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Abstract

Investigating the existence and stability of solutions in nonlinear and dis-
crete cases of fractional differential equations is always useful for complex
applied problems. In the current work, we discuss the existence of a solution
to a coupled nonlinear system of fractional quantum differential equations
involving quantum integrals and derivatives. We prove the existence and
uniqueness of solutions by using some classical fixed point theorems in non-
linear analysis, such as Schaefer’s fixed point. Also, we define the Mittag-
Leffler-Ulam stability and study the stability of solutions for the proposed
system. Of course, some examples are demonstrated to confirm our main
results for the system. Moreover, a conclusion is given in the last section.
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1. Introduction

Differential equations (DEs) involving fractional quantum derivative (g-derivative)
of different orders have diverse applications and have evolved into miscellaneous
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subjects [1-4]. Moreover, the DEs include fractional quantum calculus (g-FDE)
have been discussed by many scientific scholars [5—7]. Recently, several researchers
have examined the uniqueness, existence, Ulam stability, and Mittag-Leffler-Ulam
(MLU) stability of solutions for some DEs involving fractional g-derivative [8-12].
We aim to examine the existence and MLU stability of solutions for a fractional
quantum coupled system of fractional order oo € (5,6]. In recent years, many
scientific researchers have studied the classical types of the boundary value problem
(BVP), for more details, see [13-17]. Kaufmann in [18], has established uniqueness
and existence results for the fourth-order DE

5@ () = v (Z,s (2),52 (2),... s (z)) :

with s(a) = 5(—a) = s (a) = s (—a) = 0. Also, Grossinho et al. have
discussed the existence results of infinitely many solutions for the following fourth-
order nonlinear BVP,

s (2) + As” (z) + Bs (z) = \(z,5(z)),  z€A,

under conditions s (0) = s (1) =0, §” (0) = s (1) = 0 [19]. We also note that the
deformation of the equilibrium state of an elastic circular ring segment with its
two ends simply supported can be described by a BVP of sixth-order [13],

5O 425 4§ = v (z,5),

for z € Q := (0,1), with s = §” = 5() = 0 on 9Q. Khan et al in [20] explored the
necessary conditions required for the solutions of an integro-differential system of
n-FDEs in the modified Atangana-Baleanu-Caputo case of derivative, with initial
conditions, which is a linearly perturbed system, based on the some classical fixed
point (FP) theorems. For more related works, see [21-27]. Moumen et al. studied
the existence and uniqueness of solutions for a coupled system of Langevin-type
FDEs featuring generalized W-Caputo derivatives in arbitrary Banach spaces and
extended the framework to infinite-dimensional settings, offering a more versatile
analytical approach [28].

In this work, we discuss the existence and uniqueness solutions of the coupled sys-
tem of g-FDEs involving the Riemann-Liouville (RL) type fractional g-derivative
Rg‘Dai of order 5 < a; < 6, is formulated by,

R(I;Dalﬁl(z) =\ (Z, qD451(Z)7 qD452(Z))
—|—,u1h1 (Z, qD251(Z), qDQEQ(Z)) + 5191 (Z,ﬁl(Z)752(Z)),

RiD65(2) = AoV (2, (D*s1(2), ;D*s52(2))
+pzhy (Z,qD251(Z)a qDQﬁz(Z)) + 0202 (2,81(2),82(2)),
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for z € Q:=[0,1], and A, s15,6; € R, under conditions

(quﬁl) (O) = (quEQ) (0) = 0, m = 0, 4,

1
(qD45i) (1) = 0; [ai]qA ﬁl(@) dq@, o; €R, (2)
where v;,h;,0;, € C (Q X Rz) and quﬁi(z) is the general g-derivatives of the
function s; € C(2) with respect to z, i = 1,2. The current work in the field
of fractional calculus can be used to obtain the solution of the related system in
[34-37].

Our performance is in this direction. Section 2 contains an auxiliary result which
we need in the sequel to analyze the mentioned g-FDE. The main results for the g-
BVP (1) are discussed in Section 3. We will introduce the existence and uniqueness
results using famous FP theorems. In the final parts of the paper, in Sections 4
and 5, we confirm the achievements of the article by presenting examples and a
conclusion, respectively.

2. Preliminaries on quantum calculus

We introduce some fractional quantum calculus by the following notations defini-

tions, which can be found in [29-32].
Let q € 2 and define [x] Q= %, with a real element x. The g-analogue of the

power (a —b)" with n € N for z,2 € R s,

NOM NOR= <k
(z—2)" =1, (z—12)4 —kl;lo(z—zq),ne{O}UN.
In general,
(@) o« ﬁ z—2q" R
(z—12)y =z I g a €R.

The g-gamma function is formulated by:

(1-gq)¢»
Ty(z) = aiﬁ z€e R\ {0,-1,-2,...},
such that I'q(a + 1) := [a], I'q(a) is fulfilled. The g-derivative of a function s is
defined by:

— 5(2)=s(a2)
qDs(z) = (I=q)z >

and (Ds(0) = lim, 0 4Ds(2). The following formulas will be used in the sequel:

@) a—1
qu( ) — [Oé]qz( )

)

o (a) _ Tqla+l) a—o
qD q( ) = 71}(‘;_0_’_1)2( ), o> 0,

(qp /0 vz, @) dqa>> (2) = /O | DV(z. @) dg@ + viqz.2). 3)



374 M. Bezziou et al. /A Nonlinear Fractional Quantum Coupled System: ...

Definition 2.1. Let q € €. Then, the RL fractional g-integral of order a > 0 and
g-derivative of order n — 1 < aw < n for s € C(2) are described for z € § by,

“ (7—q@)(@—D
/Oirq(a) s(w)dq@, a >0,

5(2)1 a =0,

RL _
q “s(z) =

and
HD2s(z) = (qDL‘X] R};j[“]_“s) (z) z€Q.
We need the essential lemmas mentioned below [6, 29, 33].

Lemma 2.2. Let a > 0. Then, the following equality holds:
RL 7o RLya 2% RLpa
( J LD ) = Z To(at1) ;’D 5(0).

In the case o € ), we have (Rcll‘jo‘ RCLI'DO‘E) (z) =s(z) —s(0).

Lemma 2.3. For 8 > 0, using q-integration by parts, we have

e “ 2
R{;jﬁl(z)zrq(6+1), or /0( q@)ﬁ 1d®— L

Lemma 2.4. Let o, 8 > 0 and the function s defined in Q, the following formulas
hold:

(RLg® BLT58) (z) = RLgotPs(z), (4D RLg9s) (2) = s(2), 2eq.

3. Main results

First, we prove the key Lemma 3.1.

Lemma 3.1. For any ¢; € C(Q) (i = 1,2), the unique solution of the linear
q-FDE:

RLD“%,( ) = i(2), z€Q,5<a; <6,
¢P"5i(0) =0, m =0, 4, (4)

1
qD45i(1) =04 [ai]qA 51(@) dq@, i= 1a 2)

s formulated by

2 e (e =1)
Si(Z)Z/O e —¢i(@) dg@
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o le] 2(@i=1) ! )
T e /0 (1-q@)*p;i(@)dq@

2(oi=1) Jitoifos] ! 5

such that 1; == (II_ [a; — j]q) —0ojog]g #0,1=1,2.
Proof. From Definition 2.1 and Lemma 2.4, the general solution of the g-FDE (4)
of fractional order 5 < «; < 6, ¢ = 1,2, is given by

5 = | L@ da@ + Cral® Y 4 Caf
0
+ ng(aig) + C4Z(a74) + O5Z(a75) + CgZ(a76), (6)

where Cj, € R, k =1, 6. Since 5;(0) = 0, we obtain Cg = 0. Taking the derivative
of both sides of Equation (6), with the help of Equation (3), we obtain:

Dsilz) = T / (2 - 4@) @ p,(@) dg@ + C1 [a; — 1,7
+ Cs [a; — 2]qz(""_3) + Cs [a; — 3]qz(""_4) + Cya; — 4]qz(“"—5)
+Cs [0 — 5l 279, =12,

Using the boundary condition of ;Ds;(0) = 0, i = 1,2, we get C5 = 0. Further,

[i—1]g[ei—2], [~ v_
JDsi2) = W/o (z = @) V(@) dg@

+Cy o — 1] [o — 20, 2% 4+ C i — 2] i — 3]zl

+Cs [0 = 3]g o — 4], 217 + i o — 4] oy — 5] 2%,

q

for i = 1,2. Form qD25i(O) =0, =1,2, implies that Cy = 0. It follows as before,
3 _ yd _
qD 52(0) = qD 51(0) = 0,

which implies Co = C3 = 0. By substituting these values into the Equation (6),

we find
() [ e + Cyz(®i—Y) i =1,2 7
5(2) Mo pi(@)dg@ + Chz ;=12 (7)

and

qD45i(1) =0; [ai]q/o E(Z) dZ,

if and only if

1
[as —1]g [0 — 2] [ovi — 3] [ors —4] -
et [ - g9 V(@) dg@
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+ Cl [Oli - 1]q[ai - 2]q [047; - 3]q [Oti - 4]qq
=05 [ai]q/O s;(z) dgz, i=1,2.

Finally,

1 1
o) _ (ag—5)
Cy, = 73#01:[(;1][1/0 si(s) dq@ 7/0 a %?()aii) i(@) dg®.

By replacing C, k = 1, 6 with expressions in Equation (6), we get
z z— (ez—1) oo z(“ifl) !
Ei(Z) = / %(pi(@) dq@ + %/ EL(CD) dq@
0 + Jo

1 R

_ leiD) / (gD (@) dg, i =1,2. 8)
0

Integrating (8) with respect to z from 0 to 1, we get

Ji+oi [ai]q

1 1
/0 5i(®) dg® = T 5" [/O (1-q@)*g;(@)dg@
1
- [a- @) @) ). )
0
Now, by inserting (9) into (8), we deduce (5). O
We define the set
T = {5i 55, D8y, [D's, € C(Q) } i=1,2.

Based on nonlinear analysis tools, we study g-BVP (4), in the Banach product
space (Y2, []-||y2) endowed with the norms, i = 1,2,

|gP"sill = s { [P si()] s z€ @}, ne{0,2,4},
and [(s1,82)llvs = 1l + [l52]l, where
lsille = llsilloc + [|aD%si , + [P s -
Thanks to Lemma 3.1, we can consider an operator

80 S

(10)
T (s1,52) (z) = <% (s1,52) (Z)> ’
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where, for any 0 <z <1 and ¢ = 1,2, we have

z g (ai—l)
T (51,59) (2) = / 9@ (3 (2, D1 (2), 4 D*o2(2))
0

+ 10y (2, {D?s1(2), {D*52(2)) + 0:9i (2, 51(2), 52 (2) )} dq@

o;la] z(2i=1)

1
e [ 1 0@) ) [\ (14D 10, D)

+ p;:h; (Z7 qD251(Z), qD252(Z)) +4;0; (2751(Z)752 (z) )} dq®

Ji+oilay z(o‘i_l) 1 o
- PR [0 0@ [ gD (). P et

+ wih; (z, Rg‘DQsl(z)7 Rgpzsg(z)) + 0,0 (2,51(2), 82 (2) )} dgm. (11)

Lemma 3.2. Assume that V;,Q; € C(Q X R2), Then (s1,52) € Y2 is a solution of
the coupled system (1) if and only if (s1,82) is a solution of the equation

(«71 (51,52) (Z) T (51752) (Z)) = (51 (Z) , 52 (Z) )
Proof. The proof is immediate from Lemma 3.1. O

Theorem 3.3. Assume that the following assumption is valid:

(Hy) Suppose the ez:z'stence of nonnegative reals numbers (i, nCi, 4Gi, such that
for everyz € Q and s5;,5; € R, i = 1,2, we have

2

|Vi (Z751352) -V (Z7ﬁ1a§2)| < VCLZ |5j - ;3_7| )
j=1

2
|hi(z,51,52) — hy(2,51,52) | < hCiZ ls; — 5|,
j=1
2
|9i(2,51,52) — 0i(2,51,52)| < gC:Y_ Is; — 551
j=1

Then, q-BVP (1) has a unique solution over Q provided that
KiA] + Koy < 1, (12)

where fO’I’i = 172, AL = ‘Al|v<1 + |/J,z| hCi + |51‘ gCi: and K7 = Mi + f/i + N’i; with

3
B 1 loi[ov], o=,
= D@D T (e 1], T I Ta@n)

M;
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2 3 2
= feam] |oi] I la—ilg Lo =il 1 [ —j]
Li=Ter t mmeear, T W@
3 4 3 4
N, il loil Dola—ily lei—dlg 11, fei =l
e X ) B 1 Y (0 s | N s A W () (13)

Proof. For finite real numbers v$, h?, g7 > 0, i = 1,2, we fix
V? = sup |Vi (Za 070)| ’ hf = sup ‘hl (Z,0,0)‘ ) gf = Sup |gl (Zv 0, O)| )
for 0 <z <1 and define B, = { (s1,82) € Y2 : ||(s1,82)||z < 7}, in which

2 -1 2
. [1 - ZKZAZ} SRV 4 he 4 g

i=1 i=1

Then, we show that .73, C B,,, where the operator .7; is defined in (11). For any
(s1,82) € By, z € Q, the assumption (Hs) implies

’Vi(Z751(Z),52(Z))| < |Vi(Z,51(Z),52(Z)> —Vi(Z,0,0)| + |f1(Z,0,0)|
<VGi (sl + lls2ll) +vi < yCGr+v7,  i=1,2.

Similarly, we can find that

i (z,51(2),82(2))| < pCir + 5,
|gz (Z,ﬁl(Z),SQ(Z)) | < g(ir + gfa

for i = 1,2. In consequence, we obtain for i = 1,2,

||9, (51,52) HOC = sup |.7; (s1,52) (2)|

7€)

< " (—ge)(eiD)

- 0 Fq(ai)
+ ,uihi (Z, qD251 (Z), qD252(Z)) + 6291 (@,51(@),52(@)) ‘ dq@

joillo], [
+ W/O (1-q@)
+ pih; (z, quﬁl(Z)v qD252(Z)) +0,0; (@,51 (@), 52(2)) ‘ dg@
1

Jitoifa] =5
+W/O (1—q@)(

+ ihy (2, D%51(2), D?82(2)) + 5:0: (@, 51(@), 52(@)) ‘ dq®

Aivi (®7 qD451(®)7 qD452(®))

iV (@7 qD451(@), qD452(@))

)\ivi (@, qD451 (Z)7 qD452(@))

<ty | (ilGi + 1811 G+l nGi) 7+ V5 + 5 + ]

o |[evi]y

+ m[(”\ih@ +18i] gCi + |pil i) 7 + V5 + 97 + hf}
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3
O [a;—j]
SN+ 1850 nGi + sl G 7+ V8 + 65 +

j=0
ARG

SMi[AH"f‘V?"‘g?'f‘hf}.

Also, we can observe that
2
2 Ll —dly (@i —5) 4 4
D % (51,52) (Z) = W/ (Z — q(D) i [/\lV7 (Z,qD 51(Z),qD 52(Z>)

+ pih; (2, {D?s1(2), D?s2(2)) + 0,9 (Zvﬁl(z)752(z))} dq@

2
) i a;—3
Uzjgo[az J]qz( )

+ T Ta(an)
1
X /0 (1 — qG))(‘”) I:)\Z'Vi (Z, qD451(Z), qD452 (Z))

+ 11:h; (2, {D?s1(2), D*s2(2)) + 0,9 (Z>51(Z)752(Z))} dq®

4 2
: a4 (c;—3
jgo[ai —J]qjl;ll[az‘ —J]qz( i=3)

B i Fq(ai)

1
X /0 (1—qo)@> [)\Z-vi (2,qD"*s1(2), D*52(2))

+ pih; (Z,qD251(Z)7qD252(Z)) + 0;9; (Z,51(Z)752(Z))} dq@,

which implies that
H qDQ% (z1,2) ||OO = sup{ ‘quz (81,52) (z)| 17 € Q}

< (qu(_al])q [(IXsl vCi + 16i] gCi + |l nGe) 7+ V5 + 95 + h?]

2
N i I [oi—jl,
1, Fq(ai)[aiJrl]q

X [(|>\z‘|sz' +16i] gCi + |pil nCe) 7+ V5 + 05 +hf}

3 2

T [o—j] I [ —5]

j=0 =1 a
SRR A A
% [l G+ 18] oG il nGi) 7+ V2 + 5 + ]
i=1,2.

< Li [Ayr+V; + g7 +h3),

and
t

Jitoifo o

A/ (t — qs)(‘“ 5) {)\iVi (Z,qD451(Z)7qD452(Z))
0

qD4Z (51,82) (z) = Tq(as)
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+ pih; (2, D?s1(2), (D?s2(2)) + 6:9; (2751(2)752@))} dq@

oi(Jitoifai] 2(ei=5) ! .
gl :irqd?) /0(17q@)< B

X |:)\1Vz (Z, qD451 (Z), qD452 (Z))

+ /f’/zhz (Z7 qD251(Z)7 qD252(Z)) + 6192 (2751(2)’52(Z)):| qu‘)

4 4
11 fevi =3, 11 [ai—glz(*i=7) 1
j=0 4j=1 1 a;—5
_ ST /0 (1 fqa))( )

X |:)\1Vz (Z, qD451 (Z), qD452 (Z))

+ /,Lzhl (Z7 qD251(Z), qD252(Z)) + 6192 (Z,Sl(Z),SQ(Z))} dqa).
It yields that,

[ 2" 7 (s1.52) [, = sup[{ D7 (s1.52) (2)]
S

il
o=

4]‘1 o o o
Ty [( il VG +10il oG + |mal nCi) 7+ V5§ + 05 + hz}

(=L

j =il

S LG+ 161] oG+ il ) + V6 + ¢+ g

gi Jz+”z[az] o o o
+ m [ (Nl oG +10il gCi + il nGa) m + 7 + 05 + hz}

IN

1 [ors— g, 11 [oi—3
Alei=dlg Il =il

[3i Tq(exs)
X {(\)\JVQ + [0:] gCi + |pil nCe) 7+ V5 + 97 + h?}
< Ni[Air +v§ +99+h5], i=1,2.

In consequence, we get

17 (51,52) |1y = |7 (51,82)l| oo + [|aD? i (s1,89) || + [|sD* T (51, 82)]|
<K [Air+ V7 + 97 +hi
Hence, we obtain

12 (51, 82) [y = 1|71 (51, 82) oo + [[aD* 72 (51, 82)]| , + [|4D* 71 (1, 82) |
< Ky [Ayr+ Vi +97 +hi],

175 (51,52)|lx = |7 (51, 52) |l o + ||4D* %2 (51,52)HOo +||{P* % (51,52)Hoo
< Ko [Agr + V5 +05 + h3],
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which implies that

7 (s1,82) loxq = |71 (51,92)llq + |72 (51, 82) [l
< Kp[Air+V)+0) +hi]+ Ky [Agr +v5 +095+h3] <r

Hence, we prove that, B, C B,, as (s1,52) € B,. Next, we show that 7 is a
contraction. Using the condition (Hz), for any (s1,52), (51,%2) € T2, we can write

1 .
[Fior @)~ Fler b)) < [ CgERS
0
Vi (@,,D"1(@), D*52(@)) + 1 [hi (@, D%1(@), Ds2(@))
—h (@,qp%l(m),qp%z(@))} +6; [gi(m,sl(m),sg(@))
~ 9i(@,51(@),52(@)) || dg@ + ey
1
X / (1 —qm)@)
0
—V; (@, D51 (@), {D*52(®)) + [hi (@,,D%1 (@), Ds:(@))

—hi (@,,D%1(@),{D%:(@)) | + 0 [gi (@, 51(@), 52(@))

i |:Vi ((D, qD451<a))7 qD452(@))

)\i |:Vi (@7 qD451(@), qD452(@))

Jitoilos]
~ 9i(@,51(@), 52(@)) || dg@ + oS

1
x/ (1 —qm)(@=)
0

Vi (@,4D"51(@), g D*52(@)) + pui i (@, D1 (@), D52 (@)
— i (@,,D%1(®), D*5:(@)) | + 1 [0: (@, 51(@), 52(@))
—0:(@,51(@), 52(@)) || dg0

< o | WG (laDs1 = P+ [l4Ds2 — (D2 )

+ |1l nCi (HqD251 — D] +|{D%s2 — qD%?Hoo)

i[vi (@, qD451(@)an452(@))

101l oGi (s = 31l + lls2 = 52.0) |

loi | [evig

T W Talenlet,
x [ (4D = D3|, + [|gDs2 = D)
+ il G (|laD1 = D% + [P — (D% )

i1 fai—j]
N N YT Ig
1011 G 51 = B1ll e + l1s2 = 32ll.0) | + 5y
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382
x [l uGi ([Pt = D5 ]|+ [|gPs2 — D' )
+ il G (|laD?1 = D% + [P — (D% )
180 oG (s = 31l + 152 — 521l.0) .
Therefore,
|17 (s1,52) = 7 (51.52) ||,

l§[ .
jzo[aifj]q

s |[evi]y
[3i Tq(exs)

Tq(ai)[oi+1]g

1
<A raan

% [[[Dts1 = D51 +[|D"s2 — D5 ||

o |[evi]y

1_31 .
J_:O[ai_]]q

1
- AZ Pq(ai+1) +

[3i Tq(as)[oi 1]

[4i] Tq(cxi)

< [l4D%1 = D% |, + [|D%2 — D% |

3 ]
Alei—ily
[3i] Tq ()

loi ][]
[4:] Tq () [ai+1]

1
+Ai | r@n T

x [lls =81l + lls2 = 5l |
< A (o = 50)lly + 52 = 32) ¢ |, 7= 1.2,

Similarly, it can be shown that for ¢ = 1,2,

H qDZ% (51,52) - qD2<% (§17§2) ||OO
= sup [(D? 7 (s1,52) (z) — (D°.F; (51, 52) (7)]

z€)

[oi

—1],

2
ol 11 [a=d],

e —ilg I [evi =]

S Ai Ty

(cv)

T Ta(aola ], T

[4i] Pq(evi)

< [4D%1 = D1, + [l§D"s2 — D2l |

+ A

% [[lD%1 = D% _ + [laD%s2 — D8] |

+ A

[ai—1],

2
|Ui\qj1;10[a*1]q

1 [ai—3], 11 [as—j
ALl —dlg I [ovi =]

Tq (o)

[a;i—1],

APNCHICTES NN

2
el 11 [,

[3i Tq(exs)

3 . 2 .
jgo[ai_]}qjgl[ai_]]

Pq(a)

(1] Tq (o) [ai+1],

3] Tq (i)
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X [lls1 = 81llo + lls2 — 52l |

< ALlls1 =30l + sz = 521 |,

and

H qD4 ¢Di (51,82) — qD47i (51,52) HDO
= sup |qD4<% (51,52) (51,852) — qD4gi (51,52) (Z)’
7€)
: 1 li—dl, \Uil(JiJro'i[O‘z‘]q) jlilo[a"’_j]‘ljlill[ai_j]q
<Ai | @y T Tatan o T, FAEE)

< [lyD*s1 = 4D+ [laD*2 — D"

[ 3 3 4
A lei =3l loi|(Jitoilail,) e =il I i =il

A | ey tAMeert, T Wi

y

T [oi—j], 1T i
Alei—dlg I lei =il

X {qu%l - qu;*ﬁ”oo + ||qD252 N qD2'\32|

[ 3

I [ —] Tt Tevs
= a “71‘(]1"“71[0‘1] )
A | eyt mneoledil, T TSTatan

d

< ANl (51 = 80 lle + (52 = 32) ¢ .

o1 = 1llo + lls2 — 5all.. |

Consequently, we obtain

||9i(51,52)*<7(51,52 ||T y1(51752) T (81,52 o

|
+ ||qD 9 51,52) (51,52 H
+ [|{D*F; (51,52) — (D' i (51, 59) || _
< A (s —sl>||r+ (=2 —52>||T} i=12

Hence, we obtain
171 (s1,82) = T (51, 52) Iy < ALK ([(s1 = 51) [y + (52 = 52) | ),

172 (s1,52) = 72 (51.82) [y < DaKa(ll(s1 =50y + [I(s2 = 52)lIx ), (14)
from (14), we have

2
|7 (s1,82) — T (51,52) ||T2 < ZKzAzH (51,82) , (51, 52) HTQ-

=1
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We deduce that .7 is contractive which implies .7 has a unique FP which is the
solution of given system (1). O

Now, we prove the existence solution to system (1) by applying following
Lemma of Schaefer’s FP.

Lemma 3.4. Let E be a Banach space. Then, a completely continuous operator
A:E — FE has a FP, wheneverthesetE:{zeE : z:gA(z),0<g<1}, is
bounded.

Theorem 3.5. Assume that the following hypotheses is satisfied.

(Hz) There exist positive constants ,£;, n&i, oSi» © = 1,2, such that, for every
z€Q and 51,50 €R, and i = 1,2,

Vi(z,81,82)] < \&ir  [Ni(2,51,82)] < iy 19i(2,51,82)] < g&i

Then, (1) has at least one solution defined over €.

Proof. The continuity of v;,h; and g;, ¢ = 1,2,, we find that .7 is continuous.
Now, we show that .7 is completely continuous. We show that .7 maps bounded
set F C Q x Q into bounded set of f. In this regard, for all (s1,s2) € F, we have

1.7 (81, 82) [l = sup | i (s1,52) (2)]
z€Q
< m { Il v€i + kil n€i + 164 951}

|oi [[ovi]

T MTy@0la ], [\M Wi + il néi + 18] gfz}

Jlilo[ai_j]q
+ m“)ﬂvfi + |1l n&i + 164 gfz}

< BL[ NI+ il n€ + 1068 =12 (15)
Likewise, for i = 1,2, we get

1427 51, 82)], = s1p |4 D° 7 o1, 22) ()
zc

[oi —1]
< ot [ PalvEs + bl s + 10l o6

i 1 [oi—j
o: 1t fai ],

e |l o€+ Dl o+ 163] o]

3 X 2 X
I [m—]]qjgl[ai—ﬂ

R R ey {l/\i|v§i + [pil n&i + 163 ggi:|

< La| Il + il nti 4 102 1) (16)

+
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and

2% (51,2, = sup |7 s1,52) (2)
A4S

3 .
O [ —j],

< % { [Ailv&i + il néi + 163 gfl}

4 .
O [ —j],

+ ar il g+ Ll o + 1] ]

e —dlg I i =gl

+ a0 [|)\z‘|vfi + |l n&i + i gfz}

< N[ Nl V& o+ il + 161] g6 - (7)

Now, by helping Equations (15), (16) and (17), for i = 1,2, we have
17 (s1,52) | = | (51, 82) | oo + [|4D? T (51, 82)|| _ + [[{D* Zi (51, 82) ||
< (Mz + L+ Ni) [|)\i|v§¢ + |l n&i + 16 ggz}
< K Dl il s + 1631 g8
which implies that
175 (51,52l < K| Al oo+ il na + 161l g6a
|72 (s1,82) [y < K2[|)\2|v§2 + [p2| pé2 + [02] 952] (18)
Thus, thanks to the inequalities in Equation (18), we get
17 (1,52)lles < K[ Il laa o+ 16161
K [ el & + 2l n€a + 162 o).

Indeed, .7 is uniformly bounded. Next, we show that .7 is equicontinuous. Let
(s1,52) € F and 0 <z <z < 1, it follows that:

|75 (s1,52) (2) = i (s1,52) (2) |

<@ /0 (0= q@) D = (21 — q@)*V)
X |:)\2V7, (ﬁ),qD 51(@)7qD452(a)))

+ /,L,Lhz (®7qD251(a)),qD252(@)> + 51‘91‘ (@,51<@)752(@>):| dq@’

/ (2 - qm)(aiil) |:>\’LV2 ((D7 qD451(®)? qD452(®))

1
+T
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+ pih; (@,,D%s1 (@), ,D’s2(®@)) + 5igi(a>,51(a>),52(z))} dqan‘

Io'il[Oéi]q 2("%_1) 7Z§W7‘,71)

Fq(ai)

4
| ol =il

1
X / (1 —qm)@)
0

AV (@, qD451(@)an452(@))
+ pih; (@ qD251(a)),qD252(co)) + 519¢(®;51(@)752(@))‘ dq®

R
[3i] Fy(as)

1

x/ (1—qo)@®
0

+ pih; (@,,D%s1 (@), ,D?s2(®@)) + 6igi(a>,51(a>),52(a>))‘dqa>

}

AiVi (@, ,D*s1 (@), ,Dsz(@))

5(0) _ (@)

[Nil yEitlmil n€itdil g&s N (a)
T(aitl) {2(Z*Z) +
lorillevs] [IAal y&atlpil nést19:] g&i]
[T Tq(as)ai+1],

<

ylai=1) _ (a;—1) ‘

3
ST glg [l &Ll nat18s ] g€a] |22 70 =271
[3i] Tq(exi) )

i=1,2,

which implies
|7 (81,82) (2) — i (81, 82) (2)| = O, (19)

as z — z. Similarly, one finds for ¢ = 1,2,
| (DT (51,82) (2) — (D*F; (s1,52) (2) |

< los =1 [IXal y&atlpal nést18:] o]
Tq(ov)

ya=2) _  (a—2) H

x |2(2—2)*"? 4+

2
N \Ui\jl;lo[ai*j]q[lki\in+|Hz‘\h§i+\5i\g§i]
[4i] Pq (i) [ai+1],

y(ai=3) _ (a;—3) ‘

3 2
jgo[ai—j]qjgl[ai—ﬂq[\ki L o&itlmil n€itldsl g&s] [zt =3 =29
|31|Fq(a1) ’

+

and
| DT (s1,52) (2) — D' T (s1,52) (2)|

=g, [l ol ot 18i] g61]
- Fq(o‘i)
x 20— Z)(a—4) 4 |ple=) _ Z(a—4)H




Mathematics Interdisciplinary Research 11 (4) (2026) 371 — 405 387
e

Z(O‘i*‘r’) 7Z(ai—5)

ol (Jitos [l ) [Nl it il n€i+10:] o84
[3i Tq(as)[ai+1],

3 4
jlgo[ara]qjgl[aﬁj]q[w | €itlmil néit16il g&il

22 =5) (=)

[3:1 g (i) ’
which imply that
,D?7; (51,82) (2) — (D*F; (51, 82) (2)| = 0,
(D47 (51.82) () — {D* 7 (s1.52) ()| = 0. (20)

as z — z. It follows that the operators .7;, i = 1,2 are equicontinuous. At present,
the Arzela-Ascoli theorem with these results confirm the completely continuity of
the operator .7. Finally, we consider the set

o= { (51,52) € Y2 : (s51,82) = 0.7 (51,82), 0 < 0 < 1}7

and we prove that it is bounded. For (s1,52) € © and z € Q, we have (s1,52) (z) =
Qﬁ (51,52) (51,52). It follows that

s1(z) = 071 (51,82) (2),  $2(2) = 072 (51,82) (2) .
Using the condition (Hs), we obtain

l[5ill oo = sup|si (z)] < oM; [Nl i + il n&i + 164 gfz‘] ) 1=1,2. (21)
z€Q)

Also, we have
HqD25iHoo = Sug |qD25i (Z)| < oL; [Nl v&i + il n&i + 163 gfi] ,
4SS
[ Dsi| = sup | D*si (2)] < oV [INilv&i + |l néi + 10:] &3] - (22)
AS

It follows from (21) and (22), that
I8illy = 119lloo + laD?sil|  + [|aD*si|
<o (Mi +Li+ Nz) [Nl V& + il néi + 163 g&il
< (B + L ) [INal 8+ il i+ 18] 6]
< K [|Al o€ + il ni + 16i] o] -
Hence,

Is1lly < K1[[Axlv€r + [pal nér + 161 g1 ]
s2lly < Ka[[Aal €2 + 2l na + [82] g2].
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Indeed,

[(s1,82) [lr2 = [Is1ll + [I52]l¢
<K K[ &+ il nér + 161] g&1]
+ Ko [ [A2] &2 + |2l né2 + |02] g&2].

Consequently, [|(s1,52)||y2 < co. Indeed, © is bounded and so, Lemma 3.4 implies
that .7 has at least one FP, which is a solution of g-FDE (1). O

4. The stability of Mittag-Lefller-Ulam-Hyers

We provide results regarding Ulam-Hyers-Mittag-Leffler (UHML) stability for our
problem. We consider the following inequalities,

qIDaiSi(Z) — >\ivi (Z, qD451 (Z), qD4§2 (Z)) — ,LLLh,L (Z7 qD251(Z), qD252 (Z))
—0,0:(2,51(2),52(0)) | € €6, (), €>0, (23)

with Mittag-Lefler function &,,(+) is formulated by:

€alz) = ) rharny:
§=0

under conditions,

(quﬁl) (0) = (quﬁg) (O) = 0, m =0, 4,

(qD45i) (1) =0; [O[i]q 151’(@) dq@, o; € R, (24)
0

where Ai7ui56iERa 5 < ay S6,i=1,2,ZEQ.

Definition 4.1. The system (1) is UHML stable with respect to &,(z7), if there
exists an element C, > 0 such that for each € > 0 and for every solution s € T of
inequality (23), there exists a solution § € T of the system (1) with,

15(2) =5 (2)] < Cre&5(27).

Theorem 4.2. Assume that (Hy) in Theorem 3.3 is valid and also the following
hypothesis holds:

(Hz) There exists 5 € Y. Such that for each z € Q, we have 5| < €&,.

Then, the system (1) is generalized UHML stable.
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Proof. Let §;,1 = 1,2 be solution of (23), we suppose that

~ _ 8 (z— )(”i*l) 4~ 4 A
5; (Z) = /0 cll'z)(iai) [)\Z‘Vi (Z,qD 51(2),qD 52(Z))

+ 13Ny (2,(D?81(2), {D2(2)) + 6,9: (2, 81(2), 82 (2) )] D

i[ai]qz(“rl)

1
+ W/o (1—qw)) [)\ivi (Z,qD4§1(Z)’qD4§2(Z))

+ psh; (27 q1)2§1(z), quﬁg(Z)) +0:0; <Z7§1(Z)752 (z) )} dq@

Gt e DY (), D ()
3 To(e) o d Vi (% g% S1(2); & 52(Z

+ uihi (Z7 q'D2§1(Z), qD2§2(Z)) + 5ng (Z,§1 (Z),ﬁg (Z) ):| dq@ = Ii7
for i = 1,2. Thanks to (Hs), we get
15; (1) — Ii] < €&y, (2%), i=1,2. (25)

By Theorem 3.3, the system (1) has a unique solution s;, ¢ = 1,2. Then, using (25)
and (Hj), we get

18 — 83| o < M; [ (1Nl vCi + |1l nCi + 106l gCi) 18: — sill + € Ea, (Zai)}
< N[ A 18 = silly + e, (24 ],

and also,

—~

| D2y; — DE%HOO < L{ IXil oCi + il nCi + 16i] gC) 150 — 86l + €&, (Zai)}

for i« = 1, 2. Therefore,
Hé, _giHT = ||§7 —EZ‘HOO + ||qD2§'L — qD25i| oo + ||qD4§i — qD45i||oo

< KGA; ng - 5i||'r + K,eé,, (Zo”) , 1=1,2,

implies that

81 —s1lly < KiAq |81 — 1l + Kieén, (™),
152 — s2lly < K2l |52 — 82|y + Kaeba, (272).
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Thus,

[|(81 — 51,82 — 82)|[y= = Z §: — silly < 1= Ki{iﬁ:}(zm)eg ("),
where C,, = %, and &,(z7) = max {&,, (z*), 6n,(z°2)}. Thus, the
system (1) is UHML stable. O

5. Examples

We examine some illustrative examples. First, we control the results when q
changes in .

Example 5.1. Consider the following system of g-FDEs for z € ):

RL28/5 cos(z)|,D*s2(2)
LD"51(2) = o e

2* (|, D?s1(2)|+|,D?s2(z * (sinls (z 2(z
120 mzlﬁh) @) | & (sinla @) teE), (26)

R zsin qD451(z) vz qusg(z) VerF1 z
<11'D11/252(Z) = 1£3(372) ) + 4(9|1n(ez+2)|) + 80(1+|(52(£)f)‘)7

under conditions

(4D™s1) (0) = ((P™s2) (0) =0, m=0,4,

1
(qD451) (1) =01 [ }q/o 5(@) dq(D,

|

1
(D's2) (1) = 2 [4]. /O 52(@) dg,
with o1 = 1072, 05 = 1072 and three values of q = % ll % For this example,

we have

4 4 cos(z) qD45 (z)
Vi (2,qD51(2), D82 (2)) = ez+ﬁ(1J|r\qD4zsz(z|)D7

22 (|, D?%s1(2) |+ |, D?52(2
hl (Z,qD251(Z),qD252(Z)) — (|q 1(()l+|1q) 2( )|)7

91 (z,sl(z),sg(z)) e’ (Sln|fél>gzl)o|+‘52(z)|)’

zsin( D*s1(z
Vs (2, D451(z),q2)452( ) = w’

V(| D2s2(2)
hy (2, {D?s1(2), {Ds2(z)) = %

02 (z 51(z),89(z)) = Vﬁiﬁ)ﬂzﬂ)’
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and A\ = 157)\2 %3“”’1:1071’M2:£751:$’62:8730' Thus,
’Vl (Z7 qD451, qD452) — Vi (Z, q'D4§1, q'D4§2) ‘
_ cos(z)|qD452| cos(z)|qD4§2|
A Be]) A )
4 4y
= % !qD 52— 4D
‘hl (Z,qDZShqDQSQ) — h1 (Z,quﬁl,qD2§2) ’
2*([{P%s1[+]D%s2|)  2°([;D*51[+],D%52))
m(z2+1) B m(z2+1)
< %“qp%l - qD2§1| + ’qD252 - qD2§2| }7
22 i ZZ i 5 5
’gl(z751752) - gl(zagl7§2)| = £ (Slﬁnisllolj‘le) - £ (Sl6n>|<‘,110‘;>|‘,2|)
6“51 —51‘ + |52 —52”,
and

’Vg (Z,qD451,qD452) ( D 51,qD 52)

zsin(qD 51) Zsm(qD4 1)
= 3—z

3—z < % ’qD451 - qD%l‘ )

Va(|;D?sa]) _ v2(|;D%sa) ’
In(e”+2) In(e?+2)

}hg (Z,qD251,qD252) — h2 ( D 51,qD252 ’ = —

<

ln%S) “qusl - qD%l’ + ‘qD252 - qDQé?, }’

|92(2,51,82) — 92(z,51,52) | = ‘ ?iﬁgg‘f‘) - ?iﬁgg‘f‘)‘

< \/€+1[|51—,\51|+|52—§2‘].
These mean that, the condition (H;) holds with (1 = —5, (2 = 5, nC1 = 7
h<2: ﬁagé&zea gCQZ ve+1, and

0.1624, q=1/2, 0.0953, q=1/2,
Ay~ 0.1624, q="7/11, Ay~ < 0.0953, q=T7/11,
0.1624, q=12/13, 0.0953, q = 12/13.

By this data, from relation in (13), we find that

. 0.1666, q="1/2, i 0.2450, q=1/2,
My~ < 00749, q=T7/u1, My~ 01258, q=T7/1,
0.0061, q = 1%/, 0.0137, q= 12/13,
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0.5973, q=1/2, 1.3702, q=1/2,
Li~<{ 04115, q=7/1, Ly~ 12823, q=7/1,
0.0851, q = 12/13, 0.5204, q=12/13,
1.5452, q=1/2, 3.1041, q=1/2,
Ny~ { 13499, q=T/11, Ny = 32151, q=T7/1,
0.3983, q = 12/13, 1.3221, q=12/13,
and
2.3092, q=1/2, 4.7194, q=1/2,
Ky~{ 18364, q=7/11, Ky~{ 4.6233, q=7/11,
0.5271, q = 12/13, 1.9762, q=12/13.

One can check the estimated results of M;, L;, Ni, ki, i = 1,2 and A1 K1+ A Ko <
1 for the system (26) in Tables 1 to 3. When as q approaches to 1, parameters M,
M, L1, Ly, N1, N5 decrease. The curves of these data are plotted in Figures la
and 1b. Consequently, the following inequalities hold:

2 0.8249, q=1/2,
ZKZAi ~{ 07390, q=7/11, p<]l1. (27)
i=1 0.2739, q=12/13.

The curves in Figure 2 define well that the condition K7A; + KoAs < 1 is met.
The reader remarks that the conditions of Theorem 3.3 are satisfied. Hence, the
system (26) has a unique solution on Q. If we consider the case

101592, q=1/2,

K+ K N -
Co = =i ry ~ { 247520, q="/1,
34767, q=12/13,

in the above example, then the solution (s1(z),s2(z)) is UHML stable.

In the next example, we explore the mentioned theorems for changing the
derivative order o;.

Example 5.2. Consider the system of g-FDEs of the form
D5y (z) = [sin (25 D*e1() |
/5 \/105ez+1(1+‘2/5'D451(z) )

Iz\(\z/sD%l(z) +‘2/5D252(z) ) el”! (]s1(2)|+tan" |s2(2)|)
+ 257 (|2|+12) + 39(1+[z[) ’ (28)

12z tan D*s5(z) NG D25 (2)
;RPN (P L) B (Fus o)

4zt D81 (2)] |52 ()]
25(1+|s2(2)]) (4+]s1(2)])°

for z € Q, and for m = 0, 4, <2/5Dm51> (0) = (Z/SDmSQ) (0) = 0, via conditions
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Table 1: Estimated values for M;, L;, i = 1,2 for system (26) with three values of
q in Example 5.1.

n q=12 Q=71 q=12/13
My M, In L M, M, In Ly M, M, In L
1 0.130 0.192 0470 1.079 0.039 0.066 0.219 0.686 0.000 0.000 0.001 0.006

2 0148 0.218 0.531 1.219 0.050 0.085 0.280 0.875 0.000 0.000 0.002 0.012
3 0.157 0.231 0.564 1.293 0.059 0.099 0.324 1.011 0.000 0.000 0.003 0.019

7 0166 0.244 0.595 1.365 0.072 0.121 0.396 1.235 0.001 0.002 0.010 0.067
8 0.166 0.245 0.596 1.368 0.073 0.123 0.402 1.252 0.001 0.002 0.013 0.083
9 0.167 0.245 0.597 1.369 0.074 0.124 0.405 1.263 0.001 0.003 0.016 0.099
10 0.167 0.245 0.597 1.370 0.074 0.125 0.408 1.270 0.001 0.003 0.018 0.117
11 0.167 0.245 0.597 1.370 0.074 0.125 0.409 1.275 0.001 0.003 0.021 0.134
12 0.167 0.245 0.597 1370 0.075 0.125 0.410 1.277 0.002 0.004 0.024 0.152
13 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.279 0.002 0.004 0.027 0.170
14 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.280 0.002 0.005 0.030 0.188
15 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.281 0.002 0.005 0.033 0.206
16 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.282 0.002 0.006 0.036 0.223
17 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.282 0.003 0.006 0.039 0.240

41 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.005 0.012 0.077 0.470
42 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.013 0.077 0.473
43 0.167 0.245 0.597 1370 0.075 0.126 0.412 1.282 0.006 0.013 0.078 0.477

59 0.167 0.245 0.597 1370 0.075 0.126 0.412 1.282 0.006 0.013 0.083 0.508
60 0.167 0.245 0.597 1370 0.075 0.126 0.412 1.282 0.006 0.014 0.083 0.509
61 0.167 0.245 0.597 1370 0.075 0.126 0.412 1.282 0.006 0.014 0.083 0.510

73 0.167 0.245 0.597 1370 0.075 0.126 0.412 1.282 0.006 0.014 0.084 0.517
74 0.167 0.245 0.597 1370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.517
75 0.167 0.245 0.597 1370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.517

89 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.519
90 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
91 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
92 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
93 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
94 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520

1
(40%2) (1) = 32 (2], /O 52(@) doys @,

with three values for oy = %, %, %. For this example, we have
1 4 . ’sin (2/5D451(z)) ‘
Vi (Z’ qD 51 (Z),qD EQ(Z)) T ertt (1+ 2/ D4s1(z) >’
5
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Table 2: Estimated values for N;, i = 1,2 for system (26) with three values of q
in Example 5.1.

n q=1/2 q="/u q=12/13
N, Ny Ny N, N, Ny
1 1215 2444 0717 1.720  0.005 0.017

2 1374 2.762 0.917 2.194 0.009 0.032
3 1.458 2930 1.062  2.536 0.015 0.053

9 1544 3.101 1.329  3.167 0.081 0.278
10 1.545 3.103 1.337  3.184 0.095 0.326
11 1.545 3.103 1.342  3.195 0.110 0.375
12 1.545 3.104 1.345 3.203 0.125 0.425
13 1.545 3.104 1.347  3.207 0.140 0.475
14 1.545 3.104 1.348 3.210 0.155 0.525
15 1.545 3.104 1.349 3.212 0.170  0.575
16 1.545 3.104 1.349 3.213 0.184 0.623
17 1.545 3.104 1.349 3.214 0.199 0.670
18 1.545 3.104 1.350 3.214 0.213 0.716
19 1.545 3.104 1.350 3.215 0.226 0.760
20 1.545 3.104 1.350 3.215 0.239 0.803
21 1.545 3.104 1.350 3.215 0.251 0.844

92 1545 3.104 1.350 3.215 0.438 1.452
93 1.545 3.104 1.350 3.215 0.438 1.452
94 1545 3.104 1.350 3.215 0.439 1.452
95 1.545 3.104 1.350 3.215 0.439 1.452
96 1.545 3.104 1.350 3.215 0.439 1.452
97 1.545 3.104 1.350 3.215 0.439 1.452
98 1.545 3.104 1.350 3.215 0.439 1.453
99 1.545 3.104 1.350 3.215 0.439 1.453

(1 D10 D) = Lt eel),

el! z an— 1 ”
01 (2,51(2), 52(2)) = Sl )

i
Va (2,D"s1(2), gD's2(2)) = W,

il 200
T In(er+2)

h2 (Z, qD251(Z), qD252 (Z)) =
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Figure 1: The curves of K;, i = 1,2 for system (26) with three values of q in Example 5.1.

In(z+1 z z
0>(2,51(2),52(%)) = e m2Eh,

— _1 _ 12 _ 1 _ 1 _ 1 _ 1
and)q—\/1—075,/\2—ﬁ,u1—m,u2—4—9,51—@,52—%. Thus,

)Vl (Za 2/52)4517 2/5D452> —Vi (Z7 2/5D4"\317 2/5D4"\32) ‘

|sin(2/5’D451(z))’ _ |sin<2/5D4§1(z)>|
e () R (R ey

4 4
< % 2/5D 51 - 2/5D 5]_‘7
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Ineq. (27)

mmmey =1 p
e q = 1/2
—_——q = 7/11
—o—a=12/13 ||
| | | | I
0 10 20 30 40 50 60

Figure 2: Inequality (27), 3.7, K;A; < 1 for system (26) in Example 5.1 with three
values of q.

‘hl (Z, 2/5D251, 2/5D252> — h1 (Z, 2/5D2,:31, 2/52)2‘\32) ‘

21|25 P01 ()] ] D022} lz(12/5732%-1<z>|+|z/57>"’%z<z>|)’
[2[+12 o [2]+12

l

12

|91 (2,51, 52) — 91 (2,51,5) | =

IA

D1 — D% | +

D2 — ;D% |,

14|z 14|z

el?l (|51 (z)|+tan |55 (2)|) e'z(|§1(z)+tan1§2(z)|)’
S 6[|51 *§1| + |52 *ﬁg”,
and

‘Vg (Z, qD4517 qD452) — Vo (Z7 qD4‘\31, qD4‘§2) ‘

V3-2z V3—z

z tan (2/51)452(2)) ztan(2/5D4§2 (Z)) ‘

2/5D452 — 2/5D4§2

1
< Ao
‘hQ (Z7 2/52)2517 2/5D252> - h2 (Z, 2/5D2:\517 2/5D2;§2) ‘

V(|asP%512)]) _ \/2(]2/5172%1(@()‘

)

In(e”+2) In(e”+2)
o]
In(3)

|92 (2751752) - 92 (Z7§17%2)|

IN

25 D81 — 2/5D2§1’ +

2/5D252 — 2/5D2§2’ :| y



Mathematics Interdisciplinary Research 11 (4) (2026) 371 — 405 397
e

Table 3: Estimated values for K;, i = 1,2 and K1A; + K2As < 1 for system (26)
with three values of q in Example 5.1.

n q= 1/2 q= 7/11 q= 12/13
K Ky YL KA K Ky YL, KA K Ky YL KA
1 1.815 3.715 0.649 0.975 2.472 0.394 0.006 0.023 0.003

2 2.053 4.199 0.734 1.247  3.154 0.503 0.011  0.044 0.006
3 2179 4.455 0.779 1.444  3.646 0.582 0.018 0.073 0.010

9 2307 4.715 0.824 1.808 4.554 0.728 0.097  0.380 0.052
10 2.308 4.717 0.825 1.819 4.579 0.732 0.115 0.445 0.061
11 2.309 4.718 0.825 1.825 4.595 0.734 0.132  0.513 0.070
12 2.309 4.719 0.825 1.829 4.605 0.736 0.150  0.581 0.080
13 2309 4.719 0.825 1.832 4.612 0.737 0.169  0.650 0.089
14 2309 4.719 0.825 1.834 4.616 0.738 0.187 0.718 0.099
15 2309 4.719 0.825 1.835 4.619 0.738 0.205 0.786 0.108
16 2.309 4.719 0.825 1.835 4.620 0.739 0.223  0.852 0.117
17 2309 4.719 0.825 1.836 4.622 0.739 0.240 0.917 0.126
18 2.309 4.719 0.825 1.836 4.622 0.739 0.257  0.979 0.135
19 2309 4.719 0.825 1.836 4.623 0.739 0.273  1.040 0.143
20 2309 4.719 0.825 1.836 4.623 0.739 0.289 1.098 0.152

76 2309 4.719 0.825 1.836 4.623 0.739 0.527  1.976 0.274
77 2309 4.719 0.825 1.836 4.623 0.739 0.527  1.977 0.274
78 2309 4.719 0.825 1.836 4.623 0.739 0.528 1.978 0.274
79 2309 4.719 0.825 1.836 4.623 0.739 0.528 1.979 0.274
80 2309 4.719 0.825 1.836 4.623 0.739 0.528  1.980 0.274
81 2309 4.719 0.825 1.836 4.623 0.739 0.528  1.980 0.275
82 2309 4.719 0.825 1.836 4.623 0.739 0.528 1.981 0.275
83 2309 4.719 0.825 1.836 4.623 0.739 0.529 1.982 0.275
84 2309 4.719 0.825 1.836 4.623 0.739 0.529 1.982 0.275
85 2309 4.719 0.825 1.836 4.623 0.739 0.529 1.983 0.275
86 2309 4.719 0.825 1.836 4.623 0.739 0.529 1.983 0.275
87 2309 4.719 0.825 1.836 4.623 0.739 0.529  1.983 0.275
88 2309 4.719 0.825 1.836 4.623 0.739 0.529 1.984 0.275
89 2309 4.719 0.825 1.836 4.623 0.739 0.529 1.984 0.275
90 2309 4.719 0.825 1.836 4.623 0.739 0.529 1.985 0.275
91 2309 4.719 0.825 1.836 4.623 0.739 0.529  1.985 0.275
92 2309 4.719 0.825 1.836 4.623 0.739 0.530 1.985 0.275
93 2309 4.719 0.825 1.836 4.623 0.739 0.530 1.985 0.275

— | InGtDsi(@)||s2(z)] _ In(z41)[5:1(2)] [52(2)]
(I+ls2(z))(A+]s1(2))  (A+[52(2)))(4+[51(2)])

§1n2[|51 7%1‘+|527§2|].

These mean that, the condition (H;) holds with ,¢; =1, (2 = ﬁ, nC1 = 5,

hCo = ﬁ, ¢C1 = €, gC2 = 4In(2), and A; ~ 0.1161, Ay =~ 0.1116 for each a;.
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Hence, thanks to the equations in (13), we obtain

_ 0411, o] = 51/107 B 04037 o] = 51/107

My~ ¢ 0.329, «a; =27/, Mo 0.367, i =27/s,
0.269, ay = 57/10. 0.345, ay = 57/10.

. 1.065, a; = 51/10, ~ 1.496, «ay = 51/10,

L=~ 0.867, a3 = 27/5’ Lo 1.369, a; = 27/5,
0.720, a1 = 57/10. 1.292, a1 = 57/10.

. 1.915, a1 = 51/10, ) 2.535, oy = 51/10,

Ny ~ 1.761, «p = 27/s, No 2.686, «; =27/s,
1.591, a3 =57/10. 2.805, «y = 57/10.

and

Table 4: Estimated values for
ay in Example 5.2.

M;, L;, i =1,2 for system (28) with three values of

n

o) = 51/10

a = 27/5

a =57/10

My

M,

Ly

Ly

M,

M,

2

Ly

M,

M,

Ly

Ly

0.370
0.394
0.404
0.408
0.410
0.411
0.411
0.411

00N O U W N

0.362
0.387
0.396
0.400
0.402
0.403
0.403
0.403

0.961
1.023
1.048
1.058
1.062
1.064
1.065
1.065

1.346
1.435
1.472
1.486
1.492
1.495
1.496
1.496

0.296
0.315
0.323
0.326
0.328
0.328
0.328
0.329

0.330
0.352
0.361
0.365
0.366
0.367
0.367
0.367

0.781
0.832
0.853
0.861
0.865
0.866
0.867
0.867

1.232
1.313
1.347
1.360
1.366
1.368
1.369
1.369

0.242
0.258
0.265
0.268
0.269
0.269
0.269
0.269

0.310
0.331
0.339
0.343
0.344
0.345
0.345
0.345

0.648
0.691
0.708
0.715
0.718
0.719
0.720
0.720

1.163
1.240
1.271
1.284
1.289
1.291
1.292
1.292

3.391,
2.957,
2.581,

51/10)
21/,
57/10.

4.434,
4.423,
4.443,

51/10’
27/5,
57/10.

aq
aq
(€3]

= Oél
aq

o] =

Kl'rb’ KQ"@

Tables 4 to 6 show the estimated results of Z\Zi, Ei, ]\72», kiyi=1,2and A1 Ky +
AsKs < 1 for the system (26). When as q approaches to 1, parameters My, M,
Ly, La, Ny, N, decrease. The curves of these data are plotted in Figures 3a and 3b.
Consequently, the following inequalities hold:

2 0.889, «; = 51/10,
S KiAi~Q 0837, a3 =275 o<1 (29)
i=1 0.796, «1 = 57/10,

The curves in Figure 4 define well that the condition K1A; + KoAs < 1 is met.
The reader remarks that the conditions of Theorem 3.3 are satisfied. Hence, sys-
tem (28) has a unique solution on €. If we consider the case
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Table 5: Estimated values for N;, i = 1,2 for system (28) with three values of ay
in Example 5.2.

n a; = 51/10 oy =275 ay = 57/10

N, N, Ny N, N, N,
1 1.727 2.281 1.586 2.417 1.432 2.524
2 1.839 2.432 1.690 2.577 1.526 2.691
3 1.884 2.494 1.733  2.642 1.565 2.759
4 1.902 2.519 1.750 2.669 1.581 2.787
5 1.910 2.529 1.757 2.679 1.587 2.798
6 1913 2.533 1.759 2.684 1.590 2.802
7 1914 2.534 1.760 2.685 1.591 2.804
8 1914 2.535 1.761 2.686 1.591 2.805
9

1.915 2.535 1.761 2.686 1.591  2.805

Table 6: Estimated values for K;, i = 1,2 and K1A; + KoAy < 1 for system (28)
with three values of q in Example 5.2.

n q=12 q="/11 q=12/13
K Ko Z?:l KA Ky Ko E?:l KAy Ky K> Z?:l KiA;

3.068  3.989 0.800 2.663 3.979 0.753 2,322 3.997 0.716
3.256  4.253 0.853 2.837 4.242 0.803 2476 4.261 0.763
3.336  4.362 0.874 2.909  4.350 0.823 2.538 4.370 0.782
3.369  4.405 0.883 2.937  4.394 0.831 2.564 4.414 0.790
3.382  4.423 0.886 2.949 4411 0.835 2.574  4.431 0.793
3.387  4.430 0.888 2.954 4.418 0.836 2.578  4.438 0.795
3.389  4.433 0.888 2.955 4.421 0.837 2.580 4.441 0.795
3.390  4.434 0.889 2.956  4.422 0.837 2.580 4.442 0.795
3.390 4.434 0.889 2.956  4.423 0.837 2.581 4.443 0.795
3.391  4.434 0.889 2.957 4.423 0.837 2.581 4.443 0.796

1:

=N S = K NI GU \CR

70.275, a1 = 5/,

K 4K N -
Co = TR\ attay & 45257, o1 =27/s,
34.352, a1 = 57/10.

in the above example, then the solution (s1(z),$2(z)) is UHML stable.
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Figure 3: The curves of K, i = 1,2 for system (28) with three values of o1 in Exam-
ple 5.2.

6. Conclusion

This research established new achievements regarding the uniqueness, existence,
and stability of solutions for the coupled system of g-FDEs (1) based on famous
methods in nonlinear analysis. We also defined and studied the stability of the
mentioned coupled system (1). Some remarkable examples were presented, those
show well the details of the achievements of the existence and stability of the
system solution. Further, the current work in the field of fractional calculus can
be used to obtain the solution of the related system in [34-37].
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Ineq. (27)

%

—_——q = 7/11
—0— q=12/13
| | | |

2 4 6 8 10

O‘S‘///k A | A | A |
\ 4 < 22 9
————y =1
e q = 1/2

3

Figure 4: Inequality (27), 37_, KiA; < 1 for system (28) with three values of q in
Example 5.2.

Abbreviations. BVP: Boundary value problem; DE: Differential equation; c:
Fixed point; FDE: Fractional differential equation; MLU: Mittag-Leffler-Ulam;
g-FDE: Quantum fractional differential equation.

Conflicts of Interest. The authors declare that they have no conflicts of interest
regarding the publication of this article.

References

[1] R. A. C. Ferreira, Positive solutions for a class of boundary value prob-
lems with fractional ¢-differences, Comput. Math. Appl. 61 (2011) 367 — 373,
https://doi.org/10.1016 /j.camwa.2010.11.012.

[2] R. Finkelstein and E. Marcus, Transformation theory of the g-oscillator, J.
Math. Phys. 36 (1995) 2652 — 2672, https://doi.org/10.1063/1.531057.

[3] P.G. O.Freund and A. V. Zabrodin, The spectral problem for the ¢-Knizhnik-
Zamolodchikov equation and continuous g-Jacobi polynomials, Commun.
Math. Phys. 173 (1995) 17 — 42, https://doi.org/10.1007/BF02100180.

[4] G.N. Han and J. Zeng, On a g-sequence that generalizes the median Genocchi
numbers, Ann. Sci. Math. Québec 23 (1999) 63 — 72.



402

M. Bezziou et al. /A Nonlinear Fractional Quantum Coupled System: ...

5]

[6]

7]

18]

191

[10]

[11]

[12]

[13]

[14]

[15]

F. Jarad, T. Abdeljawad and D. Baleanu, Stability of g-fractional non-
autonomous systems, Nonlinear Anal. Real World Appl. 14 (2013) 780 — 784,
https://doi.org/10.1016 /j.nonrwa.2012.08.001.

V. Kalvandi and M. E. Samei, New stability results for a sum-type fractional
g-integro-differential equation, J. Adv. Math. Stud. 12 (2019) 201 — 209.

S. Rezapour and M. E. Samei, On the existence of solutions for a multi-
singular pointwise defined fractional g-integro-differential equation, Bound.
Value Probl. 2020 (2020) #38, https://doi.org/10.1186/s13661-020-01342-3.

J. Alzabut, M. Houas and M. I. Abbas, Application of fractional quantum
calculus on coupled hybrid differential systems within the sequential Caputo
fractional g-derivatives, Demonstr. Math. 56 (2023) #20220205.

M. Houas, F. Martinez, M. E. Samei and M. K. A. Kaabar, Unique-
ness and Ulam-Hyers-Rassias stability results for sequential fractional
pantograph g¢-differential equations, J. Inequal. Appl. 2022 (2022) 493,
https://doi.org/10.1186/s13660-022-02828-7.

M. Houas and M. E. Samei, Existence and Mittag-Leffler-Ulam stability re-
sults for Duffing type problem involving sequential fractional derivatives, Int.
J. Appl. Comput. Math. 8 (2022) #185, https://doi.org/10.1007/s40819-022-
01398-y.

A. H. Ganie, M. Houas and M. E. Samei, Pantograph system with mixed
Riemann-Liouville and Caputo-Hadamard sequential fractional derivatives:
existence and ulam-stability, Math. Interdisc. Res. 10 (2025) 1 — 33,
https://doi.org/10.22052 /mir.2024.254075.1453.

M. Houas, M. E. Samei and S. Rezapour, Solvability and stability for a
fractional quantum jerk type problem including Riemann-Liouville-Caputo
fractional g-derivatives, Partial Differ. Equ. Appl. Math. 7 (2023) 100514,
https://doi.org/10.1016/j.padiff.2023.100514.

R. P. Agarwal, B. Kovacs and D. O’Regan, Existence of positive solution for a
sixth-order differential system with variable parameters, J. Appl. Math. Com-
put. 44 (2014) 437—454, https://doi.org/https://doi.org/10.1007/s12190-013-
0701-1.

G. Bonanno and B. Di Bella, Infinitely many solutions for a fourth-order
elastic beam equation, Nonlinear Differ. Equ. Appl. 18 (2011) 357 — 368,
https://doi.org/10.1007/s00030-011-0099-0.

C. P. Danet, Uniqueness in some higher order elliptic boundary value problems
in n dimensional domains, Electron. J. Qual. Theory Differ. Equ. 2011 (2011)
1 — 12, https://doi.org/10.14232/ejqtde.2011.1.54.



Mathematics Interdisciplinary Research 11 (4) (2026) 371 — 405 403

[16] C. P. Danet, Existence and uniqueness for a semilinear sixth-order
ODE, FElectron. J. Qual. Theory Differ. Equ. 2022 (2022) 1 — 22,
https://doi.org/10.14232/ejqtde.2022.1.53.

[17] J. R. L. Webb, G. Infante and D. Franco, Positive solutions of nonlin-
ear fourth-order boundary-value problems with local and non-local bound-
ary conditions, Proc. Roy. Soc. Edinburgh Sect. A 138 (2008) 427 — 446,
https://doi.org/10.1017/50308210506001041.

[18] E. R. Kaufmann, A fourth-order iterative boundary value problem with
Lidstone boundary conditions, Differ. Equ. Appl. 14 (2022) 305 — 312,
https://doi.org/10.7153 /dea-2022-14-21.

[19] M. D. R. Grossinho, L. Sanchez and S. A. Tersian, On the solvability of
a boundary value problem for a fourth-order ordinary differential equation,
Appl. Math. Lett. 18 (2005) 439 — 444, https://doi.org/10.1016/j.aml1.2004.0
3.011.

[20] H. Khan, J. Alzabut, D. K. Almutairi, W. K. Alqurashi, S. Pinelas, O.
Tung and M. Athar Azim, A coupled nonlinear system of integro-differential
equations using modified ABC operator, Fractals 33 (2025) #2540105,
https://doi.org/10.1142/50218348X2540105X.

[21] A. Alsaedi, B. Ahmad and H. Al-Hutami, Nonlinear multi-term impulsive
fractional ¢-difference equations with closed boundary conditions, Qual. The-
ory Dyn. Syst. 23 (2024) #67, https://doi.org/10.1007 /s12346-023-00934-5.

[22] A. H. Ganie, M. Houas, F. Mofarreh and S. Rezapour, Existence and UH-
Rassias stability for fractional quantum duffing problem with sequential g¢-
fractional derivatives, New York J. Math. 30 (2024) 1479 — 1497.

[23] M. Houas, Existence and stability of solutions for fractional quantum hybrid
pantograph problem, Malaya J. Mat. 13 (2025) 157 — 168.

[24] M. Houas and M. E. Samei, Existence and stability of solutions for linear
and nonlinear damping of g-fractional Duffing-Rayleigh problem, Mediterr.
J. Math. 20 (2023) #148.

[25] M. Houas, M. E. Samei, S. S. Santra and J. Alzabut, On a
Duffing-type oscillator differential equation on the transition to chaos
with fractional ¢-derivatives, J. Inequal. Appl. 2024 (2024) #12,
https://doi.org/10.1186/s13660-024-03093-6.

[26] Z. Liu and S. Sun, Solvability and stability of multi-term fractional de-
lay g¢-difference equation, J. Appl. Anal. Comput. 14 (2024) 1177 — 1197,
https://doi.org/10.11948 /20220411.



404

M. Bezziou et al. /A Nonlinear Fractional Quantum Coupled System: ...

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

J. Wang, J. Zhang and C. Yu, Hyers-Ulam stability and existence of solutions
for high-order fractional ¢-difference equations on infinite intervals, J. Appl.
Math. Comput. 69 (2023) 4665 — 4688, https://doi.org/10.1007/s12190-023-
01947-8.

A. Moumen, O. Zentar, J. Alzabut H. Saber and T. Alraqad, A coupled
system of Langevin-type fractional differential equations involving ¥-Caputo
derivatives in arbitrary Banach spaces, Bound. Value Probl. 2026 (2026)
#103, https://doi.org/10.1186/s13661-026-02283-z.

R. P. Agarwal, Certain fractional g¢-integrals and g¢-derivatives,
Mathematical Proc. Cambridge Philos. Soc. 66 (1969) 365 — 370,
https://doi.org/10.1017/S0305004100045060.

M. H. Annaby and Z. S. Mansour, ¢-fractional Calculus and Equations, Lec-
ture Notes in Mathematics, Springer-Verlag Berlin Heidelberg, 2012.

S. Bermudo, P. Korus and J. E. Napoles Valdés, On ¢-Hermite-Hadamard
inequalities for general convex functions, Acta Math. Hungar. 162 (2020)
364 — 374, https://doi.org/10.1007 /s10474-020-01025-6.

P. Rajkovi¢, S. Marinkovi¢ and M. Stankovié, On g-analogues of Caputo
derivative and Mittag-Leffer function, Fract. Calc. Appl. Anal. 10 (2007)
359 — 373.

Y. Sheng and T. Zhang, Some results on the g¢-calculus and fractional g-
differential equations, Mathematics 10 (2022) #64, https://doi.org/10.3390/
math10010064.

H. Bouzid, B. Abdelkader, L. Tabharit and M. E. Samei, Existence of solutions
to a fractional differential equation involving the Caputo g-derivative with
boundary conditions in Banach spaces, J. Inequal. Appl. 2025 (2025) #56,
https://doi.org/10.1186/s13660-025-03302-w.

H. R. Sahebi and M. E. Samei, Analysis of the existence of solutions for a
general class of equations including the g-Erdélyi-Kober integral, Beni-Suef
Univ. J. Basic Appl. Sci. 14 (2025) #85, https://doi.org/10.1186,/s43088-
025-00672-4.

A. Salim, S. T. M. Thabet, A. S. Rafeeq, M. E. Samei, I. Kedim and
M. Vivas-Cortez, Exploring the solutions of tempered (k,)-Hilfer hybrid
implicit boundary value problem, Alex. Eng. J. 119 (2025) 138 — 148,
https://doi.org/10.1016/j.aej.2025.01.069.

A. Berhail, J. Alzabut and M. E. Samei, On multi order nonlinear Langevin
type of FDE subject to multi-point boundary conditions, Qual. Theory Dyn.
Syst. 24 (2025) #58, https://doi.org/10.1007/s12346-024-01211-9.



Mathematics Interdisciplinary Research 11 (4) (2026) 371 — 405 405
I

Mohamed Bezziou

Department of Mathematics,

Faculty of Sciences of Matter and Computer Sciences,
Khemis Miliana University, Algeria,

e-mail: m.bezziou@Quniv-dbkm.dz

Mohamed Houas

Laboratory, FIMA, UDBKM,
Khemis Miliana University, Algeria
e-mail: m.houas.st@univ-dbkm.dz

Mohammad Esmael Samei

Department of Mathematics, Faculty of Science,
Bu-Ali Sina University,

Hamedan, I. R. Iran

e-mail: mesamei@basu.ac.ir, mesamei@gmail.com



