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Abstract
Graph rewriting or graph transformation has existed for many years. The
Rj-Construction is obtained by replacing each vertex of a graph G with &
independent copies. Each edge uv of G is replaced by edge joining every
copy of u to every copy of v. Hence, every vertex in Rj(G) has degree
multiplied by k. A topological index is a value associated a molecule’s chem-
ical structure. Among various topological indices, degree-based indices form
an important and extensively studied class that is fundamental in chemical
graph theory and structural graph analysis. In this paper, we study the
structural invariants and metrics of the Ri-Construction. Moreover, we ex-
amine the behavior of certain topological indices on this transformation and
demonstrate that an infinite family of graphs possesses an integer-valued
topological index. Furthermore, we correct and generalize several previously
reported results in the literature and calculate several topological indices for

the graphs generated by this construction.
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1. Introduction

Throughout this paper, G= (V, E) is a simple, connected graph with vertex set
V(G) and edge set E(G). We refer to Harary [1] and Zhang [2] for unexplained
Academic Editor: Gholam Hossein Fath-Tabar

Received 16 December 2025, Accepted 16 April 2026
DOI: 10.22052/mir.2026.258147.1563

(© 2026 University of Kashan

@ This work is licensed under the Creative Commons Attribution 4.0 International License.
*Corresponding author (E-mail: m.taheri@uast.ac.ir)


https://orcid.org/0000-0002-6085-2622

2 M. Taheri-Dehkordi / Topological Indices and Structural Properties of ...
- - - ]

terminology. The degree of a vertex w in G is denoted by dg(u). The distance
between two vertices v and v in G is denoted by dg(u,v). Many graphs arise
from smaller graphs by being reconstructed using specific transformations. One of
these transformations is introduced in [3], namely Ry-Construction. This trans-
formation creates k copies for a given graph GG, and each vertex is connected to its
corresponding vertices in these copies, creating k?|E (G) | new edges. Topological
indices are numerical measures that remain unchanged under graph isomorphism.
They play an important role in predicting the chemical properties of molecu-
lar structures. Topological indices are generally categorized into several major
classes, such as distance-based, degree-based, and others. Within these classes,
degree-based topological indices hold significant importance and play a funda-
mental role in chemical graph theory. The Randi¢ index of a graph G, denoted by
R(G), introduced by Milan Randi¢ in 1975, was the first degree-based topological
index [4]. R(G) is defined as:

1
R(G) = _—
( ) uvezE:(G) dG(u)dG(v)

The atom-bond connectivity index of a graph G (ABC(G)), was introduced by
Estrada et al. [5]. This index is a modified version of the Randi¢ index. The
ABC(G) is defined as:

_ dg(’u) + dg(’U) -2
ABC(G)‘MGZM de(@)do(v)

Furtula et al. proposed a modified version of the ABC' index [6], known as the
augmented Zagreb index AZI, given by:

B de:(u)dg (v) 3
AzG) = 2 (ot i =3)

uv€E(

Another variant of the Randi¢ index is the harmonic index [7]. The harmonic
index of G, denoted by H(G), is defined as:

The reciprocal Randié¢ index of a graph G [8] is defined as:
RR(G)= Y Vdg(u)da(v).
weEE(Q)

Two of the oldest and most studied topological indices are the first and second
Zagreb indices [9], defined as:

Mi(G)= Y de(u)?,  MyG)= Y de(u)da(v).

ueV(QG) weEE(G)
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The Geometric—arithmetic index of a graph G, introduced by Vukicevié et al. [10],

is defined as:
da(w)dg (v)
de(u) +dg(v)
Among the numerous degree-based topological indices, the Sombor index has be-

come one of the most widely examined. This was introduced by Gutman [11]. For
a graph G, the Sombor index, denoted by SO(G), is defined as:

> Vda(w) + dg ().

wveE(G)

GAG) = )

weE(G)

Recently, Movahedi et al. introduced a new degree-based topological index called
the Diminished Sombor index [12]. For a graph G, the Diminished Sombor index
denoted by DSO(G), is defined as:

DSOG) = > W

u) +da(v)

uwweE(G)

For comprehensive discussions and additional background on topological indices,
readers are referred to [5, 13-17] and [18-21]. Although the number of degree-based
indices is immense, there has been a comparative lack of emphasis on the study of
the reaction of these indices to graph transformations. In this paper, the structural
invariants and metrics of the Rj-Construction are examined. Moreover, we explore
the behavior of several topological indices on this specific graph construction and
demonstrate that an infinite family of graphs admits integer-valued topological
indices for the graphs obtained from this construction.

2. Main results

In this section, we first examine the features of Ri-Construction. Then, based
on this construction, we derive a general relationship between several topological
indices of a graph and the corresponding indices after applying this construction.
We then examined the effect of this construction on several other well-known
topological indices and determined the values for the resulting graphs.

2.1. R, -Construction

In [3], for a graph G and integer k > 2, a construction denoted by Rj(G) was
introduced as follows: Let V(G) = {v1,va,- - vn}, and consider k copies of G
as V(GY) = {vi,v%,--- vi}, and E(GY) = {vivi | vvs € B(G)}, i ={1,2,--- k}.
Then V(R,(G)) = Ui=1 V(G?), and

E(RL(G)) = U (G| Jvivl i # j,vevs € B(G)}.
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For example, let G be a graph as shown in Figure 1. For k = 3, the graph R3(G)
is shown in Figure 2. The following results are obtained immediately.

Figure 1: Graph G.

Figure 2: Graph R3(G).

Proposition 2.1. For any k > 2, and every v; € V(G), dgr, () (v;) = kdg (vj).
Proposition 2.2. Let G = (V,E) be.a graph. Then, for any k > 2,
V(Re(G)| = kIV(G),  [E(RL(G))] = K*|B(G)].

Proposition 2.3. The Ry-Construction of a graph G contains isolated vertices if
and only if G has isolated vertices.

Corollary 2.4. For a given graph G, Ri(G) is connected if and only if G is
connected.

Proof. Each copy G* isomorphic to G and edges between copies are introduced only
corresponding to edges of G, any path in G induced paths between corresponding
vertices in Ry (G). Hence connectivity is preserved. O

Theorem 2.5. Let G be a triangle-free graph. Then, for every integer k > 2,
Ry, (G) is also triangle-free.
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Proof. Assume, to the contrary, that Ry (G) contains a triangle. That is, there exist
three distinct vertices a, b, and ¢ in V(Ry(G)) such that ab, be, ca € E(Ri(Q)).
We distinguish three cases according to how many of these three vertices lie in the
same copy of G:

1. All three vertices belong to the same copy G*, 1 < i < k. Because G* is
isomorphic to G (by definition of the construction), the three edges ab, be,
and ca correspond to edges of G between the same three vertices. Hence G
would contain a triangle, contradicting the hypothesis that G is triangle-free.

2. Exactly two of the vertices lie in one copy, and the third lies in a different
copy. Without loss of generality, suppose that a and b belong to G7, while
c lies in G™ with j # m and 1 < j,m < k. Since ab is an edge of G7, the
corresponding vertices of GG, which we denote again by a and b, are adjacent
in G. The edge ac connects a vertex of G/ with a vertex of G™. By the
definition of Ry (G), such an edge exists if and only if the original vertices
a and c are adjacent in (. Similarly, the edge bc exists if and only if b and
¢ are adjacent in G. Thus, in G we have the three vertices a, b,-and ¢ with
ab € E(G) and also ac, be € E(G). Consequently, a, b, and ¢ form a triangle
in GG, again a contradiction.

3. The three vertices a, b, and c lie in three pairwise distinct copies. Let
a € V(GY), b € V(G?), ¢ € V(G*) with 14,4,k all distinct. For each of the
three edges ab, bc, and ca the same rule applies: an edge between a vertex of
copy p and a vertex of copy ¢ (p # q) exists if and only if the corresponding
original vertices are adjacent in G. Therefore, from ab € E(Ry(G)) we obtain
that @ and b are adjacent in G; from be € E(Ry(G)) we obtain that b and
¢ are adjacent in G; and from ac € E(R;(G)) we obtain that a and ¢ are
adjacent in G. Hence the three vertices a, b, ¢ are pairwise adjacent, i.e., they
form a triangle in G, contradicting the hypothesis.

All possible configurations lead to a contradiction. Therefore, our initial assump-
tion was false, and Ry (G) cannot contain a triangle. O

Theorem 2.6. Suppose G is a graph with diameter greater than two. Then, for
every integer k > 2,
diam(Rg(Q@)) = diam(G).

Proof. We prove the equality by establishing two inequalities. First, we show that
diam(Ry(G)) < diam(G). Take any two vertices a; and b; in Ry (G), corresponding
to the vertices a and b in G. Since G is connected, there exists a shortest path of
length | = dg(a,b) < diam(G) between a and b in G. Suppose this path is given
by:

a=vy,V1,...,0 =b.

For each vertex v; in this path, choose an arbitrary copy vy, (for t =0,--- 1) in
such a way that ¢g =4 and ¢; = j. By definition of the Ry (G), whenever v;vy 1 is
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an edge in G, the vertices vy, and vii14,4+1 are adjacent in Ry (G) (regardless of
whether i; = ;11 or not) bacause edges between any copies of adjacent original
vertices are always present. Hence, we obtain a path in Rg(G) of length [ from a;
to b;. Consequently,

A, (c)(ai, bj) < diam(G).

Since a; and b; were arbitrary, the diameter cannot exceed diam(G); i.e.
diam(Ri(G)) < diam(G). (1)
Now, let v and v in V(G) be two vertices that realise the diameter of G:
da(u,v) = diam(G).

Consider the vertices u; and vy in V(R (G)) from the set of vertices corresponding
to u and v. We claim that dg, ()(u1,v1)>da(u,v). Indeed, let P be any shortest
path in R (G) from wu; to v;. Write its vertex sequence as:

Uy = x0p07 x1p17~ .. ,1‘7npm = V1.

where z; € V(G) and p; € {1,--- ,k}. By the definition of the Ri(G), for every
consecutive pair (Z¢p,, Te41p,,, ), we have either p; = p,yq and x4y € E(G), or
Pt # pry1 and xyxey1 € E(G) (the edge exists exactly when the original vertices
are adjacent). Thus, the sequence zg,x1,- - , %, is a walk in G from u to v. Any
walk from u to v has length at least dg(u,v), because the shortest path distance
is the minimum length over all walks. Therefore dg(u,v) < m. Since P was an
arbitrary shortest path, we obtain:

dg,(c)(u1,v1) > da(u,v) = diam(G).
Hence, the diameter of Ry (G) is at least diam(G). Therefore,
diam(Ri(G)) > diam(G). (2)

The result follows from inequalities 1 and 2. For completeness, when k = 1, we
have R1(G) = G. So the statement trivially holds. O

Corollary 2.7. The structure of Ri(G) preserves the graph distances and does
not alter the graph metrics.

2.2. Topological indices of R;(G)

Now, we compute several degree-based topological indices for Ry (G). For indices
whose defining bivariate function is homogeneous, we apply Theorem 2.8 to ob-
tain a closed-form expression in terms of the original index of G; this includes
the Sombor, Randi¢, reciprocal Randi¢, Diminished Sombor, harmonic, second
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Zagreb, and Geometric-arithmetic indices. For indices that do not satisfy the ho-
mogeneity condition, the atom-bond connectivity (ABC) and augmented Zagreb
(AZI) indices, the general formula does not apply, and we perform a direct calcu-
lation using the explicit degree information. Let f(x,y) be a function. If a > 0
is a constant and the function satisfies f(az,ay) = o' f(z,y), then f is called
homogeneous of degree t.

Theorem 2.8. Let T(G) be a degree-based topological index of a graph G, defined
as follows:

T@G) = Y flda(u),de(v)).

wveE(G)

If f be a homogeneous function of degree t, then T(Rp(G) = kK'2T(G).

Proof. By Proposition 2.1, we know that for every vertex vj— € V(R (G)), dr,(c) (v;) =
kdg (v;), for i =1,2,---k, and j = 1,2,---n. Conversely, for every edge wv in G,
there exist exactly k? corresponding edges in Ry (G). Therefore, for each edge uv,

the total contribution of its corresponding edges in Ry (G) is given by:

k k
Z Z Fldpy ) (), dr, () (v;) = K f(kda(u), kdg (v)).

Because f is homogeneous of degree t, we have

f(kda(u), kdg(v)) = k' f(de(u), da(v)).
Therefore,
k? (kda(u), kdg (v)) = k2 f(da(u), da (v)).
By summing over all edges,

T(R(G) = Y K*f(da(ude(v)) = KHPT(G),
uwweE(G)

Corollary 2.9. For eachl>1 and k > 2,
T(RL(G)) = K'HT(G).

Proof. As defined in [3], we know that R.(G) = Ry(R. *(G)), hence the claim
follows. N

In the next three corollaries, we compute the SO(G), R(G), and RR(G) for
the graphs obtained from this construction, and we will correct the corresponding
results reported in [3]. In all cases, if we prove for [ = 1, then the results follow
by induction on .
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Corollary 2.10. For eachl > 1, and k > 2,
SO(RL(G)) = k3SO(@).

Proof. We assume that [ = 1. Consider f(z,y) = /22 + y2. For every a > 0, we
obtain:

flaz, ay) = v/ (0x)? + (ay)* = av/a? +y* = o' f(z,y).

Therefore, f is a homogeneous function of degree 1. According to Theorem 2.8,
SO(R(G)) = k'2S0(G) = k*SO(G).
O

We know that k2 is an integer; therefore, if SO(G) is an integer, then SO(Ry(G))
is also an integer.

Corollary 2.11. For eachl>1 and k > 2,

R(RL(G)) = k'R(G).

Proof. We assume that | = 1. Consider f(z,y) = \/1@ For every a > 0, we
obtain: )
flaz,ay) = ———==a" ' f(x,y).
a?zy

Therefore, f is a homogeneous function of degree —1. According to Theorem 2.8,

R(Ri(G)) = kR(G).

Corollary 2.12. For eachl>1 and k > 2,
RR(RL(G)) = k¥ RR(G).

Proof. We assume that [ = 1. If we consider f(z,y) = \/xy, then for every a > 0,
we have:

flaz, ay) = Vatry = ay/ay = o' f(x,y).

Hence, f is a homogeneous function of degree 1, and according to Theorem 2.8,

RR(Ry(G) = K*RR(G).

Corollary 2.13. For each k > 2, DSO(Ry(G)) = k?DSO(G).
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/JL’Q +y2

z+y

/22 + a2y2

ar + ay

Proof. If we consider f(z,y) = then for every a > 0, we have,

flaz, ay) =

Hence, f is a homogeneous function of degree 0, and according to Theorem 2.8,

DSO(Ri(Q@)) = k*DSO(G).

Corollary 2.14. For each k > 2, H(R(G)) = kH(G).

Proof. If we consider f(z,y) = ﬁ, then for every a > 0, we have:

f(ozx,ay) = OZJ'JLW = a_lf(may)'

Hence, f is a homogeneous function of degree —1, and according to Theorem 2.8,

H(R,(G)) = kH(G).

Corollary 2.15. For each k > 2, Ma(Ri(G)) = k* My (G).
Proof. If we consider f(z,y) = zy, then for every a >0, we have:
flaz,ay) = a*zy = a®f(z,y).
Hence, f is a homogeneous function of degree 2, and according to Theorem 2.8,

My(Ri(@)) = KM (G).

Corollary 2.16. For each k > 2, GA(R(G)) = K2GA(G).

2\/Ty
z+y

N ]

ar + oy x+y

Proof. If we consider f(z,y) = then for every a > 0, we have:

floz, ay) =

Hence, f is a homogeneous function of degree 0, and according to Theorem 2.8,

GA(R(G)) = K2GA(G).
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In the following theorems, we determine the values of the atom-bond connec-
tivity and augmented Zagreb indices of the graph Ry (G) in terms of degrees of
the vertices of G.

Theorem 2.17. For each k > 2,

+ dG(U)) 2
(w)d(v) '

ABC(Ri(G)) = Y k

uwveE

Proof. It was established that for every edge uvE€FE, there exist exactly k2 cor-
responding edges in Ry (G), and the degree of each vertex is k times its degree
in the original graph G. Also, according to Proposition 2.1 for every v € V(G),
dr, (@) (v) = kdg (v). Therefore, the contribution of each corresponding edge to
ABC(Ry(G)) is given by:

\/(de () + (kdg (1) =2 _ \/(de (1)) + (kde (v)) -
(kdg (w)) (kdg (v)) K2dg (u) da (v

)
_1 [(kdg (u)) + (kdg (v)) —
k de (u) da (v)

By summing over all k2 corresponding edges, we obtain:

2l [kde(u) + (kdg(v) =2 [ (kde(u)) + (kdg(v)) — 2
k dG(u)dg(U) dg(u)dc(v) '

Finally, summing over all edges yields

ABC(R,(G Z erG(U)) 2'

uwweE
O

Theorem 2.18. Let G be a graph such that for all ueV(G), dg (u)> 1. Then,
for each k>2,

E8(dg(u)dg(v))?
AZI(RL(G)) = UZEE kda(é) i(kiz(jfj))z 2)%

Proof. As mentioned in the proof of Theorem 2.17, the contribution of each cor-
responding edge to AZI(Ri(G)) is given by:

( (kd(w)(kde(v)) )3 _ K(dg(w)dg(v))®
k’dg(u) + k‘dg(v) -2 (kd(;(u) + kdg(V) — 2)3 ’
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Since there are exactly k? edges corresponding to the original edges, the total
contribution of these edges to AZI(Ry(G)) is equal to

w2 Fldade)?® K (dg(w)dg(v)®
(k(dg(u) +dg(v)) —2)*  (kdg(u) +da(v)) —2)*
This completes the proof. 0

3. Numerical examples

In this section, we compute the indices of some simple graphs and their Rj-
constructions. Then, we verified the correctness of the derived formula by com-
paring it with the directly computed values.

Example 3.1. Let G=K3 4. Then, |V(G)| =7, |[E(G)| = 12, and

SO(G) = 124/32 + 42 = 60, R(G) =12(3x 4)7 = 2./3,
RR(G) = 24v/3, DSO(G) = 12@ - ?
H(G):12><%:2—747 My(G) = 12 (3 x 4) = 144,
GA(G) = 12@ - @

If we let k& = 3, then |V(R,(G))| = 21, |[E(R4(G))| = 108, and

SO(Rs(G)) = 108 x 15 = 1620, R(R3(G)) = 108(9 x 12) 7 = 6v/3,

4
RR(R3(G)) = 108 x 6v/3 = 648V/3, DSO(R3(G)) = 108 x g = 5—70

H(R4(G)) = 108 x % . 772 Ma(Rs(G)) = 108(9 x 12) = 11664,
GA(Rs(G)) = 108 x L\f _ 4327\/3.

Table 1 compares the topological indices of R3(G) obtained by direct calculation
with those obtained using the formula.

As shown in Table 1, these values confirm our results.

Example 3.2. Let G=Cg. Then, |V(G)| =6, |E(G)| = 6, and

SO(G) = 61/22 + 22 = 6v/8 = 12V/2, R(G)=6(2x2)2 =3,
RR(G) = 6V/4 = 12, DSO(G) = 6 x ? =32,
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Table 1: Comparison of computations.

Index Direct calculation Formula

SO 1620 k2SO (G) = 1620

R 6v/3 ER(G) =63

RR 6481/3 E*RR (G) = 648V/3

DSO 540 k2DSO (G) = 220

H 7 KH(G) = 2

M, 11664 k*Ms (G) = 11664

GA 1323 K2GA(G) = 1324
2

H(G)=6x 7 =3, My(G) =6 (2 x 2) = 24,

GA(G) = 6% —6

If we let k = 3, then |V (R, (G))| =18, |E(R5 (G))| = 54, and

SO(R3(G)) = 54v/72 = 324v/2, R(R3(G)) = 54(6 x 6)F =0,
RR(R3(G)) = 54 x 6 = 324, DSO(R3(G)) =54 % g = 27V/2,
H(R3(G)) = 54 x 13 =9, M (R3(G)) = 54 (6 x 6) = 1944,
GA(Rs(G)) = 54 x % 54,

Table 2 compares the topological indices of Rs(G) obtained by direct calculation
with those obtained using the formula.

Table 2: Comparison of computations.

Index Direct calculation Formula

SO 324v/2 k2SO (G) = 324v/2
R 9 ER(G)=9

RR 324 KRR (G) = 324
DSO 27/2 k2DSO (G) = 272
H 9 kH (G)=9

M, 1944 kK*M, (G) = 1944
GA 54 kK2GA(G) =54

As shown in Table 2, these values confirm our results.

Example 3.3. Let G=S;. Then, |V (G)| =5, |E(G)| =4, and

—1

SO(G) = 4/42 + 12 = 4V/17, R(G)=4x(4x1)7 =2,
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1
RR(G) =4/ x1 =8, DSO(G) = 4 x g
2 8
H(G)_4Xm_5’ My (G)=4x (4 x1) =16,
24 x 1 16
If we let k = 3, then |V (R, (G))| = 15, |E(R5 (G))| = 36, and
SO(R3(G)) = 361/12% + 32 = 108V/17, R(R3(G)) = 36(12 x 3)7 =6,
1
RR(R3(G)) = 36 x 6 = 216, DSO(R3(G)) = 36 x \/77
2 24
H(R3(G)) =36 x = = -, Ms(R5(G)) = 36 x (12 x 3) = 1296,
12 144
A —36x 2 = .
GA(R(G)) = 36 x I+ = —

Table 3 compares the topological indices of R3 (G) obtained by direct calculation
with those obtained using the formula.

Table 3: Comparison of computations.

Index Direct calculation Formula

SO 108v/17 k2SO (G) = 10817
R 6 kR(G)=6

RR 216 KRR (G) = 216
DSO 3617 k2DSO (G) = 31T
H 2 411 (6) =

M, 1296 KAM, (G) = 1296
GA % K2GA(G) = %

As shown in Table 3, these values confirm our results.

4. Conclusions

In this paper, the structural properties of the Rj-Construction and its effect on
degree-based topological indices were investigated. By exploiting the homogene-
ity property of the defining functions, a general relation was derived in terms of
a power of the parameter k for a class of indices, which significantly simplifies
computations. For the remaining indices that do not satisfy this property, direct
calculations were performed using the vertex degrees in the original graph. It
was also shown that this transformation preserves the diameter and connectivity
of the original graph and maps triangle-free graphs to triangle-free graphs. The
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validity of the obtained relations was confirmed through numerous numerical ex-
amples. The results of this study, in addition to correcting and generalizing some
previous findings, provide an effective tool for generating a family of graphs with
predictable topological indices, which can be useful in the design of new molecules
with desired chemical properties.
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refarding the publication of this article.
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