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Abstract

In this paper, an inverse nodal problem (INP) is solved for the Sturm-
Liouville (S-L) equation with Dirichlet boundary conditions and discontinu-
ity conditions inside (0, L). First, by new Priifer substitutions, we obtain the
asymptotic estimates of the eigenvalues. Then, by using the nodal points and
nodal lengths, we solve the inverse nodal problem and present the potential.
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1. Introduction

Second-order differential equations containing finite-time discontinuous points in-
side the finite or infinite intervals are considered in different subjects like physics,
mechanics, and mathematics. For example, inverse problem for the torsional
modes of the Earth is one of these problems. In [1], Hald showed that if the
density is known in the lower mantle, then the density is uniquely determined by
the eigenvalues of the torsional mode. In [2], the author considered two discontinu-
ities inside the interval [0, 7], and showed that the eigenvalues uniquely determine
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the potential in the whole interval. For more examples, see also [3-6] and the
references therein.

Let us consider the following (SL) problem with discontinuity conditions inside
the interval (0, L) for L > 0:

by = —u" + p(t)u = p?u, 0<t<L, (1)
u(0) =0 =wu(L), (2)
a2 +0) = ~0), (5 +0)= (% ~0) 3)

where 4 is the spectral parameter, p(t) is a real function, r is real, r > 0, r # 1,
and p(t) € C'([0, L]).

Solution of the inverse problem for the discontinuous (SL) problem is very
important and has been widely studied. In [7], Shieh and Yurko considered (1)
with boundary and discontinuity conditions «'(0) — hu(0) = 0, w/(L) + Hu(L) =0
and discontinuity conditions

v (0) — hu(0) =0, /(L) + Hu(L) =0, (4)
u(g +0) = alu(g ), u’(g +0) = ailu(g —0)+ agu(g _0), ()

where h, H, a1, as are real and p € L(0, L). They solved inverse nodal and inverse
spectral problems and established connections between these problems. In [8],
Yang considered (1), (4) and (5) with L = 1, and investigated the stability problem
using the nodal set of its eigenfunctions. He showed that the space of discontinuous
Sturm-Liouville operators are characterized by (g, h, H, a1, as). Ozkan and Keskin
[9] studied the (SL) problem consisting of (1) on the interval (0, 1), with boundary
and jump conditions dependent on the spectral parameter, linearly, as follows:

w(0) =0, X (1) + Hou(1)) — Hyu'(1) — Hau(1) = 0,
1 1 1 1,1 1
u(2 +0) —au(2 0), u(2 +0) = au(Q 0)+(>\+ﬁ)u(2 0),
where H;, 3 are real, @ > 0, HyHy; — Hy > 0 and p(z) is real-valued function in
L?(0,1). They showed that the nodal points can uniquely determine the coeffi-
cients of the problem (see also [10]). Inverse nodal and inverse eigenvalue problems
for (SL) operator were studied for various cases by Wang and Yurko [11, 12]. Also,
there are more results on inverse nodal and eigenvalue problems in the references
[13—22]. We note that Mosazadeh [16] considered a discontinuous non-selfadjoint
Sturm-Liouville operator with boundary conditions nonlinearly dependent on the
spectral parameter, and obtained the asymptotic representation of the solutions
and the eigenvalues. He provided a constructive procedure to obtain the asymp-
totic form of the eigenfunctions and their partial derivatives in discontinuous case
by the canonical form of the Bessel functions. For the continuous case, see [23].
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We collected this paper as follows: in Section 2, we will give the properties

of Priifer substitutions. These properties are obtained in two cases, t < £ and

2
t > % As far as we know, our definition of Priifer substitutions will be a new
definition in the literature. Then, we obtain the eigenvalues of the problem (1)-(3).
In Section 3, we will give nodal parameters and also present the solution of the

(INP) associated with (1)-(3).

2. The eigenvalues

In this section, we will present the Priifer substitutions and some of their prop-
erties. Specifically, we will introduce new Priifer substitutions for cases when the
phase function is discontinuous over the entire interval. Then, we obtain the eigen-
values of the operator ¢ with Dirichlet conditions (2) and discontinuity conditions
(3), by using the modified Priifer substitutions. We mention that since the old
Priifer substitutions are not applicable for the discontinuous case in our study, the
(INP) is investigated differently from the studies in [7-10].
By given solution u(t, 1) of Equation (1), we denote

u(t, p) = R(t) sin(pd(t)),
u'(t, 1) = pR(t) cos(ud(t)).

Here, R(t) and ¥(t, i) are called the aptitude and the phase functions, respectively.
Substituting u(t, u) = R(t) sin(pd(t)) into (1), and by standard computations, we
can easily obtain ¢'(t,pu) = 1 — “%p(t) sin?(u9(t)). For the solution of (1), we
assume that R is positive.

In case of discontinuity, Priifer substitutions are defned (1)-(3) as:

w(t, 1) = R(t) sin(ud(t)); for < g (6)
u(t, ) = R(L —t)sin(pd(L — 1)), for g <t<L. (7)

Differentiating both sides of the Equations (6)-(7) with respect to ¢, one obtains
that

(1) = pR(E) cos(ud(L)), for  t< % (8)
W' (t, u) = pR(L — t) cos(ud(L — t)), for g <t<L. 9)

Applying (6)-(9) to (1), it can be easily obtained

V(t)=1- %p(t) sin?(ud(t)), for t< g, (10)
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ﬁ%L—ﬂ:l—j%MﬂwmeL—ﬂ% for t>§. (11)

Many types of Priifer substitutions have been presented by other authors, but the
definitions given in (6)-(9) are new. These substitutions will be main key to study-
ing and solving the (INP) for the discontinuous (SL) problem. We insistently state
that in [7, 9, 10], the (INP) was investigated with different boundary conditions
and without using Priifer substitutions.

Theorem 2.1. The eigenvalues of the problem (1)-(3) are

- 2nm " 1
Hn = L dnm

where

Ir

—sin_l(m), if n is odd,
Tn =

a1 1 . .

sin (W)’ if nis even.

Proof. Since u(0) = 0, then ¥(0, u) = 0. Let u = py, it follows from discontinuity
conditions (3) that

ok —0) =

1
"

(2n7r—|—sin*1( 11”2)), n=0,1,2,3,---,

IE+0) = L(@n-Dr—sinTH (), n=1,23.

Integrating both sides of the Equation (10) with respect to z from 0 to % with
b = [y, We obtain:

L
L _[? p(t) . o
9 —0)= /0 (1- b sin (a9 ) (12)
L
L 1 2 1 z
=352 ), p(t)dt + 52 J, p(t) cos(2u,¥(t))dt.
Since
= (st
cos(2u,9(t)) = I <sm(2,un ( ))) ,
using integration by parts, we have
/g p(t) cos(2u,I(t))dt :(; sin(2,un19(t))) H
0 2un?’ (t) 0
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~ 2/ (ﬁ’(t)) sin(2p,9(t))dt.

This together with

1 1
¥V =1-0(=), ¥ =0(—), n — 00,
(/"[’?L) (,Un)
yields that
% 1
/ p(t) cos(2u,I(t))dt = O(/T) (13)
0 n
Substituting (13) into (12), we have
L L 1 (% 1

Similarly, from integrating both sides of (11) with respect to ¢ from % to L, we
obtain:

19(§+0): L 1t (/()Lp(t)dt—/fp(t)dt) +0(%). (15)

2 22

From (14) and (15), we obtain the following for each n € N:

L n 1 + (=17t 1
nm_L 7<M) +O(=).
fn 2 pn 2p2 2 1
Therefore,
L oy  1yG+(E=D"'6 -t
“F’”{T;‘m( 2 )*Oﬁ)} :
and hence we arrive the eigenvalues. O

3. Inverse nodal problem

In this section, first, the asymptotic forms of the nodal points and the nodal
lengths are presented. Then, we deduce a reconstruction formula for the potential
function ¢ by using the nodal lengths.

For the boundary value problem (SL), an analog of Sturm’s oscillation theorem
[20] is true. More precisely, the eigenfunction u,(t) = u(t, un) has exactly n — 1
(simple) zeros inside the interval (0,L). Let {tf}}Z] be the zeros of the eigen-
function w,(t). The following theorem gives the asymptotic form of the nodes of

(D-(3)-
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Theorem 3.1. The nodes of the problem (1)-(3) have the following asymptotic
form as n — oo:

kL L? [ L
k k
=+ 55 — = 1
b=t g | P0G, e 0.5, (16)
o KL Ko, L7 / " pirir (17)
"n n2m  8n2xw? J, b

Lr [

8n2m2

3 1 . L
| o). e,

Proof. For tk € (0, %), integrating (10) from 0 to t& and letting p = f1,,, we have

2% 1 [t 1 [t
S /0 p(r)r+ g [ pr) cosuadr)in (18)

Using the asymptotic form of u, in Theorem 2.1, we get

1 L L2 n—1 87 1

/Tn T onm 16n373 (Cl DTG+ L ) +O(T)’ (19)
1 L2 1

02 g OG- (20)

Substituting (19)-(20) into (18), we have
kL~ L? [ L2 [t 1
ke —— - S(24tn —). (21
= g [ 0= i [t cos(2un()ar +0(5). (21)

On the other hand,

tk'

/0 ’ (1) cos(2pn,(1))dT — 0,

as n — oo. From this and (21), we obtain (16). Similarly, for t& € (£,1L),

integrating (11) from £ to ¢* and letting 1 = yu,,, we obtain:

k L
kL kL, L [t L? B
th = B dr — —— d
" oon n2m + 8n27r2/0 p(r)dr 8n2772/0 p(r)dr

1
+dn + O(ﬁ)’

where

d, = e / / ) cos(2un (L — 7))dr.
n2mw

Since d,, — 0 as n — oo, we arrive at (17). O
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The nodal set {tfb}nZl,k:ﬁ is dense on the interval (0, L). Denote that ¢!, =
th+l k1 <k <n—1, to be the nodal lengths of u(t, j1,,), where % = L.

Theorem 3.2. Asymptotic estimates of the nodal lengths for the problem (1)-(3)
satisfy

or 1 [t 1 L
k=T d ), ~ 922
n [in 2/'631 /tﬁ p(T) T+O(u%)a n € (07 2)a ( )
g2 o 1 (Mdr +o(—), e (E (23)
" 22 Jy PO e E iy B

Now, let T,, = {t¥ Z;ll be the nodal set.

Theorem 3.3. Set the variable s to either 0 or 1. Given T,. Fort < %, the
function p € C1([0, L]) has the form

p(t) = lim

22 gk
(M) G ) (24)

for k =k, (t) = max{k : tF <t}.

Proof. According to Theorem 2.1, p,, ~ %Tﬂ as n — oo. Hence, from (22) we get

k+1
tn

L L? 1
k_ — i
0= - + SnZn? /tﬁ p(T)dT+0(u%).

On the other hand, from (22) and applying the mean value theorem, with fixed

k+1
n, there exists ¢, x € (£, t5+1) such that fttk" p(T)dT = p(cy i )l%. Therefore, we

obtain:
27 1
o= k) EE.
n= o 2%?(0 L
Thus,
47r,un /f"ngrl,i
o) = T (bl ) 4 o)
This together with “;—ﬁi =14 O(1) yields that
. finlE L
= lim 22 (=2 —1 =. 2
p(t) = lim 2, (= —1), <3 (25)

Now, substituting the asymptotic form of y,, from Theorem 2.1 into (25), we arrive
at (24). O

Similarly, we can prove the following theorem.
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Theorem 3.4. Set the variable s to either 0 or 1, and t € (%,L). Let T be a
subset of nodal points which is dense on (0,L). Then, the function p(t) can be
reconstructed via the formula:

2.3 k 1ys—1
p(t) = lim mL(% _n ) 2m(G + (=1)"" ")
n—ooo [2(2r +v,)\ L 2rm L2 + 7s)

for k = k,(t) = max{k : t& <t}.
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