric g~* f which are not quadratic
and are easier to work with.

n=U(g'f) = Z)\m

p=Us (97" f) = N,

i<k

ys=Us (g7'f) = Z Aidr AL,

i<k<l
ya =Us (97 f) = MAeAzha

The relationships between z; and y; are as follows:

x% =y1 + 2x9,
T3 = Yo — 2/Us + 23173,
T3 = y3 + 222\/Y4,

2
Ty = Y4q.

4. Linearization of action

In the linearization for the auxiliary metric g,,, a background metric g,, and a
small perturbation as A, , for an auxiliary metric f,, is a background metric f;w
and a small perturbation in the form g¢,, and for the potential ¢ we consider a
background potential in the form of ¢ and a small disturbance in the form of w.
In linearization, it is important to expand the action around a background metric
and include a small disturbance. Here, we consider the background metric as a
linear metric. But to start the calculations, we consider a general metric and then
we convert the metric into a flat metric.

Juv = Guv +h;¢u7 f,uV = f_;w +qu, p=pt+u.
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For calculations, we need additional geometric quantities such as inverse metric,
Christoffel symbols, Riemann tensor, Ricci tensor and Ricci scalar. Similar to all
the calculations that were done to obtain the Christoffel symbol, the Ricci tensor,
the Ricci scalar, as well as the calculation of the determinant according to the
auxiliary metric g, for the auxiliary metric f,,, are done; we refrain from writing
them here (the calculations are complete and comprehensive in the appendix).
We should note that h,, = hy,, and ., = g, are symmetric tensors. According
to the alignment g" g, = 6§, and f** f,\ = 04 for inverse metrics we get:

g;u/ _ gm/ — R hihAV, fuu _ f_uu _ qm/ 4 ngku’

where, h*¥ = gwg”ﬁhaﬁ, g = f““f”ﬁqa,g, h = g"h,, and ¢ = f“”q,“,. In
linearization, there are two metrics: auxiliary metric and background metric. We
need to know which metrics drive the indices up and down. Because they affect
the results of the calculations. As a point, we state: in all linearized terms, the
indices go up and down with the background metric.

Now we rewrite all the sentences used in the action with linear sentences. We
also know that for scalar functions, the partial derivative is equal to the equivalent
derivative d,p = V. In all calculations, we indicate the zero-order perturbation
with the index (0), the first-order perturbation with the index (1), and the second-
order perturbation with the index (2).

Applying the above changes to linearize the action in the general case, we obtain:

M / d*zy=5 (PR gm))

37 [ b/~ (QRO£,0)).

0
540

(0)
Sy

Sf(il) = M§/d4x V=g [PR(I)(QW) + 2£7Wvu¢quR(U)(9/tu)
1 wAlES o BN h 5

—ht VM‘PVVWR(O)(QMV) + §PR(0) (gw)} 7

5}1) — M]%/d4z /_JF{QR(l)(le) +2quu@l@@yu3(o)(fw)

VS - = q A
—q" vu‘Pvu@R(O)(f/w) =+ iQR(O)(f;w)} s

SP = M; / d'wy/=GPR® (gu)

2 / /G (79 u o — 2hT GV WY oY 7
1

T3

M / d*a/=gPR (g,,) (h* — 2R, h*™)
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+ M / d*z/=gR™ (g, <2g"”vﬂ@vyu — W'V, oV, 3 + ZP)
+ M / d*az/—gR"© (gw)g (29" V uoVou — W'V .3V, 9)
+ 602 / B /=GP G G0N V¥ 55V ¥ o,

$® = M2 / d*o\/-FQR®)(f,.,)
M2 / /= F (9 a0 — 207,65 + EhY,69,9)
M3 [ /= FORO (1) (¢ - 2000™)
+ M? / d4z\/ij<1>(f,W) (zfﬂ”mﬁyu —¢"V .oV, 0+ %Q)
+ Mf2 / d4x\/ij(O)(fw)g (Qf’“’?ugpﬁuu - qu#@vu@)
+ 6032 / dho\/= FQF o 79,9 iV 559, ¥ pu¥ 5,

4.1 Linearization around flat solution

In the flat solution, instead of two background metrics g, and fl“,, we put the
flat solution metric 1m0 Guv = My fur = A

Guv = Nuv + h/l.V? f,uu = )\nlw + Quv, g’“j = ’I’}HV — h*Y + hf\th)\u7
1
=St = d e, = 11" hag.
The complete action Siotal is the sum of three actions S;, Sy and Sipe,

Stotal = Sg + Sf + Sinta

where,
3 - v
S, = Mj/d‘*x\ﬁ—g (PR(gW)+2P Lgr vupvyp),
3
Sf = M;% /d4x\/ _f <QR(f;u/) + QQ_lflwququ> )

St = M? / /=GP (~U(f,9. )

First, we obtain the changes of the action with respect to the two metrics S, and
Sy, and then we will calculate the changes of the interaction term.

0 0) _
S+ 83 =0,
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| VA S ia e
SV + 58 = (Mg? - AMﬁ) / d*z /=P (9,0°ht — 8,0"h) = 0,

_ 1
S@ + 8 =m,? / d*z/—nP {@Lh‘”ao‘hm + 0 0ah — S Ouhd*
35 puagy Lo puag py
+1&,h 0" hye — §8q,h Ouhl
—h (8uaahm + auaﬁh/iw = 0u0yh — thﬂ
_h
+ M,? / d%FnP5 (0,,0*h* — Oh)
+ M,? / d*az/—n (naﬁaaaﬁu — h“ﬂaaaﬁ) (0,0%ht, — Oh)
—|—6M92/d4gc\/—n]—:’_lnaﬁnp"n“”vuﬁau?l,vpuagag
1= 1
+ MfQ/d4a: _)\UXP [8Hq‘”8aqm + 0uq"" 0aq — Zaaqaaq
34 nagy Lo ey -~
+18'yq 7] Qua — 5 ~4 auqa
—q" (auaach + auaﬂq/ﬁ/ — 0u0vq — quﬂ
+M;? [ da —)\n%p (0,0%¢k —Oq)
+ M2 / d*z/—\n (naﬁaaﬁgu - qaﬁaaa/g) (0,0%¢k — Oq)
1 - _ -
+ 6Mf2/d433\/ —/\UﬁPf1naﬁnp"n"”vuvauvuvpuagaa,
where, ?Haﬁ = a,. Also, in flat solution Rg)ﬁ) =0.

4.1.1 Linearzation of the action related to the interaction term

In order to linearize the action with the interaction term, we use the same method
as used in the article [21]. By using the relationships between y; and z;, the
disturbances x; can be written in terms of y;, and in this way, the disturbance
gl f =gt fov obtained. We keep the terms up to the second order of disorder
and skip writing higher levels of disorder.

9" fou = (04 — hE + BERY) G o5 (00 + ¢f) + O (h®),

Up to the second order, the potential disturbance is written as follows:

V=IU(,9,9) = V=9|U (.5, )+ W (.5, ) by AWE" (F, 3, 2) quu+ WAL, 3, 2)
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pv,afl

+W5‘;,aﬁ(f77 g) @) hHVhaﬁ + W5;7aﬁ(f7 g7 @) huuQa,B + Wff (fTa ga @) qMVQOcﬁ
AWESP(F,8, @) by, + WhDP(f,8,8) duvsy + WES(F, G, @) up,

In which

vrE — - 1 o(/—gU(f,g,
Wg (f.9.¢) = = (\/ggu(;fg ®)

9=09.f=Fp=¢

oL A U.0)
PSS 0

9=g,f=Fp=¢

W(f = =) — 1 a(\/ng(fagv(p))
Wgo(fagvcp) - \/TQ 8(8;”0)

9=0,f=F.0=¢

1 P*(V/=9U(f.9.9))

99,0 09as 9=9.f=f.0=¢

_ 1 1 0*(v/=gU(f,g.¢))
WP (f.g.0) = 5 .
of ( ) 2vV=9  09u0fap 9=9./=F o=

;oo _ 1 1 PG =gU(fg:9)
Wi (],9.9) = 3= i
1 2 -9 afl“/afaﬁ g:.‘jvf:fﬁo:@

v, f = = _1 1 82(\/_791](]6797%0))
Wi 199 = 5 =57 00, 0(0mp)

W F = =\ 11 82(\/jg U(fmgv@))
Wi 0= 5 5 970

L A 1 1 82(\/_79(](.](797@))
Vel 90 = 5 S 0.000,)

In the following, we obtain all the above terms. Also, since we consider the per-
turbations surrounding the solution of the background equations of motion, the
linear terms in h,, and in g, are removed in the Lagrangian on the shell, and we

can delete them.
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4.1.2 First-order linearization of the interaction term

For W;”(f,g, @) we have:

)

9=09.f=Fp=¢

Wi (f.9,9) = (;g“”U(f,g, ®)+ W)
nv

=m*n" [4B1 + 682 + 4B5 + B4,
+2m? P~ a"a” 261 + 6B + 683 + 264] ,
—m*n™ [Br + 32 + 3B + B,
=2m? P a"a” 261 + 652 + 683 + 284] ,
+m*n" (361 + 362 + Bs) s

W (f.g,@) = 2m* P~" a" a” 281 + 6B2 + 683 + 204 ]
+ m27]‘“’ [361 + 3082 + ,83]

Since the first-order disturbance is zero, the coefficients in the brackets are zero in
the above expression. That means,

B1+3B82 +383+ 384 =0, 381 + 382+ B3 =0.
For Wi (f, g, p) we get:

oU(f,9,%)
9 fyu g=9.f=F.p=¢
_ .1
= —2m2P_1Xa“a” [261 4 682 + 633 + 2034]
+mPn* [Br + 3B2 + 3B5 + Ba] -

W (f,5,9) =

As before, we consider the first-order disturbance to be zero. As a result, we
will have, 81 + 302 + 383 + B4 = 0. The same result we got the first time. For

WE(f, g, ) we get:
~0U(f,9,¢)

M f g D = - =
W<,0 (fﬂ g? 80) 6(8ﬂ§0) g:gvf:fﬁp:@ 0

4.1.3 Second-order linearization of the interaction term

The calculations for the second-order coefficients are extensive and follow sim-
ilar patterns. The key results show that the coefficients W} ( f,3,¢), and
WEZ(f, g, ¢) vanish due to the constraint (81 + 382 + 303 + 1) = 0. Similarly,
WES(f,5,¢) = 0. Below we present some of the calculations:
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Calculation of W:*P(f, g, ©):

;oo 1 1 PH/gU(f 9,9)
WhreB(F 5 5) = -

s (:9:9) 2vV=9  09uw09ap 9=3.F=F.o=¢
_ 10 9V=gU(f.9,9))

2v/=9 09 99ap 9=37, f fo=¢
:2F{ V=99""9*"U(f, g, w)—*\ﬁg“"‘g”ﬁU(f’g

o 0
+ vt 2U9.0) | \/_fgiM}

ag;w Guv agaﬁ

1 1
= gg“”g“ﬁU(f,gw) - ig’“‘g”’eU(f,g,@)

1
7gaBaU(fvg7(p) + iaU(‘ﬁga(p)

+ = £ =9
2 69/“/ v 9ap ’gzg,f:f,w:w

After long calculations, we get:

v,o r = = V.« 5 5 9 3
WheB(f, g, @) = n*'n*’2m? {Sﬂl +61[32 s 854
3 9 3
+ ntenPoam? [—51 — B2 — ’53 gﬁ
1
+n*nr2m? { Br+ 524- ﬁa 85

+2m? [3P2a“a”aaaﬂ(ﬁl + 402 + 563 + 284)

~Pla%afy ( By + 52+9ﬁ3+ﬁ4)

4
p—1 av aﬂ 3 9
— P a! (= [31+252+453+54)
Calculation of WW O"B(f,g, ?)
s 1 (/=9 U(f 9:9)
WP (F,5,¢) = —
' Ofuw0fap g, f=Fe=¢

1

2 9=
110 (VgUlfg.9)
2\/j98f/w afaﬂ
1
2

®)

9=09.f=Fp=¢
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After long calculations, we obtain:

_1 0 0U(f,9:%)
28fuz/ 6.fa6

9=3, f=F, o=¢

= 2m? (P2a%a"a"a” (—P1 + 383 + 2p4)

B
ity (<10 - S - G0 pi)
4P “‘ﬁ(—ﬁl 352—263—54)

+n* P (31 + *52 + *33 + 154)

4
+novyPH (—/51 1ﬂ2 /33 - 154)
4 16 8
+nHnPY (51 3152 %53 - éﬂzx)) :Ia

Calculation of WEL5(f, g, ¢):

_ 1 1 (/=g U(f g ¢)
W#V . s Y ,
o990 = 3 755 T 0@0u0) 0000) s -5 oos
since we will have 86(\6/,;7?) =0,
10 9U(f.g.9)
W#U LR R - 5 ’
W’D(f ) 20(0up). 0(0uep) 9=q, [=F, v=¢

after long calculations, we get:

_1 0 0U(f,9,9)
20(0.p) 9(0up)

1 PW=9U(f.9,9)
e 99w Ofap 9=3, f=F, o=0
}gwaU(ﬁg,w) n 0 9U(f,9,¢)
2 afag 89,“, afag
_ 0 0U(f.9:9)
B 89#1/ Ofap 7

WP (f,5,¢) =
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finally, after long calculations, we have:

0 9U(f.g,)
69/w 8fa[3

= 2m? |: P 2a%dPata” (81 + 682 + 9083 + 404)
+

WP (F,5,¢) =

"U |

~ta¥aPy < 51+§ﬂ2+iﬂ3+ﬂ4)

+
>/\H Ml =
’“U\

“tata” aﬁ( 51+3ﬂ2+253+ﬁ4>

=B - 352 - ;33)
1 1
“q 853)

But Bo— O m)}

/wz uﬂ

W apB

1

8

1

An P ( 3h

1

(-3
Calculation of W:*5(f, g, ¢):

W, £ = =\ — 1 82(HU(fag7(p))
Wi o0 = T g 0u) ot

_( 1 9y=gdU(f,9.%) (f,g,w))

+
vV —9 agm/ 8(&1()0) 6g,ul/ 8(&1()0)

:<19W3U(f,g,s0) 0 3U(f,g,so)>
2 2(9a) 9 0(0ap)

9=3, f=F, o=¢

9=3, f=F, o=¢

We know that the background state of the expression M = 0. We do

0ap)
9 <8U (f,9: s@))
ag;u/ 3(8ag0) .

calculations for

We get:

9 9U(f,g,¢)
09y 0(0atp)

= 2m? [ — 4P %a%a"a” (B1 + 3B2 + 3P5 + B1)
+ 4P tar ™t (B +352+3ﬁ3+54)] =0,

since the expression (51 + 382 + 303 + B4) = 0, then ﬁ% =0. As a

result, we have:

(1 W@U(ﬁg,sa)Jr 0 3U(fyg,s0)>
2 (0atp) gy 9(0atp)

=0.
9=3, f=F, »=¢
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Calculation of W}LZQ (f, g, 9):

1 #(W=9U(f.9.9)

W;;,oz(fﬁ g, @) = \/TQ afm,a(aaip)

9=09,f=f,0=¢
NERIC LITENR TRy
\/jg af#l’ 8(80490) af;w a(aa@) g=g,f=F o=@

_ 0 0U(}.9,9)
8f;w I(Oatp)

9=0.f=F9=¢

9 0U(f,9,¢) W

3w O(Oap) (f,g, @) is obtained.

By calculating

9 0U(f.9,¢)
8f;w 0(0atp)

1
= 2m? [4/\P2aaa“al’ (B1 + 382 + 383 + Ba)

1
- 4XP’1a”77‘“’ (B1+3B2+3B3 + fa) | = 0.

We know that the expression (81 + 382 + 385 + 84) =0, so Tﬁa‘g((g;‘gw’;") =0. As

a result, we have:

_ 9 9U(f,9:9)
fr Bap) 9=3, f=F, p=¢

W (F,5,)

5. Physical analysis and constraints

The linearized action provides important insights into the physical properties of our
mimetic bigravity model. The constraint equations derived from the first-order lin-
earization significantly restrict the parameter space and ensure consistency. From
the constraints,

B1+3B2+383+384 =0, 381 +382+ B3 =0.

We can express two parameters in terms of the others,

B3z = =381 — 382, B4 =202 + 361 + 652.

This constraint relationship reduces the theory from four parameters to two inde-
pendent parameters 8; and (. This simplification is physically meaningful as it
reduces the phenomenological complexity while maintaining the essential physics
of both mimetic gravity and bi-gravity theories.

The second-order terms in the linearized action determine the dynamics and
stability of small perturbations around the flat background. The kinetic terms for
the metric perturbations h,, and g,, have the standard Einstein-Hilbert structure,
ensuring proper propagation of degrees of freedom.
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6. Results

In this paper, we have constructed and analyzed a novel theoretical framework that
combines mimetic gravity with bi-gravity theory. Our key findings and insights
include: Theoretical Framework: We successfully constructed a consistent action
for mimetic bigravity by applying conformal transformations to both metrics in
the bi-gravity setup. This preserves the essential features of mimetic gravity while
introducing the rich dynamics of bi-gravity theories.

Constraint Structure: The linearization analysis revealed important constraint
relationships between the interaction parameters Bi. These constraints reduce the
four-parameter theory to a two-parameter family, which simplifies the phenomeno-
logical complexity while maintaining theoretical richness.

Physical Implications: Our model offers a unified approach to addressing dark
matter and modified gravity effects. The mimetic sector naturally provides dark
matter-like behavior through the scalar field constraint, while the bi-gravity struc-
ture can account for cosmic acceleration and other large-scale gravitational phe-
nomena.

Linearization Results: The linearization around flat spacetime shows that the
theory propagates the expected number of degrees of freedom and avoids obvious
pathologies in the weak-field limit. The second-order terms provide the necessary
kinetic structure for both metric perturbations.

Limitations and Future Directions: As noted in our analysis, linearization
around flat spacetime may not be the most appropriate background for cosmo-
logical applications. Future work should examine linearization around Friedmann-
Lemaitre-Robertson-Walker (FLRW) backgrounds, which are more relevant for
cosmology.

Comparison with Observations: The model parameters 51 and f2 can poten-
tially be constrained by cosmological observations, gravitational wave detections,
and laboratory tests of gravity. The specific predictions of the model for these
phenomena require detailed analysis of cosmological solutions and perturbation
theory.

In conclusion, our mimetic bi-gravity model represents a promising theoretical
framework that naturally unifies dark matter and modified gravity effects. While
significant work remains to fully explore its implications, the results presented here
demonstrate the viability and potential of this approach for addressing fundamen-
tal questions in cosmology and gravitational physics.

The constraint relationships we derived significantly simplify the parameter
space while maintaining the essential physics of both mimetic gravity, and bi-
gravity theories. This suggests that the combination of these approaches may be
more natural and constrained than either theory alone, potentially making the
model more predictive and testable.

Future investigations should focus on developing the cosmological phenomenol-
ogy of the model, particularly its predictions for cosmic microwave background
anisotropies, large-scale structure formation, and gravitational wave propagation.
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Such studies will be crucial for determining whether this theoretical framework
can provide a viable alternative to the standard ACDM model while addressing its
well-known fine-tuning and coincidence problems. One of the powerful quantiza-
tion methods is the path integral quantization method, which requires a partition
function written in terms of the Lagrangian. When both the action and the La-
grangian become linear, the partition function also becomes linear, facilitating
easier quantization. However, based on our calculations and obtained results, we
find that the linearization around the flat metric is not suitable for addressing
certain problems. It is more appropriate to use other metrics, such as the FLRW
metric, which we will consider in future work. Additionally, we can simplify the
quantization process by linearizing the action and extracting constraints and the
Hamiltonian using the path integral method. This approach can serve as a basis
for further research and exploration in our next studies.
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8. Appendix

8.1 Linearization

In the linearization for the auxiliary metric g,,, a background metric g,, and a
small perturbation in the form of h,, are considered, we take, g, = Guv + Ryw-
For calculations, we need other geometric values such as inverse metric, Christoffel
symbols, Riemann tensor, Ricci tensor and Ricci scalar. According to the union
" gyx = 0% for the inverse metric we obtain:

7 — 1 7 A
g =g = " + hAR7Y,

where, h*¥ = g“ag”ﬂhaﬁ, h=g"hu.

Note: In all linearized sentences, the indices go up and down with the background
metric.

Christoffel symbol in the linearization method

~Qo v v v 1 ao v v v
5= 53 (Vehoy + Vihge — Vohs,) — 5 he? (Vghoy + Vyhge — Vohgy).

N =

Ricci tensor in the linearization method

1 ,_ _ o o o
Rl = 5 (VuVshts + VuVahls = ¥y ¥ hag = VaVah),
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e e e

) 1 - - .
RY) = ~5 Vil (Vshay + Vahsy = Vyhas)

+ vV h (?5h>\a+ ?ah)\,@— ?Ahaﬁ)

h# (?M?Bhwf"‘ ?uvahﬁw - ?u?"/haﬂ - ?B?ahw)

DN DN = |

_ _ _ _ 1 = _
(vmg Vuha = Vahly Vo — 5 Vahi vahg> .
Ricci scalar in the linearization method

RM — (g 8 Rag) =g 8(0) RS/; 1 g RENOB)
= V. VR — V,.V*h— h*? R,

2
R® = (g% Rop)® = 200 R®) 4 o8 gY) 4 gosd RO)

(03

_ _ _ _ 1 _ _
“VuhY Vohay + Vb Vyh = 2 Vah V*h
3 = _ 1 - _
+ 5 Vane Ve — 5 Vahe V,.h
— W (V. V% + V,VPhgy — V, V. h — VOV, hy,)
ap B8 p0)
+ A hy, R
Calculation of the determinant of ¢

Guv = Guv + Puw = Gur 5:)) + Gur 7 how
= Gur (00 + 3 hov) = Gux (00 + ),

V=g = \/—det g, = /=G \/det 5+ h)

v hz hg 1 v
1"‘ —tr <I’L>\— 2)\) + g (tT’ h)\)2:|
1
8

V=5 = v v = v 5 v = Vi g (07— 2hap 7).

8.1.1 Linearization calculations

Christoffel symbol in the linearization method

N 1 . L oo
By — 5 n (36hm+ Oyhpe — 3oh5’v)* 9 h (86hm+ hpe — 80h5’7)'
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Ricci tensor in the linearization method
First-order Ricci tensor:

1
RY) = 5 (aﬂagthr 0, 0ults — 0,0" 5o — aﬁaah)_

Second-order Ricci tensor:

R,(fﬁ = - % Ol (Ophar + Oahpy — Oyhga)
- % R (auaﬁh(w + auaahﬂv - auavhﬁa - aﬁaahw)
+ i O h (Dghre + Oahrg — Onhsa)
— % (Oahf5 Duhd, — Oy 0 hyue — % dshhy dah)y)

Ricci scalar in the linearization method

RY = (g™ Rop)® = g8 Rt(llg_,_ g8 Rf,fB.

0)

Note: in flat solution, R 5 =0.

(03

RW = 9,0°n" — Oh,
R® = (9" Rap)® = ¢°" R+ ¢*"™) R,

1
R® = —9,h" 0%y + 9h*Y D h — 1 Oah Mh + Z ONPHY D R,

% O D, BN — B (0,0%hay + 050 hgy — Ou0yh — 0°Oahys).

0 1 h 2 1 a
V=" = v V=gV = v 5. V=g = V0 g (= 2 ha h).

8.2 Interactive terms of the action

In this part of the appendix, the details of the calculation of Z; and also the first
and second order disturbances of x; with respect to f,., g.., and are shown. For
this reason, for convenience, we can express the first and second-order disturbances
of z; in terms of y;.
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8.2.1 Calculation of z;
Usind Equation (1), we can write:
T3 =1 + 222,
T3 = o — 2v/Ya + 281 T3,
T3 = U3 + 2T2 /U,
T3 = Ga-
For convenience in calculating, some new terms are defined as:
iuy — gupfpw SHY — iup gpv — gum fplpgm’.
Also, in the general case, we introduce:
(22)W — iupl Splm g, (ik)w _ gupl jplm .. ipkflpk grev.
Moreover, we have this expression for trace:

5] =Tx(S) =2,

g =[X] = iﬁ =" AN, = 4\,

= (- 15) = (1 ) 0w

<
<
Il

s = = (5 - 38122 + 215 = 0¥,

ga = det(g— ' f) = det(n"* \) = det(A1) = A,
Using Equations (2), and (3) we obtain:
xi:y4, = f4:@:A2,
jg =73 + 2@2\/? = 4/\3 + 2)\2i‘2 = )\2(4)\ + 2@‘2),
T2 =Gy — 2V/Ta + 271T5 = 4\2 + 27,7,
T2 =1 + 2Tg = 4\ + 275.

For 22 we can write, 23 = A2(4\ + 27) = A\22? thus, 73 = +A\%;. If we choose
T3 = —AT1, we have T; = 0, To = —2X and Z3 = 0. And, if we choose T3 = + AT,
we have, 71 = 4V, To =6), T3 =4\\, Iy =)\

8.2.2 Calculation of y// and y;’;:

171728 8yz nv ayt

1,9 ) i,

)

o 9=g,f=F.0o=¢ O fuw 9=g.f=Ff.0=¢
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yi’; =3 = _gltofapgpu = —>\77W

yip =" = n",

yhly = (22)" = [BIZ = =30
=3 p1 £ p2 7" — 5° p s ag™”

_ Mo £ Zp1p2 £ GP3V _ ZPP1 £ ZHp2 f FP3V
- g f(xp1g fpzﬂag g fp1pg fpzpsg 1)

Y = M [S] — SH = Ban
=g 0, =M G = GG oo — G Fopn 07

Wy = 51 (52)7 (59 4 3 () - 19 = ~ax'
=5F, or pli,@;g”?” I p2iZ§gp3,,
#5515 2 ) - (2,)°)
= G fop0" Fspn 0" Faps 872 = "7 fopr 0 fopa 87 Faps G

1— of =pv [-ao - £ = - r 2
+ 59# fopgp (g famgm&f&ngpZﬁ - (g#pfpu) ) )

_ _ _ 1 _ _
v 124 v —pv na
1= () - 913] 4 4 (SPAB7) = 0¥
3 NP1 ZP2V _ SP1 f —pov—af F 1_.
=X+ p1 Zz;gw - gh* fplngpz g Bfozﬁ + 591 ((4/\)2 — 4)\2)
= gﬂafapl gplﬂf_ﬁp2gpzl/ _ gﬂpf_pplgplugaﬁfﬁa + 6>\2§MU,

Uiy = —Tag" = =Ny = g = N,

8.2.3 Calculation of xfg and mi“}

uvo 8$Z o axz
g 0 B ’ xi,f - af B ’
G lg=g,f=Fo=0 HY lg=g,.f=f,p=0¢
where i = 1,2, 3, 4.
ox; ox; 0y;
i = 27 2 (i, =1,2,3,4).
Ouv lg—gp=5 0% O9uv lg—g s—f
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To obtain z! and ' f in the first step of the relations between x; and y; (see

Equation (1)) is estabhshed we take the derivative with respect to y;.

Or1 Oy 28962

(9332 (9y2 8, /Y4 8.731 8333
2= — 2./ 2 — 2 = — 2x
T ya A T T T T
dxs s 53:2 3\/1/4
= 2 — 2
553 Y3 + 222+/Ya T3— 9y O EI
Oxs  Oys
2
Ty = Y4 T4 oy Dy’

Jry 1 Oyy 1 Oz
y; B ani ;1 i’
8:1:2 _ 1 3y2 1 8y4 I3 81‘1 T 8I3
yi 2o Dy 2woxy Dy a2 Oy * x5 dy;
3333 o 1 8y3 T4 (9322 i) 6y4
dyi  2x3 Oy M x3 Oy | 2x314 Oy
3334 - 1 8y4
y; B E i

In the next step, we interpolate the relations. As an example for g—z? we will have,

8172 _ 1 81/2 1 8y4 + B I3 ( 1 8y1 laxg)

Oyi 22 0y; 2wy Oy 221 0y w1 Oy
1 0 x4 O xo O
y1( y3+74 2 1 2 y4)

23 Oy x3 0y 2x314 OY;

after doing calculations for g—zf we get;:

O0xa _ 1 xQ% Y 0y 20ys  x1 (X129 — T3) OYa
oyi ~ 2(wywoxs — 2224 —a2) | POy s Oys g Oy; T4 Oy;
with the same method for dzl_ and g% we have:

%: L (xa:fx:c)a 5y2+x5'y3

Ayi  2(myzows — 2334 — 23) 28 Y Dy Oy; Loy
N (z122 — x3) 8y4}
Ty 0yi
8x3 1 8y3

_ {x r Y1 T2 Y2
= 3T45— +T1
dyi  2(z1womws — x4 — 23) Oy; Oy;
(z123 — zow3 — T124) 8y4]

T4 0y;
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Now, for i =1,2,3,4, we get:

Yy 9=g.f=Ff i Oguy g:g’f:f7
Oz _ Oz Oy
09y |g=g.s=5 91 09w |gmg p=7
1 5 5 5 s
- ) 2 {(xzfﬂﬁamm) e LR (w122 — 23) y4]
2 ($1l‘21}3 Tt .%‘3) 891“/ 8glw 8.9;“/ Tq ag/w =g,.f=f

In this way, for all ¢ = 1,2, 3,4, we can obtain %.
9w

py o — - = — = yuazg = = nv — I v = = = 1224
i = A{x4 (T174 — T2Z3) Yy, — T3%4yy, — T1lays, + (T3 — T172) y47*},
py o —2 g — = — pv —2 pv = JE— gy 2 %
Lo s = A{ — T3T4Y7 , — T3TaT1Yy, — T1T485, + (T3 — 7172) t1y47*},
pyo —2 — uv = =2 uv . . = uv = = - p. —2 %
T3, = A{ — 4T3 <$1y17* — T1T4Y5 + (xg — xlmg) ZT4Y3 4 + (!L‘Ql‘g + Z1 (334 — mz)) y47*) },

=
(4)
In Equation (4), * sign indicates g or f, and
A= [224 (22 + T334 — 21T0T3)] (5)
We obtain:
T = 4, Ty = 6, Ty =AMV, Ty = N2,
Yt = =gt bt = 3Nk = 3N, g = A,
iy =", Yap = 30", Yap =3\, vy =N

In this way we have:

1

A= [w (16)\3 162 — 4&6A4Aﬁ)} . R

o = =t [V (VAN = 0AVR) (-a) — (VAN (3320

= (VA (=3X%) + (VA = 4VA6N) (—A1p)] = —%ﬁnﬂ”,

= — 12; 5 [F200VA — (VR Bar) — (4XEVR) (337
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LV \/X n
= (200VR) ()| = T2,
LV 1 v v
#ht = = T [(C168N) (=x0) — (WX X4V (=3x%)
= (A163) (=3X%7) + (AW = 4V2 63) VX (=Xt | = —%AW,
b, = — 12; 5| 16N — 16M B — 16NN — SONINy | = %n“”,
zh” = —71221% 5| (FVAN) (o) — (VX)) (—3a%p)

+ (4)\\6 - 4\5. 6)\> A2 (_3)\3an)

+ (63 VA + (VA (A2 = 362%) ) (~at) ) | = —g v

174 1 N LV v
Y == s [—4A5fw — AN 3 — 2003V A3\

—116/\2\5)\377“”} = ;f/\n“”,
1

v 1 1 ” 1
xig _ _W)\Aln;w _ _5)\277/1,1/, xif _ ﬁi)\?)n/w v 5)\77/w.

8.2.4 Calculation of Yifffﬁ:

In Y*8  the symbol ** represents gg, ff or gf.

Tk

Vi = LD 4 (u s ) + (06 Byt (o )(a o B)] 4[] (1) © (@) }
= Sym{go‘ui“’g}
= é{ (o e )] 2) (P 4 ) }

A
= S ),

! 1
Vi =3 @87 +375) = =5 (o e ) YEEEE =,

o By 1-  _ 1-.  _
vfer” = sym{ge (9B - (£2)) + g2 807 - Smen 5}

1 1
= Sym{4)\2n“o‘n”5 — )\277'“0‘771/6 + 5)\2,,]#%0&5 _ 5}\2naﬂnﬁy}
2

A
{5 2t 4y,
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Y{fgy}aﬁ _ i{gﬁ“iw + govEBn _ geBsr _ gough (s
+(M<—>u)+(a<—>5)+(ﬂ<—>V)(o‘<_>5)}
— symf g 4 g - grosm — gongov(sy)
= sym{ﬁ (P 4 o — P — ey |

=\ (nﬁunm/ + naﬁnlw + naun[;’u) ’

1 1
Vit =9t - 4 (@™ + ™)
1 1
— ino‘ﬁn#l’ _ i (naynﬁﬂ + ,r]a;ufnﬂl/) ,

ve? = Sym{spe (£2)% - (52)" £ 4 2[5] (S5e? - sre)
+g" ((23)”6 - (&) 21+ %gﬂai”ﬁ (122 - [22])) )

= Sym{ BNt X — axtye )

=)\3 (nuanuﬁ + n#unaﬁ + TIWUB”) 7

viue? = sym{ag? (Sre[S] - (£2)") 4 g2 ((52)" — (5]

S B 1 _
4 SHryaB _ subsar §g/w¢gvﬁ ([22] _ [2]2) }

— Sym{ _ 2)\2,'7&[577#1/ _ 4 /\2npﬁnau}
2

- _% [4n® 0™ + 0P ]

v,a 1—V—a = 1_ —vare P B
vige’ :Sym{gg" g*’[8] - 59"7g (8] + g s — gros }

= Sym{)\nuunaﬁ _ 2)\77;@8771/01 + )\nuanyﬁ}

DY (PVRIS WS o |
2 2
ypuod 2 B (guegas 4 Louages | Lousgue
4,99 2 D)

ol ol

<nﬂunaﬂ + %nuanuﬁ + %77“5 Va) 7
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e e e

VI = g 7 = X,

NN Ya PV F 12 v 1z v
Y4’7ff'8:2(f/t faﬁ_,flwf ﬁ_ffu/if a)

2 2
= /\; ( SO %n‘”‘n”ﬁ - ;n“ﬂn”"> :
8.2.5 Calculation of xzif‘ﬁ:
m;f,y*fﬁ = A{§c4 (T1T4 — TaT3) }q’f:;aﬂ — ;zgmyx;aﬁ _ 51f41%’f:;a’8 + (%3 — T172) Yykfz,*a/g 7
Igv**aﬁ =A{~ ;f%@Yf_"i’fﬁ - 533924571}/27:;% - 5%54}/3},‘:;&5 + (T3 — T172) @H‘fﬁfﬁ},

pr,a =2= (= quvaB _ = =2y -pv,af = = =\ F oy Hvsaf
L3 x = A{ — TyT3 (931517** - I1x41/2,** + ('I3 - 1311‘2) t4Y3,**

+ (22 +a1 (24 - 73)) V7))

pv,of
puv,afl l/4,**
Ly s — -
’ 2$4

As before, the sign xx represents gg, ff or gf. Also, A is given in Equation (5).
In this way, after long calculations, we have:

LV, 3 14 L 3 L v 1 LV
g’ =V (1677“ e g > :

T1gf A

i VA1
- 8 8

1 1
,naunﬂv + ,nuﬂnva + 4naﬁnm/} ,

x#«l’,aﬁ _ \/X 1 aff, uv 1 ui Va_inaunﬁu
16 ’

Lff T T2 §77 n —EU n

v A
wg(;?ﬁ — 5 ( aunﬁu + n(xpnﬂu 4 na[ﬁnuy) ,

o 1 1
ahyt? = =’ = e o,
pv,aff 111 af, pv _1 wB, vo 1 ap, Br

Lo ff BB\ 577 n 477 n —EU n )
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v, 7 (6972 7 87 v 5 (03 v
e =2 <1671 Wt o™+ gy > ;

) 5 s 1 1
b = /X [477“577"” + g+ 877““77’3”} 7

pv,a3 — \/X 5 af NV_E uB ua_i ap, Br
z {877 n 1677 n 1677 n )

v, )\2 1 v 1 « v (03 v
o’ =T <71 o o )

2
A
xflt,ud?ﬁ == 577a57llwv

Vv, 1 « 1% 1 vo 1 « v
255’ = ~1 {77 It — o = oy ] -
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