Mathematics Interdisciplinary Research 11 (3) (2026) 243 — 251

Original Scientific Paper

Secure Domination Number in Kneser Graph

Abolfazl Bahmani * and Saeid Alikhani

Abstract

A vertex subset S C V(G) is defined as a secure dominating set if, for
any vertex u outside of S, there is a neighbor v € S such that the set
(S'\ {v}) U{u} remains a dominating set for the graph G. The minimum
cardinality of such a set is termed the secure domination number and is
denoted by 7s(G). In the present study, we establish specific bounds for the
secure domination number of Kneser graphs K (n, k). We further prove that
for the condition n > k? 4 2k, the value of (K (n, k)) is precisely k + 2.
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1. Introduction

We define a graph G = (V, E) as a structural pair consisting of a vertex set V,
which may be infinite, and an edge set E. If an edge e joins two vertices v and w,
we represent it as e = {v,w}. The degree of any vertex x € V, written as deg(x),
indicates the total number of vertices adjacent to it.

A subset of vertices forms a clique if every distinct pair of vertices within that
subset is connected by an edge. A graph homomorphism f from G to G’ is a
mapping f : V(G) — V(G’) that maintains adjacency; specifically, if {z,y} €
E(G), then {f(x), f(y)} € E(G’). A set S C V(G) is identified as a dominating
set of G if every vertex in V \ S has at least one neighbor located in S. The
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minimum size of such a set is the domination number, denoted v(G). For additional
foundational terminology, we refer the reader to [1, 2].

A secure dominating set is a subset S C V(G) such that for every u ¢ S,
there is some v € S where (S'\ {v}) U {u} remains a dominating set. The secure
domination number, vs(G), represents the smallest cardinality of such a set. This
concept was originally introduced by Cockayne et al. [3]. Numerous properties
and bounds for v, (G) have been explored across various graph classes [4-7].

Given positive integers ¢, k,n, and A where 0 < t < k < n, a A\-(n, k,t) design
is a set of k-element blocks from the n-set [n] = {a1,as,...,a,} such that every
t-element subset of [n] appears in exactly A blocks. Specifically, a 2-(k* +k+1,k+
1,1) design is a projective plane of order k, which exists when k is a prime power.
Conversely, a 2-(k?, k, 1) design is referred to as an affine plane of order k (see [8]).

The Kneser graph K(n,k) has a vertex set composed of all k-subsets of an
n-element set, with edges existing between disjoint subsets. For any (k — 1)-subset
A of [n], the upward shadow is the set of all k-subsets containing A (see [9]).
Previous work by Ivan¢o and Zelinka [10] addressed the domination and domatic
numbers for specific Kneser graphs. Ostergard et al. in [11] obtained some bounds
on the domination number of Kneser graphs while Bahmani and Emami recently
investigated total Roman domination in these graphs [12].

In the following sections, we prove that vs(K(n, k)) = k+2 whenever n > k% + 2k.
Additionally, we establish bounds for the secure domination number in the range
2k+1<n<k?+2k—1.

2. Main result

In this section, we present several original findings regarding the secure domination
number of Kneser graphs. To begin, we restate two essential theorems that serve
as the foundation for the proofs and discussions that follow.

Theorem 2.1 ([9]). Forn > 2k+ 1, the domination number of the Kneser graph
is y(K(n, k) =k+1.

Theorem 2.2 (9]). If n > k® — k + 1, then the projective plane of order k — 1
forms a dominating set in K(n,k).

Lemma 2.3. Letn > 2k+1. Suppose S is a secure dominating set of K (n, k) such
that no upward shadow of any (k — 1)-subset of [n] is contained within S. Under
these conditions, S remains a secure dominating set for the graph K(n+ 1,k).

Proof. Assume S represents a secure dominating set for the Kneser graph K(n, k)
defined on the set [n]. Let K(n + 1,k) be the graph constructed on the expanded
set [n] U {ant+1}. To demonstrate that S is secure in K(n + 1,k), consider any
vertex * = {x1,2a,..., 25} in K(n+ 1,k). We analyze two scenarios:

Case 1: any1 ¢ x. In this instance, z is inherently a vertex of K (n, k). Because
S is secure in K (n, k), there exists a neighbor y € S of = such that substituting y



Mathematics Interdisciplinary Research 11 (3) (2026) 243 — 251 245

with 2 maintains the domination property. Consequently, (S \ {y}) U {x} remains
a dominating set in the larger graph K(n + 1,k).

Case 2: any1 € x. Let & = {x1,29,...,Tk-1,an+1}. Given that S contains
no upward shadows of any (k — 1)-subset from [n], we can identify a vertex ¢ =
{x1,22,...,2k—1,a} with a € [n] that is adjacent to some d € S, where z is

also adjacent to d. Since replacing d with ¢ in S results in a dominating set, the
substitution (S'\ {d})U{x} likewise functions as a dominating set. Thus, S fulfills
the requirements of a secure dominating set for K(n + 1, k). O

Lemma 2.4. Forn > k? + k, every dominating set of K(n,k) with size k + 1 is
a clique.

Proof. By Theorem 2.1, for n > k*> + k, v(K(n,k)) = k + 1. Suppose, on the
contrary, that S = {D1,Da,...,Dr11} is a dominating set of size k + 1 for G
which is not a clique. There exist at least two elements Dy41 and Dy in S such
that Dxi1 N Dy = {x}. Now, consider a vertex y = {ai,...,ar—1,2} where
a; € D; for 1 < i < k—1. The vertex y does not adjacent to any vertex in 5,
which contradicts the fact that S is a dominating set. Therefore, for n > k% + k,
every dominating set of size k 4+ 1 is a clique. O

Lemma 2.5. Let G be a simple graph, and S C V be a dominating set in G.
If every vertex v € V '\ S has at least two neighbors in G, then S is a secure
dominating set in G.

Proof. Suppose that S C V(G) is a dominating set of a graph G, and every vertex
outside S has at least two neighbors in S. If we remove an arbitrary vertex s € S
and replace it with one of its neighbors, such as v ¢ S, then the resulting set
S’ = (S\ {s}) U{v} is still a dominating set. O

The following theorem gives a lower bound for the secure domination number
of K(n,k) for n > k? + k.

Theorem 2.6. Forn > k? +k, vs(K(n,k)) >k + 2.

Proof. We show that there is no secure dominating set of size smaller than k + 2.
Suppose, on the contrary, that S = {Dy, Da,..., D41} is a secure dominating
set for the graph G of size k + 1. By Lemma 2.4, the set S is a clique. Now
suppose that x is an arbitrary vertex outside S which intersects at least one of
the sets D;, say D;. If we remove an adjacent vertex of x from .S, such as D; and
replace it with x, the set (S'\ D;) Uz is no longer a clique (since x intersects D)
and by Lemma 2.4, this is a contradiction. Therefore, for n > k2 + k, we have
7s(G) > k + 2. O

Theorem 2.7. Forn > k? +k, v,(K(n,k)) < 2k + 2.
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Proof. Suppose that n = k> +k and for 1 <i,5 <k+1,S ={D1,Ds,...,Dpi1},
S" = {D1,Dy,..., D} ,}, where |D;| = |Dj| = k and D; N D; = D;N D} =0
such that S and S’ have no common elements. We claim that S U .S’ is a secure
dominating set for G. Every vertex outside S U S’ has at least two neighbors
in SUS’. Therefore, by Lemma 2.5, S U S’ is a secure dominating set. Since
S U S’ does not contain any upper shadows of (k — 1)-subsets of [n], we have
7s(G) < 2k + 2 where n > k% + k. O

Theorem 2.8. Forn > k? + 2k, vs(K(n,k)) = k + 2.

Proof. Suppose that n = k?+2k and S = {D1, D, ..., D42}, |D;| = k, D;ND; =
0 where 1 < 4,5 < k+2. We claim that S is a secure dominating set for G. It is clear
that any subset of size k+1 from S is a dominating set for K (k*+2k, k). Therefore,
every vertex outside S has at least two neighbors in S and hence, by Lemma 2.5,
the set S is a secure dominating set. Since S does not contain any upper shadows
of (k — 1)-subsets of [n], for n > k? + 2k, we have ~v4(G) < |S| = k + 2. On the
other hand, by Theorem 2.6, we have v5(G) > k+2. Therefore, vs(G) = k+2. O

Theorem 2.9. Ifn > ("2—2 + %k), k=2m, and m > 2, then

i) < (777,

Proof. Suppose n = k2 — (i - 3k> and S = {D1, Do, ..., Domss}, |Di| = m, and

2 2
|D;ND;| =0 where 1 <4,j < 2m+3. We claim that P,(S) (which is all 2-element
subsets of set S) is a secure dominating set for G. Suppose x = {x1,z2,..., T}

is an arbitrary vertex of G. The vertex x can intersect at most 2m elements of S.
Therefore, it does not intersect at least three elements of S and is dominated by
at least two elements of P»(S). By Lemma 2.5, P5(S) is a secure dominating set
for G. Since P»(S) does not contain any upper shadows of (k — 1)-subsets of [n],

we have for n > k2 — (k—; — %k),

VS(K(nvk)) < |P2(S)| =

(2m + 3)2(2m +2) _ (k- ;L 3) .

Theorem 2.10. If n > % + %k, k=2m and m > 2, then
3k
Vs(K(n,2)) < 5 +2.

Proof. Let n = 14;2—(%2 —3k)and S = {D1, Ds, ..., D3py3} where each |D;| = m,
and |D; N D;| =0 for 1 <4,j < 3m+ 2, ie., all the subsets are pairwise disjoint.
Define, for each 1 < ¢ < m, the set L; = {Ds;—2,D3;—1,D3;}. Now, define:

H = U~ Py(L;) U{D3m+1Dsm+2} U{Dspi2D3mi3} where Pr(L;) denotes the
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set of all 2-element subsets of L;. We claim that the set H is a secure dominating
set for the graph G. Let X = {x1,x9,...,%2,} be an arbitrary vertex of G.
If X intersects at least two elements of each L;, then X N {Ds;41, Damt2} =
X N{D3m+2, D3my3} = 0 and it is dominated by these two. Otherwise, suppose
there exists some j € {1,...,m} such that |L; N X| < 2. Then there exists a
vertex in P,(L;) that has no intersection with X. Therefore X is s-dominated by
at least two vertices of H. By Lemma 2.5, we have v,(G)) <| H |= 3£ + 2. Since
H does not contain the upward shadow of any (k — 1)-subset of [n], it follows that

if > k2 — (& — 2K) then 7,(G)) < % +2. -
We state and prove the following theorem to obtain more results.

Theorem 2.11. If there exists a surjective homomorphism from graph X to graph
Y, then

Vs(Y) < 75(X).

Proof. Suppose that S is a minimum secure dominating set in graph X and f is
a surjective homomorphism from the graph X to the graph Y. Since adjacency is
preserved in a homomorphism, it is clear that the image of S i.e., f(5) is also a
secure dominating set of Y. Therefore, we have v5(Y) <| f(S) |<] S |=7s(X). O

The following corollary compares the secure domination number of K (n—1,k—
1) and K(n, k).

Corollary 2.12. (i) vs(K(n—1,k—1)) < v:(K(n,k)).
(1) vs(K(n =2,k —1)) < vs(K(n, k).

Proof. (i) There exists a surjective homomorphism from the graph K(n,k) to
K(n—1,k—1) [9]. By Theorem 2.11, we have the result.

(ii) There exists a surjective homomorphism from the graph K(n, k) and K(n
2,k — 1) [9]. By Theorem 2.11, we conclude that v,(K(n — 2,k — 1))

Vs (K (n, k).

<

O

We close this section with presenting an upper bound for ~,(K (2k + 1, k)).
Theorem 2.13. v,(K(2k+ 1,k)) < (,f_kl)

Proof. Suppose that [n] = {c,a1,...,ax,b1,...,b;} and

S={{c,z1,...sxp_1} | {z1,...,25-1} C [n] — c}}.

Every arbitrary vertex outside S has at least two neighbors in S. Therefore, by

Lemma 2.5, the set S is a secure dominating set for G and we have v5(G) < |S| =

()- -



248 A. Bahmani et al. /Secure Domination Number in Kneser Graph

3. Secure domination number of K(n,k) for k = 2,3

In this section, we obtain some results for the secure domination number of K (n, 2)
for k = 2,3.

3.1 Results for K(n,?2)

The following theorem gives the secure domination number of K (n,2).

4, ifn=>5andn > 8§,
Theorem 3.1. ~,(K(n,2)) =
5, ifn=6T.

Proof. By Theorem 2.13, v,(K(5,2)) < 4. An analysis of the graph K(5,2) shows
that there exists no secure dominating set of cardinality less than 4. The set
S = {{1,2},{1,3},{1,4},{1,5},{1,6}} is a secure dominating set for K(6,2).
An analysis of the graph K(6,2) shows that there exists no secure dominat-
ing set of cardinality less than 5. Therefore, v5(K(6,2)) = 5. The set S =
{{1,2},{3,5},{4,5},{3,4},{6,7}} is a secure dominating set for K(7,2). An
analysis of the graph K(7,2) shows that there exists no secure dominating set
of cardinality less than 5 Therefore, v,(K(7,2)) = 5. Also, by Theorem 2.8, for
n > 8, we have v5(K(n,2)) = 4. O

3.2 Results for K(n,3)

In this subsection, we study the secure domination number for the graph K (n,3).
Theorem 3.2. (i) 5 < v4(K(n,3)) <14, forn=71,8.

(ii) 5 < v5(K(n,3)) <12, for n =9,10,11.

(ii) 5 < vs(K(n,3)) <8 forn=12,13,14.

(iv) Forn > 15, v,(K(n,2)) = 5.

Proof. (i) Suppose that S is the set of blocks of a projective plane of order 2,
and S’ is the set of blocks of another projective plane of order 2, whose blocks
are distinct from those of S. In this case, every vertex outside of S U S’ has
at least two neighbors in S U S’ (one neighbor in S and one neighbor in S').
Therefore, S U S’ is a secure dominating set for K(7,3). Since S U S’ does
not contain any upper shadows of 2-subsets, we have:

vs(K(n,3)) < |SUS|=14 for 7<n<8.
Also, by Theorem 2.6, we have:

5 <s(K(n,3)) <14 for 7<n<8.
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(ii) The blocks of the affine plane of order 3 form a secure dominating set for the
graph K (n,2) for n = 9,10,11. By Theorem 2.6, we have 5 < v,(K(n,3)) <
12 where 9 <n < 11.

(iii) By Theorems 2.6 and 2.7, we have 5 < v,(K(n,3)) < 8 where 12 <n < 14.

(iv) By Theorem 2.8, we have v5(K(n,2)) = 5 where n > 15.

4. Conclusion

In this paper, we have investigated the secure domination number, denoted by
vs(G), specifically within the context of Kneser graphs K(n,k). Our primary
contribution is the determination of the exact value for the secure domination
number when n is sufficiently large relative to k. Specifically, we proved that for
n > k% + 2k, the secure domination number is v, (K (n, k)) = k + 2.

Throughout our analysis, we established several key results and bounds:

e We proved that for n > k2 + k, the secure domination number is bounded
below by k + 2, showing that no secure dominating set of size k+ 1 can exist
in this range because any dominating set of size k + 1 must be a clique.

e We provided upper bounds for various ranges of n, including vs(K(n, k)) <
2k + 2 for n > k% + k and v,(K(n, k)) < (k'f) for specific even values of k.

o We demonstrated that graph homomorphisms can be used to compare secure
domination numbers, showing that if a surjective homomorphism exists from

graph X to Y, then 7,4(Y) < v,(X).

e Finally, we provided exact values and specific ranges for the secure domi-
nation number of smaller Kneser graphs where £ = 2 and k = 3, such as
determining that v,(K(n,2)) =4 for n =5 and n > 8.

Future research may focus on narrowing the bounds provided for the intermediate
range 2k + 1 < n < k? + 2k — 1, where the exact value of vs(K(n, k)) remains an
open question.
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