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Abstract

In recent years, rapid technological advances have led to the emergence of
increasingly complex data structures, among which tensor data play a central
role. To address the challenges of analyzing such data, it is essential to
extend statistical concepts and methodologies to the tensor domain. In this
paper, we introduce the tensor-variate t and skew-t distributions and derive
several of their statistical properties. Parameter estimation is carried out
using the Expectation-Maximization (EM) algorithm, and the performance
of the proposed estimators is assessed through extensive simulation studies.
Finally, the effectiveness and practical applicability of the estimators are
demonstrated using real world data.
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1. Introduction

Over the past decade, the structure of collected data has become increasingly com-
plex across many scientific domains. Among these complex forms, one particularly
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notable structure is tensor-valued or multi-dimensional data. Tensors generalize
vectors and matrices to higher dimensions; formally, an Nth-order tensor is an
element of the tensor product of vector spaces, each associated with its own di-
mension or coordinate system. It is important to distinguish this mathematical
notion of tensors from the classical usage in physics and engineering (e.g., stress or
strain tensors), which are more accurately described as tensor fields in mathemat-
ical terminology [1, 2]. Extensive work on elliptical models, tensor matrix variate
distributions and robust estimation aligns perfectly with [3]. As high-dimensional
and structured data becomes prevalent in applied research such as chemometrics,
computer vision, image analysis, and psychometrics, there is a growing need to
develop statistical theory and methodology that directly accommodates tensorial
structures. While substantial advances have been made in extending classical sta-
tistical tools from random vectors (multivariate analysis) to random matrices, a
further generalization to random tensors is essential for preserving intrinsic data
structures and ensuring analytical accuracy. The importance of this extension
has been emphasized in foundational works such as [4, 5]. These studies argue
that preserving the tensor structure during statistical analysis is critical because
flattening tensors into vectors or matrices often leads to the loss of multidimen-
sional dependencies and valuable information. A compelling argument for this
need is presented in [6], where the authors demonstrate how employing vector-
based methods on inherently tensorial data can result in misleading or suboptimal
inferences. Despite the widespread application of tensor data in numerous disci-
plines, the development of statistical distributions and inference methods tailored
to tensors remains limited. While some research has addressed tensor normal dis-
tributions [5], elliptical distributions [7], and risk estimation under tensor-elliptical
errors [8], these works predominantly assume symmetry in the underlying distribu-
tions -a condition often violated in real-world data. Moreover, outliers and skewed
data structures are common, further highlighting the need for flexible and robust
tensor-based models. Recent contributions such as [9] have introduced skewed
tensor-variate distributions that generalize their matrix counterparts and are ca-
pable of capturing skewness and kurtosis. Similarly, [10] proposed a regression
model for skewed tensor responses, marking an important step toward accommo-
dating real-world data complexities. Nonetheless, the literature on skewed and
heavy-tailed tensor distributions remains scarce. To address this gap, the present
study investigates the Tensor-Variate t and skew-t (TVT, TVST) distributions,
motivated by the well-established role of the classical and skew-t distributions in
modeling heavy-tailed data and robust inference. This work aims to extend the
applicability of the t and skew-t distributions to the tensor domain, providing a
rigorous framework for modeling and inference.

The remainder of this paper is organized as follows. Section 2 introduces the
TVT and TVST distributions, along with notational conventions, and derives key
properties such as the density function, expectation, and characteristic function.
In Section 3, parameter estimation using EM algorithm is discussed. Simulation
and analysis of observed data is presented in Section 4. In Section 5, a real example
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is illustrated and using the results obtained in Section 3, we discuss the efficiency
of the model presented in the paper.

2. Model

In this section, we introduce the basic concepts of tensors, the TVT and TVST
distributions and establish some of their properties.

2.1 Background and preliminaries

A tensor is formally defined as a multidimensional array. Specifically, a kth-order
tensor is an array with & dimensions, denoted by

X € R*5=175

The order of a tensor, also referred to as its modes or ways, is given by k. Here,
p; represents the marginal dimension of the jth mode (j = 1,2,...,k). The
(41,42, ... ,9%)th entry of X is denoted by x;, i,,... 4., Where i; = 1,2,..., p; for each
7 =1,2,..., k. Moreover, by fixing certain indices of the tensor, one can obtain
a tensor of lower order. In particular, a tensor can be unfolded or flattened into
a matrix or a vector, denoted by X and x, respectively. This process facilitates
explicit computations and provides a convenient link between tensor-based and
matrix/vector-based methods. For further details on these concepts, see [4] and
[11].

The vectorial representation of a tensor provides a convenient way to simplify
related inferences. Let vec(X) denote the vectorization of a tensor

X = (*/'Cil,iz,u»’ik)’

which arranges all tensor entries into a single column vector. Following the defini-
tion given in [4], this operation allows tensor-valued objects to be expressed in a
linear algebraic form, thereby facilitating theoretical analysis and computational
implementation.

p1 Pr
1 k
x =vec(X) = E g Tiyig...i, €y O @€,

=1 =1

— P

= Liyiz...ix €1 (1)
IP

where efk,efkf_ll, ..., e} are the unit basis vectors (a p-vector with 1 in the jth

position, and 0 elsewhere) of size py, pk—1, ..., p1, respectively, el , = e}l .. .@)ei-“,c7

where ® denotes the Kronecker product, I, is the index set defined as I, =
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In [5], the authors focused on the estimation of a Kronecker-structured covari-
ance matrix of order three (k = 3), known as the double separable covariance
matrix. This work generalizes the earlier results of [12] for the multilinear normal
(MLN) distribution. Further, let

1 1
pa=[pi amd pl,=> p (2)
i=j i=j
with the special cases

p*=plu and  pT=pf,, (3)

respectively. Whenever no ambiguity arises, the dimension of the basis vectors
will be omitted and we shall simply write efll as e;,, and e’ iy @S €41y, et

Let TP denote the space of all p dimensional vectors & = vec(X'), where X is
a tensor of order k, i.e., TP ={x:x = ZI,, Tiris..in€ls}- It is worth noting that
this tensor space is described using vectors. Alternatively, tensor spaces may be
defined in terms of matrices, as presented in the following definition.

Definition 2.1. Let

(Z) qu

Il
=
Il
8
5
L
Eal
&,
&
i
(o)
=g
=~
=
o)
=Q
=
‘:«—‘
=
=0
0]
=
(0]

,,,,,

I,Ul,
Iq:{jla"'7jl . 1§]z Spwl SIS l}>
(i) T8 = {XeT?: X=X1®...0 X, X;:p Xq},
The derivation of the TVT and TVST distributions relies on the Tensor-variate

normal (TVN) distribution. The probability density function (pdf) of the TVN
distribution is given as follows.

Definition 2.2. If X is a random order-k tensor, with dimensional lengths p; =
p2 = ... = pg, then it follows that the density function of a TVN distribution,
TVT (M, X4,...,3) can be written as

k

frla) = 2m) (H yw) cap{ ~ L w'Siie-w} @

=1

where z,p € TP, £1k = (1 @...0%) ' =2 e oS L [T, |5 ®0 =

_1 o —1 o\ %
(23) " (10%) x (19F) T = [miemie . oml -

|E’7% and p* is defined in (3).
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2.2 Characterizing the TVT and TVST distributions

In this subsection, we introduce the TVT and TVST distributions and estab-
lish some of their fundamental properties. In the multivariate and matrix vari-
ate settings, the normal variance mean mixture model is a computationally ef-
ficient way to introduce t and skew-t distributions. In the multivariate case,
this formulation assumes that the random vector & can be expressed in the form
x = p+ W68 + VWV, where p is a location vector, § is a skewness vector,
V ~ N(0;%), and W > 0 is a positive random variable. This approach was
extended to the matrix variate case by [13] and this is now generated to the ten-
sor case to derive t and skew-t tensor-variate distributions. We now provide a
derivation of a TVT and TVST distributions. We say that an k order random
tensor X has a TVST distribution, TVST(M,S, X1k, v) if X admits the rep-
resentation X = M + WS + VWV and reduces to the TVT distribution when
S € T = 0 where M € T2 is k dimensional order tensors, V ~ N(M,X.;)
and W is Inv-Gamma(v/2;v/2) where Inv-Gamma(.) denotes the inverse-gamma
distribution. Similar to its multivariate [14] and matrix variate [13] counterparts,
p = vec(M) acts as a location tensor, § = wvec(S) is a skewness parameter,
3, ..., X are scale matrices, and v is the degrees of freedom. It then follows that
X|W =w ~ N(p+ wd,wX) and thus the joint density of X and W is

fr(@w) = foxjw=w)(®lw)fu(w)
(v)2)@/ D=1
(m) 2 (T, [=:] 7 1/2)
X exp{ - i (& —p—wd)E] 1 (x — p—wd) +v) }

Therefore, the marginal density of X" is

fx(x)

/0 f(XIWZw)(m|w)fw(w)dw
v , - }
* —~(xz—p) 2,0
(27T)% Hle ‘El p*/zpiF(V/Q) exp{ 2(([1 H) 1:k

- . 2—1 v
y /OO e 1eXp{ |:wA( ’ 1]16) + B(a:a,uty 1:k) :| }(”U,
- (s by : w

where A(8,37;) = 0" 2,0 and B(x; p1, B14) = (x — p) T2 (z — p). Now, we
can derive the density of TVST and TVT distributions.

Theorem 2.3. The density function of the TVST and TVT distribution are given

as
” _vtpx
2v% exp {—3(® — p) B0} (Bla;p, Ty +v)
frvsr(x) = P— e
(QW)T Hi:1 ‘Ei p*/2piF(V/2) A(ﬁ,lek)
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< Ko (VaGEDB@ED 1),

2 (1 /2)/2) r (%)
fTVT(w) = . k *p*/(2pz‘) v4p* *
(2m) /2 (TTE, [ YTW/2) (B, 570) +v)

where v > 0.
To simplify the notation, these distributions will hereafter be denoted by
TVST,(1r,8,21.k,v), Tp(p, 1., V).

Theorem 2.4. Characteristic functions of TVST and TVT distributions are given
as

(W/2)"/ K s <\/(t’21;kt —2i'9) 1/)

t) = 2exp (it/ , 5

orvsT(t) p (it'w) T(v/2) (t/221:kt —it’é)fy/ll (5)
K_,,n(v/#XZ1t)v

rentt) = 2o i) -2 Mu/)a 6)

[(v/2) (¥2Lxt)

2
the third kind with index .

where Ky(z) = 1 f0°° y)‘*lexp{% <y + i) } dy is the modified Bessel function of

Proof. Without loss of generality, suppose that € ~ TV STp(p, 8, 21.5,v). So,
px(t) = E{E (exp (it'z) |W = w)}
= exp (it'p) /000 exp {z’t’éw - % (t'S1.xt) w} fw (w) dw
/2" K_, <\/(t’21:;€t —2i3) 1/)
D(v/2) (L2t — it/5) """

= 2exp (it'u)

Therefore, the characteristic function of the TVT distribution can be readily de-
rived. O

To compute moments, we need a suitable differential operator (matrix deriva-
tive). Let Y € TP be a function of X € 7, with their vectorized versions y
and x, defined as

_ q(1:k2) p(1:k1)
Y= D D Vi S © i

113k J1:0ky

_ E 2 s(1:kq) r(1:ks3)
r = mmlimk3n11ﬂk4 enl:n;C4 ® emlzmk3 )

ml:mk3 nl:nk4
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respectively. Then,

’

y dy Wi sin, g1 s(1:k r(1:k a(lik) o (p(Lik1)
X - dx - Z Z Z Z 0 1 X (en(l:n’il) ®e77gl’77323) (ejl:jk; ®eil:i’“ll ) ’

= = Tmymy,nin
1100y J1:kg M1 MKy N1iNE, 1Meg 11Tk y

Higher order derivatives may be defined recursively, i.e.,
Y d d*-y (8)
dx*  dXaxtv

Theorem 2.5. The mean of random tensor of TVST and TVT distributions are
given by

v
Erysr(z) = p+ Eé’ v>2,
ETVT(ZC) = M.
Proof. Applying (7) to ¢(t), and evaluating the derivatives at t = 0, the desired
result is obtained. O

If we aim to express a multivariate density or distribution function using the
multivariate Student’s t distribution, certain expansions arise in which multivariate
densities, distribution functions, cumulants, and Hermite polynomials naturally
appear. The derivation of explicit expressions for low-order Hermite polynomials
constitutes the concluding focus of this subsection.

Definition 2.6. The matrix H (x, i, 2) is called multivariate Hermite polynomial
of order k for the vector g and the matrix X > 0, if it satisfies the equality:

dkf;((:c)

dxk = (71)kH (waﬂ»z) fX(w)’ k= 0,1,---,

where d‘f; is given by (8), and fx(x) is the pdf (5).

The explicit formulas for the first two Hermite polynomials will be given in the
next theorem.

Theorem 2.7. Letx ~ TVTI,(u, X, 6), where x € TP. The Hermite polynomials,
H (x,pu,X),k=0,1,2, are of the form:

(Z) HO (w>ﬂ721:k) = 17
.. _ + px
H Sy = Sl () TP
(ZZ) 1 (ma“7 l.k) 1:k ($ I,L) C(a’; — N) n l/,
_ r 4 (V+px+2)(v+ px _ vV + px
(iti) Hy(w,p,B1x) = g (@—p)(z—p) 21:,16( P )V +p#) »n-1 p

oo T

where ((x) = (B/E;}CCB.
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Proof. For k = 0, the relation in (Definition 2.6) turns into a trivial identity and
we obtain that
HO (wvll'a E) = ]-»

For k =1 the first order derivative equals

dfx(z) dfxjw (z|w) fw (w)
dx N / dx dw
= I (@—p)E(WX) fx(z)
= Sl @—p) P pi(a)
r o —p)+0777

where W|X is Inv-Gamma ((v + px)/2, (((x — p) + v)/2). Thus, (Definition 2.6)
yields (ii). To prove (iii) we have to find the second order derivative, i.e.

fr(x) /d2fX|W(w|w)fW(w)

dx? dx? dw

(v +p*+2)(v+ px)
((z — p) +v)?

= S (x—p)(z—p S fx(x) — 57,

O

Hermite polynomials have extensive applications across mathematics, statis-
tics, physics, and numerical analysis. In probability theory, they play a central role
in Edgeworth and Gram—Charlier expansions, where they refine normal approxi-
mations and model departures from normality. They are fundamental in Gaussian
quadrature for numerical integration and arise naturally in quantum mechanics
as representations of wave functions for harmonic oscillators. In signal process-
ing, Hermite polynomials are applied in noise reduction and signal approximation,
while in machine learning, they support feature engineering and the modeling
of nonlinear relationships. Furthermore, in financial mathematics, they are uti-
lized in option pricing and risk analysis. Collectively, these diverse applications
highlight their indispensable role in both theoretical developments and practical
problem-solving.

In the following, we derive the marginal distributions. For this purpose, sup-

. . P
pose that the tensor X is partitioned as X = < ”), over the rth mode so that

Xy,
Ty, =vec(Xy) = M, x, 9)
Tr, =vec(Xy,) = M,,x, (10)
where
M, = eV eel o[ () (1)

Sk (@ —p) (@ —p) SLE (W2X) fr(z) — S E (WHA) fa(z)
vV + px
(e —p) +v

f)c'((lt)
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M, _ ep(l:rfl) ® ePr—m ® ep(rJrl:k) (ep )/, (12)

2 110 —1 Lpr—m iry1:k 110k

I,

with their respective index sets

I’r'l = {ilv"'aik:lgitgptvtzlf"aT_lar+17"',k71Si7'Sm}7
I, {i1, - yig: 1<z <p,t=1,---,r=1r+1,--- Jkkm+1<i. <p.}.

Theorem 2.8. Let x,,, be as defined in (9), then

Lpy TVSTT1(MT1N7MT157MﬁElikM/h’V)’
Lpy TVTm(MvaMhzlikM;“NV)'

Proof. We start from the following representation:
T, =M, p+WM, §+VvVWM, V.

According to [5],
Vm = Mm v,

follows a tensor-variate normal distribution
V. ~ N, (0, anmMjl) .
By invoking Theorem 2.3, the desired result immediately follows. O

At the end of this section, we present the following theorem, which allows for
the examination of several noteworthy special cases through appropriate choices
of A.

Theorem 2.9. Let
x ~TVSTy(p,8, %14, V),

wherex € TP and X1, = ®§:1 3, denotes the Kronecker-structured scale matriz.

Let A € TgXp be a nonsingular (invertible) linear operator acting on the tensor
space (equivalently, an invertible ¢ X p matriz on the vectorized representation,).
Then the linear transformation y = Ax has the following distributions:

Ax ~ TVSTq(Au, A, AX ., A, u),

and in the special case 6 = 0 Ax ~ TVTq(Au7 A LA, u). In other words,
under an invertible linear mapping, the TVST family is closed and the parameters
transform by

ny=Ap, 04 = A0, Ta=A% A
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Proof. We use the scale-mean mixture representation of the TVST distribution.
By assumption, there exists a positive scalar mixing variable W and applying the
linear mapping A to both sides

Az = Ap + W(AS) + VW (AV).
Since V' ~ N,(0,X1.;), linearity of the multivariate normal implies
AV ~ N, (0, AZ,A).
Therefore, conditional on W = w,
Az | W =w ~ Nq(Au + wAd, wAElzkA/).

Marginalizing over the same mixing law W (with unchanged distribution) yields
exactly the scale-mean mixture form that defines a ¢-dimensional tensor-variate
skew-t with location Au, skewness AJ, scale AX ., A’ and degrees of freedom v.
This proves the first claim. For the second statement, set d = 0. Then the mixture
reduces to a (symmetric) scale mixture of normals that defines the tensor-variate ¢
distribution. Applying the same linear mapping shows closure of the TVT family
under nonsingular linear transformations with transformed parameters Ap and
AX; A’ (and the same degrees of freedom v). This completes the proof. O

3. Parameter estimation via EM algorithm

Assume that there are n independent tensor observations X = (X1, Xs,..., &,)
drawn from the density function fx(x), with their corresponding vector represen-
tations ® = (x1,X2,...,X,). Let @ denote the parameter vector comprising p,
34,..., 2, and v. In this section, we address the maximum likelihood estimation
(MLE) of 8 based on the observed samples X1, Xa, ..., X, and we derive Expec-
tation Maximization (EM) algorithm for its computation. We treat the observed
data as incomplete by introducing latent variables w; associated with each obser-
vation. Accordingly, the complete log-likelihood function for the TVST and TVT
distributions (the latter obtained when § = 0) is given by

7 - log |35

n k
ESWLANE o Ed s S _
.(0) = 5 log(2> Z( 5 +1> logw; — nlogT'(v/2) n; 2

i=1
n

- Z L (@i — p— wi6) S (2 — o — w;0) + ], (13)

2w;
i=1 v

We proceed by using an ECM algorithm described below.

e Initialization: Initialize the parameters p, 3; for j=1,...,p and § (or A).



Mathematics Interdisciplinary Research 11 (3) (2026) 299 — 319 309
I —

e E Step: The expected value of the complete data log-likelihood I.(@)with
respect to the conditional distribution of the missing data w; given the ob-
served data x; and the current estimate of the parameter 9(m) at the iteration
mth is

H(m)

Q016" =1(1(0) | 2.0™)

= %log<g) — z": (V—;p + 1) E(logWi | mi,é(m))

koo«
—nlogT'(v/2) — nz gp- log|%;|
i=1

;E(QWZ‘ |mi,0m > [(wi*“)/zhi(mi*u)er]

1 n 7 1 n _
+ 3 Z(mz - H)lzmlqd + B} Z 5/21:11c(5’3i - n)
=1 =1
AN B(w 2.8 55 s
5> E(Wil = 140
=1

By definition, the conditional distribution of W given X = x is a Generalized
inverse Gaussian (GIG) distribution with density function as

_ v+p*
A8,211) 4
B(E;H,E;;) _V+2p*

w
2K _vipe <\/A(6,21:,1€) B(z; 1, 11 +V)

{ 1
X exp —5

where A(8, %) = 6" %746 and B(a; 1, 1) = (@ — )" S (x — ). So,
we can write [9]:

fw(w|z) =

B(a:; u, Efi) +v
w

A6, =) w+

\/B(:E; o, Ef,lg) +v K—%H (\/A(é, Eflls) (B(=; p, Efllf) + V))
a(@|lx) = E(W;|x,0) = =
VAGS) Ky (Va0E Bz 1)
A EDE e (VAGED) (Blaim=]) )

VB@ e B0) vk e (\/A(é, S0 (Blap 3i0) + y))

b

|2L'79) =
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(v +p7)
B(zyp, 1) + v

\/B(a:; n, El_,le) +v
A(8,314)

0 _ Z
+ og k6, (AG20]) (Blam 2 +0)).

c(@|x) = E(log(W)|x, 0) = log

e CM Step: By maximizing Q(9|é(m)) over 0, derive é(mﬂ) which are given
by
1. Update u
S <6(9(m)\az)b(é(m)\w )-1)
~(m+1) _ =17 g
HrvsT —(m) - ) ;
a0 lz) 3, b(0 i) —n
n (m)
C(mt1)  _ 2aim1 b( )i
Hryr ™ = - m) .
2 i 5(9 ;)
2. Update §
A(m) A(m)
ey i (50" 2) — (0" )
TVST = T (m) - 0
oo lx) > al |zi) —n
3. Update 3;,j =1,...,k,
o (m+1) Dy (m) (m+1) $ -1 N (m+1)
Tjrvst) = - Zb @) ( Ti() — B) )@ (“3 ) )
d#j
A(m+1) $ -1 . (m+1)
- 9 ® ("’i(a‘) i) )

d#j
~ (m+1) A -1 (m+1)
- ( Ti() ~ M) )® ( ) )
A(m+1 (m+1)
+ a®"2ns N @5, (%) ) :
d#j

o (m+1) Py ( ) ~ (m+1 o1 ~(m
Sirvry = j Zb |2 (a:(5) — ( + )) 2 (@) — g +1))/.
d#j

As was discussed in [15] and [9] for parameter estimation in the matrix
variate case and tensor-variate case, and in [16] for the order k case,
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the estimates of 3 are unique only up to a multiplicative constant.
Indeed, if we let

E(k) = 2(k)7 k=2, ..,p,

I(k),11
where o1 11 is the first entry in 3 and

P

2~3(1) = H T(k),112(1)> s
k=2

then
P P
QT = Q B,
k=1 k=1
and therefore the likelihood is unchanged. So the estimate of the Kro-
necker product would be unique.

4. The update for the degrees of freedom cannot be obtained in closed
form. Instead, we solve Equation (14) for v to obtain »("+1),

log(g) +1- ¢(%) _ % 3 (b(é(’”)

=1

@)+ @), ()

where ¢ is the digamma function and ¢(8|x;) = E(log W;|x;, 6).
The iterations of the EM algorithm are repeated until the desired con-
vergence criteria are achieved.

4. A simulation study

To assess the performance of the estimators proposed in the previous section un-
der different sample sizes, we consider both the TVT and TVST distributions.
Random samples of sizes n = 100, 150, and 200 are generated, each with 1000
replications, from the distributions TV T, (p, X1.x,v) and TVSTp(p, 6, X1.k, V),
where p = (2,2,2) and %, = I, for ¢ = 1,2,3. The tensor mean parameters are
specified as follows:

[05 1.0 _[ro —05)
Fa=\_o5 o050 *27lo5 10| V7%

Note that to generate random tensor samples from the aforementioned distribu-
tions, the rTensor package in R software can be employed.
As for the initialization of the EM algorithm, the sample mean tensor is con-

sidered as
1 n
IJ‘O = E E Ti,
=1
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and the initial estimates of the covariance matrices are obtained as

0 Pi v 0 0 1
B0 = LY @i — ) ) ) G=12 0k,
i=1

where x;(;) denotes the mode-j matricization of the tensor x; and p* = H?Zl Dj-
Furthermore, the convergence of the EM algorithm is assessed using the criterion

max ‘0(m+1) — 9| <1072
re{l,...,d} " " ’
where d denotes the dimension of the parameter vector 6.

The simulation results, including the average bias and mean squared error
(MSE) of the estimates, are summarized in Tables 1 to 4, corresponding to p, 9,
v,and X, (j =1,...,p), respectively.

As observed from these tables, increasing the sample size (n) leads to a reduc-
tion in both the absolute value of the average bias and the mean squared error of
the maximum likelihood estimates for each component of 8. This behavior con-
firms the consistency property of the MLEs.

To assess the accuracy of the estimated model parameters, we employ the relative
error measure, as reported in Table 5. This metric quantifies the closeness between
the estimated parameters and their true values, and is defined as

IV -Vir
Vie -

where || - || denotes the Frobenius matrix norm, V' represents the estimated pa-
rameter value, and V' denotes the true parameter value used to generate the sim-
ulated data. A smaller value of this ratio indicates a more accurate estimation of
the model parameters.

The results presented in Table 5 demonstrate that the estimation accuracy
improves as the sample size increases. Furthermore, it can be observed that the
proposed estimators perform better under the TVT distribution compared to the
TVST distribution. Figure 1 illustrates the relative estimation errors under the
TVT (blue) and TVST (red) models for n = 100, 150, 200. The TVT model yields
smaller errors for the mean (u), while the TVST achieves better accuracy for
degrees of freedom (v) and covariance components (X1,39,33). Skewness (4)
is difficult to estimate, improving only slightly with larger n. Overall, the TVT
model is preferable for location, whereas the TVST is more effective for dispersion
and shape.

5. Image analysis

We now consider an analysis of red—green—blue (RGB) images, which can naturally
be represented as third-order tensors. Each image consists of three color intensity
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Table 1: Average bias and MSE for p for skew-t distribution.

L. . Bias MSE
Distributions - Component 155 “ 150 12900 n =100 n=150 n =200
fi111 0.0592  0.0394  0.03908  0.0885 _ 0.0613 _ 0.0435
fi211 01839 01654 0.1693  0.0827  0.0691  0.0541
Li121 0.0609  0.0319  0.0333  0.0728  0.0501  0.0331
ST [i221 01758  0.1597  0.1632  0.0699  0.0607  0.0455
T 0.0482  -0.0058 -0.0123  0.0944  0.0603  0.0421
[i212 0.1481  0.1150  0.1028  0.0707  0.0540  0.0351
T 0.0083  -0.0109 -0.0194 0.0706  0.0462  0.0330
[i222 0.1199  0.0982  0.0981  0.0540  0.0393  0.0287
[i111 0.0042  -0.0026 -0.0028 _ 0.0304 _ 0.0203 _ 0.0151
fia11 0.0007  -0.0045 -0.0024  0.0193  0.0119  0.0089
fi121 0.0082  0.0024  0.0003  0.0237  0.0168  0.0119
T [1221 0.0093  -0.0010 -0.0018  0.0146  0.0093  0.0072
[i112 0.0123  -0.0030  0.0035  0.0272  0.0178  0.0122
[i212 0.0004 -0.0036  0.0037  0.0163  0.0104  0.0076
[122 20.0005  0.0051  0.0039  0.0231  0.0146  0.0112
Ji222 20.0019  0.0021  0.0022  0.0144  0.0082  0.0064

Table 2: Average bias and MSE for §.

L. . Bias MSE

Distribution  Component 100 Z 450 1 Z 900 n=100 n=150 n =200
b 202833 -0.2737 -0.2718  0.1143 _ 0.0943 _ 0.0910

So11 20.5956  -0.5859  -0.5887  0.3807  0.3577  0.3606

101 20.2750  -0.2630  -0.2721  0.1005  0.0880  0.0860

- S92 20.5886  -0.5779  -0.5848  0.3678  0.3496  0.3527

112 20.2799  -0.2502  -0.2471  0.1172  0.0887  0.0776

Sa10 20.5814  -0.5623 -0.5565  0.3698  0.3352  0.3214

S199 20.2536  -0.2409  -0.2450  0.0936  0.0775  0.0726

S99 20.5637  -0.5480  -0.5545  0.3415  0.3182  0.3176

matrices corresponding to the red, green, and blue channels stacked along the
third mode, thereby forming an order-3 tensor representation. The images used
in this study were obtained from the CIFAR-100 dataset [17]. Specifically, we
selected images of maple trees exhibiting green or yellow leaves, which belong to
the CIFAR-100 class hierarchy under the superclass trees and subclass maple. To
refine the selection, RGB arrays were converted into the HSL (Hue, Saturation,
Lightness) color space, enabling the removal of images that did not correspond
to the desired leaf colors. Each image tensor has dimensions p = (32,32,3). An
example of one such image from our sample of 212 tensors is shown in Figure 2
(left).

Using the EM algorithm, we estimate the parameters of the TVT and TVST
distributions. Figure 2 (center and right) illustrates the reconstructed color im-
ages obtained from the estimated mean tensors based on the TVT and TVST
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Table 3: Average bias and MSE for v.

Distribution Bias MSE
n=100 n=150 n=200 n=100 n=150 n =200
ST 0.1145 -0.0099 0.0295 0.3031 0.2770 0.2335
T 0.4384 0.4283 0.4254 0.9131 0.5215 0.4540

Table 4: Average bias and MSE for 3,.,r =1,2,3.

Bias MSE

(p1,p2,ps)  Component n=100 n=150 n=200 n=100 n=150 n =200
o1 1.3367 1.6709  6.2678  2.0406  1.8482  1.1942

ol o1 =0 02025 02186 02108  0.1795  0.1528  0.1251

0 0.4962  0.4553  0.4467  0.3330  0.3177  0.2571

o1 05110  -0.5097 -0.5057  0.2551  0.2523  0.2515

ST ol o2 =0y 02142  -0.2100 -0.2105 0.0484  0.0458  0.0456
o 0.6941  -0.6937 -0.6925  0.4907  0.4867  0.4818

o1 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000

s o2 =0 -0.2479  -0.2460 -0.2372  0.0634  0.0622  0.0621

P S1.1554  -1.1534  -1.1412  1.3417  1.3414  1.3407

o1 15075 156656  1.5684  2.7574  2.5861  2.5617

DN o1a =09 03670  0.3609  0.3576  0.1657  0.1501  0.1432

09 0.6235  0.6182  0.6140  0.4604  0.4191  0.4154

o 05112 -0.5101  -0.5097  0.2563  0.2550  0.2543

T b o2 =02 02155 -0.2161 -0.2157  0.0490  0.0483  0.0477
092 20.6972  -0.6955 -0.6946  0.4936  0.4890  0.4866

o1 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000

¥, o2 =0y 02521 -0.2531 -0.2517  0.0656  0.0654  0.0643

P 211620 -1.1614 -1.1644  1.3563  1.3532  1.3590

distributions, respectively. As observed, key structural elements such as the sky,
tree trunk, and branches are clearly distinguishable in both reconstructions. This
demonstrates the capability of the proposed tensor-based models to effectively pre-
serve essential spatial and color information. Such properties make these models
particularly useful for applications including automatic vegetation classification,
object detection in natural scenes, and image data compression.

The histogram in Figure 3 illustrates the pixel intensity distributions of the orig-
inal image and the estimated mean tensors obtained from the TVT and TVST
distributions. The original image (red) exhibits a clear bimodal pattern, with
one peak located in the lower intensity range (approximately 0.2-0.4) and an-
other near intensity 1. The TVT model (orange) successfully captures the main
mode of the distribution but fails to adequately represent the secondary peak and
the variability observed at higher intensity levels, indicating its limited ability
to model heavy-tailed or multimodal structures in image data. The TVT model
demonstrates a better fit to the real data compared to the TVST model. It more
accurately captures the central peak around 0.4-0.5 and also provides an improved
representation of the tails and the spread of pixel intensities. Overall, the results
indicate that the TVT distribution provides a more accurate estimation of the
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Table 5: Relative Error for p,v, 4§, 3 3.

distribution n I v 1) > pI pIN
100 0.3289 0.1168 0.6051 0.6294 0.6201 0.6417
ST 150 0.2736 0.1141 0.5788 0.6201 0.6478 0.8806
200 0.2396 0.1070 0.5752 0.5799 0.6277 0.6327
100 0.1755 0.1815 - 0.6937 0.6885 0.7073
T 150 0.1421 0.1422 - 0.6817 0.6894 0.6922
200 0.1213 0.1301 - 0.6880 0.6840 0.6917

B w

Figure 1: Relative Error for p,v,¥q,3s, 33 and § for TVT (blue) and TVST
(red) distributions.

mean and better reflects the statistical characteristics of the image data compared
to the TVST model.

As the degrees of freedom increases, the proposed models reduce to the tensor-
variate normal and tensor-variate skew-normal distributions. Accordingly, Table 6
presents a comparison between these two sub models ([18]) and the proposed mod-
els, via the AIC, BIC, and log-likelihood values. According to the results presented
in Table 6 , the Normal and Skew-Normal models yield substantially lower AIC
and BIC values compared with the tensor-variate t based models, indicating a
better trade-off between model fit and complexity under these criteria. Among
them, the Skew-Normal model achieves the smallest AIC and BIC, together with
the highest log-likelihood value, suggesting a slightly improved fit over the Normal
model. In contrast, the TVT and TVST models exhibit larger AIC and BIC val-
ues, reflecting increased model complexity. However, the TVST model attains the
lowest log-likelihood, followed by the TVT model, highlighting their greater flex-
ibility in modeling heavy-tailed and asymmetric behavior. Overall, these results
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Figure 2: An image of a maple tree from CIFAR-100 data set (left) and an image
of the mean tensor based on TVST and TVT distributions, respectively.

suggest that while normal-based models are favored by information criteria in this
setting, tensor-variate t and skew-t models offer enhanced modeling capability for
complex data structures.

Figure 2 (right) displays the color image reconstructed from the estimated
mean tensor under the TVT and TVST distributions. The resulting image clearly
delineates key visual elements such as the sky, tree trunk, and branches, demon-
strating the ability of these tensor-based models to preserve structural details in
image representation.

Table 6: Model Comparison Based on AIC, BIC, and Lnl.
AlIC BIC Lnl
TVT 30640404 30662099 -15312996
TVST 34642382 34664077 -17313985
Normal 22582000 22607000 -11284000
SkewNormal 22562000 22587000 -11274000

6. Conclusion

In this paper, we introduced the Tensor-Variate ¢ (TVT) and Tensor-Variate Skew-
t (TVST) distributions and investigated several of their theoretical properties,
including the probability density function, expectation and characteristic function.
Parameter estimation was performed using the Expectation-Maximization (EM)
algorithm, and the performance of the estimators was assessed through extensive
simulation studies. The results, summarized in terms of average bias and mean
squared error (MSE), confirmed the consistency and accuracy of the proposed
estimators, with improved performance as the sample size increased. We further
applied the proposed models to real data consisting of color images represented as
third-order tensors. The comparison of TVT and TVST models with alternative
tensor distributions using information criteria such as AIC, BIC, and log-likelihood
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Figure 3: The distribution of pixel intensities for both the original maple tree
image and the estimated mean tensors.

values demonstrated that the TVT model achieved the best overall fit, while the
TVST distribution provided greater flexibility in capturing asymmetry and heavy-
tailed behavior present in the data. Both models effectively reconstructed key
image structures, such as the sky, branches, and leaves, showing their potential
for real-world applications in image analysis and pattern recognition.

For future research, we suggest extending these models to higher-order ten-
sors and exploring regularized or Bayesian approaches for parameter estimation
to improve computational efficiency in high dimensional settings. Moreover, in-
corporating tensor decomposition methods and mixture extensions may further
enhance clustering, classification, and feature extraction capabilities. Overall, the
TVT and TVST distributions offer a robust statistical framework for modeling
complex, structured, and high dimensional data.
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regarding the publication of this article.



318

S. A. A. Tajadod et al. /Some Characteristics of Tensor-Variate ¢ and...

References

1]

2]

[3]

[10]

[11]

[12]

[13]

H. Drygas, Linear sufficiency and some applications in multilinear estimation,
J. Multivariate Anal. 16 (1985) 71 — 84.

D. G. Northcott, Multilinear Algebra, Cambridge University Press, Cam-
bridge, 1984.

M. Naderi, A. Bekker, M. Arashi and A. Jamalizadeh, A theoreti-
cal framework for Landsat data modeling based on the matrix vari-
ate mean-mixture of normal model, PLoS ONE 15 (2020) #e0230773,
https://doi.org/10.1371/journal.pone.0230773.

T. G. Kolda and B. W. Bader, Tensor decompositions and applications, STAM
Review 51 (2009) 455 — 500, https://doi.org/10.1137/07070111X.

M. Ohlson, M. Rauf Ahmad and D. Von Rosen, The multilinear normal dis-
tribution: introduction and some basic properties, J. Multivariate Anal. 113
(2013) 37 — 47, https://doi.org/10.1016/j.jmva.2011.05.015.

P. J. Basser and S. Pajevic, A normal distribution for tensor-valued random
variables: applications to diffusion tensor MRI, IEEFE Trans. Med. Imaging
22 (2003) 785 — 794, https://doi.org/10.1109/TMI.2003.815059.

M. Arashi, Some theoretical results on the tensor elliptical distribution, J.
data sci. model. 1 (2023) 29 — 41.

M. Ghannam and S. Nkurunziza, The risk of tensor Stein-rules in elliptically
contoured distributions, Statistics 56 (2022) 421 — 454, https://doi.org/10.1
080/02331888.2022.2051508.

M. P. B. Gallaugher, P. A. Tait and P. D. McNicholas, Four skewed tensor
distributions, arXiv:2106.08984v1, 2021.

I. Lee, D. Sinha, Q. Mai, X. Zhang and D. Bandyopadhyay, Bayesian regres-
sion analysis of skewed tensor responses, Biometrics T9 (2023) 1814 — 1825,
https://doi.org/10.1111/biom.13743.

X. Bi, X. Tang, Y. Yuan, Y. Zhang and A. Qu, Tensors in statistics,
Annu. Rev. Stat. Appl. 8 (2021) 345 — 368, https://doi.org/10.1146 /annurev-
statistics-042720-020816.

M. Srivastava, T. von Rosen and D. von Rosen, Models with a Kronecker
product covariance structure: estimation and testing, Math. Methods Statist.
17 (2008) 357 — 370, https://doi.org/10.3103/S1066530708040066.

M. P. B. Gallaugher and P. D. McNicholas, Three skewed ma-
trix variate distributions, Statist. Probab. Lett. 145 (2019) 103 — 109,
https://doi.org/10.1016/j.spl.2018.08.012.



Mathematics Interdisciplinary Research 11 (3) (2026) 299 — 319 319
I ——

[14]

[15]

[16]

P. M. Murray, R. P. Browne and P. D. McNicholas, Mixtures of skew-
t factor analyzers, Comput. Stat. Data Anal. 77 (2014) 326 — 335,
https://doi.org/10.1016/j.csda.2014.03.012.

L. Anderlucci and C. Viroli, Covariance pattern mixture models for the analy-
sis of multivariate heterogeneous longitudinal data, Ann. Appl. Stat. 9 (2015)
777 — 800, https://doi.org/10.1214/15-A0AS816.

P. A. Tait, P. D. McNicholas and J. Obeid, Clustering higher order data:
an application to pediatric multi-variable Longitudinal data, Available from:
arXiv:1907.08566v3, 2020.

A. Krizhevsky and G. Hinton, Learning multiple layers of features from tiny
images, Tech. Rep. University of Toronto, Toronto, Ontario, 2009.

S. A. A. Tajadod, F. Yousefzadeh, R. B. Arellano-Valle and S. Jomhoori, Some
characteristics of tensor-variate skew-normal distribution and its application
in image analysis, J. Mahani Math. Res. 15 (2026) 45 — 64.

S. A. A. Tajadod

Department of Statistics,
University of Birjand,

Birjand, I. R. Iran

e-mail: tajadod.aat@gmail.com

F. Yousefzadeh

Department of Statistics,
University of Birjand,

Birjand, I. R. Iran

e-mail: fyousefzadeh@birjand.ac.ir

R. B. Arellano-Valle

Department of Estadistica,

Pontificia Universidad Catdlica de Chile,
Santiago, Chile

e-mail: reivalle@mat.uc.cl



	Background and preliminaries
	Characterizing the TVT and TVST distributions

