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Abstract
Investigating the existence and stability of solutions in nonlinear and dis-

crete cases of fractional differential equations is always useful for complex
applied problems. In the current work, we discuss the existence of a solution
to a coupled nonlinear system of fractional quantum differential equations
involving quantum integrals and derivatives. We prove the existence and
uniqueness of solutions by using some classical fixed point theorems in non-
linear analysis, such as Schaefer’s fixed point. Also, we define the Mittag-
Leffler-Ulam stability and study the stability of solutions for the proposed
system. Of course, some examples are demonstrated to confirm our main
results for the system. Moreover, a conclusion is given in the last section.
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1. Introduction
Differential equations (DEs) involving fractional quantum derivative (q-derivative)
of different orders have diverse applications and have evolved into miscellaneous
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subjects [1–4]. Moreover, the DEs include fractional quantum calculus (q-FDE)
have been discussed by many scientific scholars [5–7]. Recently, several researchers
have examined the uniqueness, existence, Ulam stability, and Mittag-Leffler-Ulam
(MLU) stability of solutions for some DEs involving fractional q-derivative [8–12].
We aim to examine the existence and MLU stability of solutions for a fractional
quantum coupled system of fractional order α ∈ (5, 6]. In recent years, many
scientific researchers have studied the classical types of the boundary value problem
(BVP), for more details, see [13–17]. Kaufmann in [18], has established uniqueness
and existence results for the fourth-order DE

s(4) (z) = v
(

z, s (z) , s[2] (z) , . . . , s[m] (z)
)
,

with s (a) = s (−a) = s(2) (a) = s(2) (−a) = 0. Also, Grossinho et al. have
discussed the existence results of infinitely many solutions for the following fourth-
order nonlinear BVP,

s(4) (z) +As′′ (z) +Bs (z) = λv
(
z, s (z)

)
, z ∈ Λ,

under conditions s (0) = s (1) = 0, s′′ (0) = s′′ (1) = 0 [19]. We also note that the
deformation of the equilibrium state of an elastic circular ring segment with its
two ends simply supported can be described by a BVP of sixth-order [13],

s(6) + 2s(4) + s′′ = v (z, s) ,

for z ∈ Ω := (0, 1), with s = s′′ = s(4) = 0 on ∂Ω. Khan et al in [20] explored the
necessary conditions required for the solutions of an integro-differential system of
n-FDEs in the modified Atangana-Baleanu-Caputo case of derivative, with initial
conditions, which is a linearly perturbed system, based on the some classical fixed
point (FP) theorems. For more related works, see [21–27]. Moumen et al. studied
the existence and uniqueness of solutions for a coupled system of Langevin-type
FDEs featuring generalized Ψ-Caputo derivatives in arbitrary Banach spaces and
extended the framework to infinite-dimensional settings, offering a more versatile
analytical approach [28].
In this work, we discuss the existence and uniqueness solutions of the coupled sys-
tem of q-FDEs involving the Riemann-Liouville (RL) type fractional q-derivative
RL
qDαi of order 5 < αi ≤ 6, is formulated by,

RL
qDα1s1(z) = λ1v1

(
z, qD4s1(z), qD4s2(z)

)
+µ1h1

(
z, qD2s1(z), qD2s2(z)

)
+ δ1g1

(
z, s1(z), s2(z)

)
,

RL
qDα2s2(z) = λ2v2

(
z, qD4s1(z), qD4s2(z)

)
+µ2h2

(
z, qD2s1(z), qD2s2(z)

)
+ δ2g2

(
z, s1(z), s2(z)

)
,

(1)
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for z ∈ Ω̄ := [0, 1], and λi, µi, δi ∈ R, under conditions
(
qDms1

)
(0) =

(
qDms2

)
(0) = 0, m = 0, 4,(

qD4si
)

(1) = σi [αi]q

∫ 1

0

si($) dq$, σi ∈ R,
(2)

where vi,hi, gi ∈ C
(
Ω̄ × R2

)
and qDmsi(z) is the general q-derivatives of the

function si ∈ C(Ω̄) with respect to z, i = 1, 2. The current work in the field
of fractional calculus can be used to obtain the solution of the related system in
[34–37].
Our performance is in this direction. Section 2 contains an auxiliary result which
we need in the sequel to analyze the mentioned q-FDE. The main results for the q-
BVP (1) are discussed in Section 3. We will introduce the existence and uniqueness
results using famous FP theorems. In the final parts of the paper, in Sections 4
and 5, we confirm the achievements of the article by presenting examples and a
conclusion, respectively.

2. Preliminaries on quantum calculus
We introduce some fractional quantum calculus by the following notations defini-
tions, which can be found in [29–32].

Let q ∈ Ω and define [x]q = 1−qx
1−q , with a real element x. The q-analogue of the

power (a− b)n with n ∈ N for z, z̀ ∈ R is,(
z− z̀

)(0)
= 1, (z− z̀)

(n)
q =

n−1

Π
k=0

(
z− z̀qk

)
, n ∈ {0} ∪ N.

In general,

(z− z̀)
(α)
q = zα

∞
Π
n=0

z−z̀qn

z−z̀qα+n , α ∈ R.

The q-gamma function is formulated by:

Γq(z) :=
(1−q)(z−1)

q

(1−q)z−1 , z ∈ R \
{

0,−1,−2, . . .
}
,

such that Γq(α + 1) := [α]q Γq(α) is fulfilled. The q-derivative of a function s is
defined by:

qDs(z) = s(z)−s(qz)
(1−q)z ,

and qDs(0) = limz→0 qDs(z). The following formulas will be used in the sequel:

qDz(α) = [α]q z(α−1),

qDσq(α) =
Γq(α+1)

Γq(α−σ+1)z(α−σ), σ > 0,(
qD
∫ z

0

v(z,$) dq$

)
(z) =

∫ z

0
qDv(z,$) dq$+ v(qz, z). (3)
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Definition 2.1. Let q ∈ Ω. Then, the RL fractional q-integral of order α > 0 and
q-derivative of order n− 1 < α ≤ n for s ∈ C(Ω̄) are described for z ∈ Ω̄ by,

RL
qJ αs(z) =


∫ z

0

(z−q$)(α−1)

Γq(α) s($) dq$, α > 0,

s(z), α = 0,

and
RL
qDαs(z) =

(
qD[α]

z
RL
qJ [α]−αs

)
(z) z ∈ Ω̄.

We need the essential lemmas mentioned below [6, 29, 33].

Lemma 2.2. Let α > 0. Then, the following equality holds:

(
RL
qJ α

RL
qDαs

)
(z) = s (z)−

[α]−1∑
k=0

z(α−k)

Γq(α+1)
RL
qDαs(0).

In the case α ∈ Ω, we have
(

RL
qJ α

RL
qDαs

)
(z) = s (z)− s (0).

Lemma 2.3. For β > 0, using q-integration by parts, we have

RL
qJ β1(z) = z(β)

Γq(β+1) , or
∫ z

0

(z− q$)β−1 dq$ = z(β)

[β]q
.

Lemma 2.4. Let α, β ≥ 0 and the function s defined in Ω̄, the following formulas
hold:(

RL
qJ α

RL
qJ βs

)
(z) = RL

qJ α+βs(z),
(

RL
qDα

RL
qJ αs

)
(z) = s(z), z ∈ Ω̄.

3. Main results
First, we prove the key Lemma 3.1.

Lemma 3.1. For any ϕi ∈ C(Ω̄) (i = 1, 2), the unique solution of the linear
q-FDE: 

RL
qDαisi(z) = ϕi(z), z ∈ Ω̄, 5 < αi ≤ 6,

qDmsi(0) = 0, m = 0, 4,

qD4si(1) = σi [αi]q

∫ 1

0

si($) dq$, i = 1, 2,

(4)

is formulated by

si(z) =

∫ z

0

(z−q$)(αi−1)

Γq(αi)
ϕi(q) dq$
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+
σi[αi]qz

(αi−1)

iג Γq(αi)

∫ 1

0

(1− q$)(αi)ϕi($) dq$

− z(αi−1)(גi+σi[αi]q)
iג Γq(αi)

∫ 1

0

(1− q$)(αi−5)ϕi($) dq$, (5)

such that iג :=
(
Π4
j=0 [αi − j]q

)
− σi [αi]q 6= 0, i = 1, 2.

Proof. From Definition 2.1 and Lemma 2.4, the general solution of the q-FDE (4)
of fractional order 5 < αi ≤ 6, i = 1, 2, is given by

si(z) =

∫ z

0

(z−q$)(α−1)

Γq(α) ϕi(q) dq$+ C1z(α−1) + C2z(α−2)

+ C3z(α−3) + C4z(α−4) + C5z(α−5) + C6z(α−6), (6)

where Ck ∈ R, k = 1, 6. Since si(0) = 0, we obtain C6 = 0. Taking the derivative
of both sides of Equation (6), with the help of Equation (3), we obtain:

qDsi(z) =
[αi−1]q
Γq(αi)

∫ z

0

(z− q$)(αi−2)ϕi($) dq$+ C1 [αi − 1]q z(αi−2)

+ C2 [αi − 2]q z(αi−3) + C3 [αi − 3]q z(αi−4) + C4 [αi − 4]q z(αi−5)

+ C5 [αi − 5]q z(αi−6), i = 1, 2,

Using the boundary condition of qDsi(0) = 0, i = 1, 2, we get C5 = 0. Further,

qD2si(z) =
[αi−1]q[αi−2]q

Γq(αi)

∫ z

0

(z− q$)(αi−3)ϕi($) dq$

+ C1 [αi − 1]q [αi − 2]q z(αi−3) + C2 [αi − 2]q [αi − 3]q z(αi−4)

+ C3 [αi − 3]q [αi − 4]q z(αi−5) + C4 [αi − 4]q [αi − 5]q z(αi−6),

for i = 1, 2. Form qD2si(0) = 0, i = 1, 2, implies that C4 = 0. It follows as before,

qD3si(0) = qD4si(0) = 0,

which implies C2 = C3 = 0. By substituting these values into the Equation (6),
we find

si(z) =

∫ z

0

(z−q$)(αi−1)

Γq(αi)
ϕi($) dq$+ C1z(αi−1), i = 1, 2, (7)

and

qD4si(1) = σi [αi]q

∫ 1

0

s(z) dz,

if and only if

[αi−1]q[αi−2]q[αi−3]q[αi−4]q
Γq(αi)

∫ 1

0

(1− qs)(αi−5)ϕi($) dq$
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+ C1 [αi − 1]q [αi − 2]q [αi − 3]q [αi − 4]qq

= σi [αi]q

∫ 1

0

si(z) dqz, i = 1, 2.

Finally,

C1 =
σi[αi]q

i+σi[αi]qג

∫ 1

0

si(s) dq$−
∫ 1

0

(1−q$)(αi−5)

Γq(αi)
ϕi($) dq$.

By replacing Ck, k = 1, 6 with expressions in Equation (6), we get

si(z) =

∫ z

0

(z−q$)(αi−1)

Γq(αi)
ϕi($) dq$+

σi[αi]qz
(αi−1)

i+σi[αi]qג

∫ 1

0

si($) dq$

− z(αi−1)

∫ 1

0

(1−qs)(αi−5)

Γq(αi)
ϕi($) dq$, i = 1, 2. (8)

Integrating (8) with respect to z from 0 to 1, we get∫ 1

0

si($) dq$ =
i+σi[αi]qג
iג Γq(αi)

[ ∫ 1

0

(1− q$)(αi)ϕi($) dq$

−
∫ 1

0

(1− q$)(αi−5)ϕi($) dq$

]
. (9)

Now, by inserting (9) into (8), we deduce (5).

We define the set

Υ =
{
si : si, qD2si, qD4si ∈ C (Ω)

}
, i = 1, 2.

Based on nonlinear analysis tools, we study q-BVP (4), in the Banach product
space

(
Υ2, ‖·‖Υ2

)
endowed with the norms, i = 1, 2,∥∥

qDnsi
∥∥
∞ = sup

{ ∣∣
qDnsi(z)

∣∣ : z ∈ Ω̄
}
, n ∈

{
0, 2, 4

}
,

and ‖(s1, s2)‖Υ2 = ‖s1‖Υ + ‖s2‖Υ, where

‖si‖Ω = ‖si‖∞ +
∥∥
qD2si

∥∥
∞ +

∥∥
qD4si

∥∥
∞ .

Thanks to Lemma 3.1, we can consider an operator
T : Υ2 → Υ2,

T (s1, s2) (z) =

(
T1 (s1, s2) (z)
T2 (s1, s2) (z)

)
,

(10)
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where, for any 0 ≤ z ≤ 1 and i = 1, 2, we have

Ti (s1, s2) (z) =

∫ z

0

(z−q$)(αi−1)

Γq(αi)

[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2 (z)

)]
dq$

+
σi[αi]qz

(αi−1)

iג Γq(αi)

∫ 1

0

(1− q$)(αi)
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2 (z)

)]
dq$

− z(αi−1)(i+σi[αi]qג)

iג Γq(αi)

∫ 1

0

(1− q$)(αi−5)
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z,RL

qD2s1(z),RL
qD2s2(z)

)
+ δigi

(
z, s1(z), s2 (z)

)]
dq$. (11)

Lemma 3.2. Assume that vi, gi ∈ C
(
Ω̄×R2

)
. Then (s1, s2) ∈ Υ2 is a solution of

the coupled system (1) if and only if (s1, s2) is a solution of the equation(
T1 (s1, s2) (z) ,T2 (s1, s2) (z)

)
=
(
s1 (z) , s2 (z)

)
.

Proof. The proof is immediate from Lemma 3.1.

Theorem 3.3. Assume that the following assumption is valid:

(H1) Suppose the existence of nonnegative reals numbers vζi, hζi, gζi, such that
for every z ∈ Ω̄ and sj , s̀j ∈ R, i = 1, 2, we have

|vi (z, s1, s2)− vi (z, s̀1, s̀2)| ≤ vζi

2∑
j=1

|sj − s̀j | ,

∣∣hi(z, s1, s2

)
− hi

(
z, s̀1, s̀2

)∣∣ ≤ hζi

2∑
j=1

|sj − s̀j | ,

∣∣gi(z, s1, s2

)
− gi

(
z, s̀1, s̀2

)∣∣ ≤ gζi

2∑
j=1

|sj − s̀j | .

Then, q-BVP (1) has a unique solution over Ω̄ provided that

K1∆1 +K2∆2 < 1, (12)

where for i = 1, 2, ∆i = |λi| vζi + |µi| hζi + |δi| gζi, and Ki = M̃i + L̃i + Ñi, with

M̃i = 1
Γq(αi+1) +

|σi|[αi]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
i|Γq(αi)ג|

,
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L̃i =
[αi−1]q
Γq(αi)

+
|σi|

2
Π
j=0

[α−j]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]

i|Γq(αi)ג|
,

Ñi =

3
Π
j=1

[αi−j]q
Γq(αi)

+
|σi|

4
Π
j=0

[α−j]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]q
i|Γq(αi)ג|

. (13)

Proof. For finite real numbers v◦i , h◦i , g◦i > 0, i = 1, 2, we fix

v◦i = sup |vi (z, 0, 0)| , h◦i = sup |hi (z, 0, 0)| , g◦i = sup |gi (z, 0, 0)| ,

for 0 ≤ z ≤ 1 and define Br =
{

(s1, s2) ∈ Υ2 : ‖(s1, s2)‖B ≤ r
}
, in which

r ≥
[
1−

2∑
i=1

Ki∆i

]−1 2∑
i=1

Ki

[
v◦i + h◦i + g◦i

]
.

Then, we show that TiBr ⊂ Br, where the operator Ti is defined in (11). For any
(s1, s2) ∈ Br, z ∈ Ω̄, the assumption (H2) implies∣∣vi(z, s1(z), s2(z)

)∣∣ ≤ ∣∣vi(z, s1(z), s2(z)
)
− vi

(
z, 0, 0

)∣∣+ |fi(z, 0, 0)|
≤ vζi (‖s1‖+ ‖s2‖) + v◦i ≤ vζir + v◦i , i = 1, 2.

Similarly, we can find that∣∣hi(z, s1(z), s2(z)
)∣∣ ≤ hζir + h◦i ,∣∣gi(z, s1(z), s2(z)
)∣∣ ≤ gζir + g◦i ,

for i = 1, 2. In consequence, we obtain for i = 1, 2,∥∥Ti (s1, s2)
∥∥
∞ = sup

z∈Ω̄

|Ti (s1, s2) (z)|

≤
∫ 1

0

(1−q$)(αi−1)

Γq(αi)

∣∣∣λivi ($, qD4s1($), qD4s2($)
)

+ µihi
(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
$, s1($), s2($)

)∣∣∣ dq$

+
|σi|[αi]q
i|Γq(αi)ג|

∫ 1

0

(1− q$)(αi)
∣∣∣λivi ($, qD4s1($), qD4s2($)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
$, s1($), s2(z)

)∣∣∣dq$

+
i+σi[αi]qג
i|Γq(αi)ג|

∫ 1

0

(1− q$)(αi−5)
∣∣∣λivi ($, qD4s1(z), qD4s2($)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
$, s1($), s2($)

)∣∣∣ dq$

≤ 1
Γq(αi+1)

[ (
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
+

|σi|[αi]q
i|Γq(αi)[αi+1]qג|

[ (
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
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+

3
Π
j=0

[αi−j]q
i|Γq(αi)ג|

[
(|λi| vζi + |δi| hζi + |µi| hζi) r + v◦i + g◦i + h◦i

]
≤ M̃i

[
∆ir + v◦i + g◦i + h◦i

]
.

Also, we can observe that

qD2Ti (s1, s2) (z) =

2
Π
j=1

[αi−j]q
Γq(αi)

∫ z

0

(z− q$)(αi−5)
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2(z)

)]
dq$

+
σi

2
Π
j=0

[αi−j]qz(αi−3)

iג Γq(αi)

×
∫ 1

0

(1− q$)(αi)
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2(z)

)]
dq$

−
4
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]qz(αi−3)

iג Γq(αi)

×
∫ 1

0

(1− q$)(αi−5)
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2(z)

)]
dq$,

which implies that∥∥
qD2Ti (x1, x2)

∥∥
∞ = sup

{ ∣∣
qD2Ti (s1, s2) (z)

∣∣ : z ∈ Ω̄
}

≤ [αi−1]q
Γq(αi)

[(
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
+

σi
2
Π
j=0

[αi−j]q
iג Γq(αi)[αi+1]q

×
[ (
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
+

3
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]q
i|Γq(αi)ג|

×
[ (
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
≤ L̃i [∆ir + v◦i + g◦i + h◦i ] , i = 1, 2.

and

qD4Ti (s1, s2) (z) =
i+σi[αi]qג

Γq(αi)

∫ t

0

(t− qs)(αi−5)
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
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+ µihi
(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2(z)

)]
dq$

+
σi(גi+σi[αi]q)z(αi−5)

iג Γq(αi)

∫ 1

0

(1− q$)(αi)

×
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2(z)

)]
dq$

−
4
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]qz(αi−5)

iג Γq(αi)

∫ 1

0

(1− q$)(αi−5)

×
[
λivi

(
z, qD4s1(z), qD4s2(z)

)
+ µihi

(
z, qD2s1(z), qD2s2(z)

)
+ δigi

(
z, s1(z), s2(z)

)]
dq$.

It yields that,∥∥
qD4Ti (s1, s2)

∥∥
∞ = sup

z∈Ω̄

∣∣
qD4Ti (s1, s2) (z)

∣∣
≤

3
Π
j=1

[αi−j]q
Γq(αi)

[(
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
≤

3
Π
j=1

[αi−j]q
Γq(αi)

[(
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
+

σi(גi+σi[αi]q)
iג Γq(αi)[αi+1]q

[ (
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
+

3
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]q
i|Γq(αi)ג|

×
[ (
|λi| vζi + |δi| gζi + |µi| hζi

)
r + v◦i + g◦i + h◦i

]
≤ Ñi

[
∆ir + v◦i + g◦i + h◦i

]
, i = 1, 2.

In consequence, we get

‖Ti (s1, s2)‖Υ = ‖Ti (s1, s2)‖∞ +
∥∥
qD2Ti (s1, s2)

∥∥
∞ +

∥∥
qD4Ti (s1, s2)

∥∥
∞

≤ Ki [∆ir + v◦i + g◦i + h◦i ] .

Hence, we obtain

‖T1 (s1, s2)‖Υ = ‖T1 (s1, s2)‖∞ +
∥∥
qD2T1 (s1, s2)

∥∥
∞ +

∥∥
qD4T1 (s1, s2)

∥∥
∞

≤ K1 [∆1r + v◦1 + g◦1 + h◦1] ,

‖T2 (s1, s2)‖Υ = ‖T2 (s1, s2)‖∞ +
∥∥
qD2T2 (s1, s2)

∥∥
∞ +

∥∥
qD4T2 (s1, s2)

∥∥
∞

≤ K2 [∆2r + v◦2 + g◦2 + h◦2] ,
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which implies that

‖T (s1, s2)‖Ω×Ω = ‖T1 (s1, s2)‖Ω + ‖T2 (s1, s2)‖Ω
≤ K1 [∆1r + v◦1 + g◦1 + h◦1] +K2 [∆2r + v◦2 + g◦2 + h◦2] ≤ r.

Hence, we prove that, T Br ⊂ Br, as (s1, s2) ∈ Br. Next, we show that T is a
contraction. Using the condition (H2), for any (s1, s2), (s̀1, s̀2) ∈ Υ2, we can write∣∣Ti(s1, s2)(z)−Ti(s̀1, s̀2)(z)

∣∣ ≤ ∫ 1

0

(1−q$)(αi−1)

Γq(αi)

∣∣∣λi[vi ($, qD4s1($), qD4s2($)
)

− vi
(
$, qD4s̀1($), qD4s̀2($)

)
+ µi

[
hi
(
$, qD2s1($), qD2s2($)

)
− hi

(
$, qD2s̀1($), qD2s̀2($)

) ]
+ δi

[
gi
(
$, s1($), s2($)

)
− gi

(
$, s1($), s2($)

)]∣∣∣dq$+
|σi|[αi]q
i|Γq(αi)ג|

×
∫ 1

0

(1− q$)(αi)
∣∣∣λi[vi ($, qD4s1($), qD4s2($)

)
− vi

(
$, qD4s̀1($), qD4s̀2($)

)
+ µi

[
hi
(
$, qD2s1($), qD2s2($)

)
− hi

(
$, qD2s̀1($), qD2s̀2($)

) ]
+ δi

[
gi
(
$, s1($), s2($)

)
− gi

(
$, s1($), s2($)

)]∣∣∣dq$+
i+σi[αi]qג
i|Γq(αi)ג|

×
∫ 1

0

(1− q$)(αi−5)
∣∣∣λi[vi ($, qD4s1($), qD4s2($)

)
− vi

(
$, qD4s̀1($), qD4s̀2($)

)
+ µi

[
hi
(
$, qD2s1($), qD2s2($)

)
− hi

(
$, qD2s̀1($), qD2s̀2($)

) ]
+ δi

[
gi
(
$, s1($), s2($)

)
− gi

(
$, s1($), s2($)

)]∣∣∣dq$

≤ 1
Γq(αi+1)

[
|λi| vζi

(∥∥
qD4s1 − qD4s̀1

∥∥
∞ +

∥∥
qD4s2 − qD4s̀2

∥∥
∞

)
+ |µi| hζi

(∥∥
qD2s1 − qD2s̀1

∥∥
∞ +

∥∥
qD2s2 − qD2s̀2

∥∥
∞

)
+ |δi| gζi (‖s1 − s̀1‖∞ + ‖s2 − s̀2‖∞)

]
+

|σi|[αi]q
i|Γq(αi)[αi+1]qג|

×
[
|λi| vζi

(∥∥
qD4s1 − qD4s̀1

∥∥
∞ +

∥∥
qD4s2 − qD4s̀2

∥∥
∞

)
+ |µi| hζi

(∥∥
qD2s1 − qD2s̀1

∥∥
∞ +

∥∥
qD2s2 − qD2s̀2

∥∥
∞

)
+ |δi| gζi (‖s1 − s̀1‖∞ + ‖s2 − s̀2‖∞)

]
+

3
Π
j=0

[αi−j]q
i|Γq(αi)ג|
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×
[
|λi| vζi

(∥∥
qD4s1 − qD4s̀1

∥∥
∞ +

∥∥
qD4s2 − qD4s̀2

∥∥
∞

)
+ |µi| hζi

(∥∥
qD2s1 − qD2s̀1

∥∥
∞ +

∥∥
qD2s2 − qD2s̀2

∥∥
∞

)
+ |δi| gζi

(
‖s1 − s̀1‖∞ + ‖s2 − s̀2‖∞

)]
.

Therefore,∥∥Ti (s1, s2)−Ti (s̀1, s̀2)
∥∥
∞

≤ ∆i

 1
Γq(αi+1) +

|σi|[αi]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
i|Γq(αi)ג|


×
[∥∥

qD4s1 − qD4s̀1

∥∥
∞ +

∥∥
qD4s2 − qD4s̀2

∥∥
∞

]
+ ∆i

 1
Γq(αi+1) +

|σi|[αi]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
i|Γq(αi)ג|


×
[∥∥

qD2s1 − qD2s̀1

∥∥
∞ +

∥∥
qD2s2 − qD2s̀2

∥∥
∞

]
+ ∆i

 1
Γq(αi+1) +

|σi|[αi]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
i|Γq(αi)ג|


×
[
‖s1 − s̀1‖∞ + ‖s2 − s̀2‖∞

]
≤ ∆iM̃i

[
‖(s1 − s̀1)‖Υ + ‖(s2 − s̀2)‖Υ

]
, i = 1, 2.

Similarly, it can be shown that for i = 1, 2,∥∥
qD2Ti (s1, s2)− qD2Ti (s̀1, s̀2)

∥∥
∞

= sup
z∈Ω̄

∣∣
qD2Ti (s1, s2) (z)− qD2Ti (s̀1, s̀2) (z)

∣∣
≤ ∆i

 [αi−1]q
Γq(αi)

+
|σi|q

2
Π
j=0

[α−j]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]

i|Γq(αi)ג|


×
[∥∥

qD4s1 − qD4s̀1

∥∥
∞ +

∥∥
qD4s2 − qD4s̀2

∥∥
∞

]
+ ∆i

 [αi−1]q
Γq(αi)

+
|σi|q

2
Π
j=0

[α−j]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]

i|Γq(αi)ג|


×
[∥∥

qD2s1 − qD2s̀1

∥∥
∞ +

∥∥
qD2s2 − qD2s̀2

∥∥
∞

]
+ ∆i

 [αi−1]q
Γq(αi)

+
|σi|q

2
Π
j=0

[α−j]q
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]

i|Γq(αi)ג|


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×
[
‖s1 − s̀1‖∞ + ‖s2 − s̀2‖∞

]
≤ ∆iL̃i

[
‖(s1 − s̀1)‖Ω + ‖(s2 − s̀2)‖Υ

]
,

and∥∥
qD4

qDi (s1, s2)− qD4Ti (s̀1, s̀2)
∥∥
∞

= sup
z∈Ω̄

∣∣
qD4Ti (s1, s2) (s1, s2)− qD4Ti (s̀1, s̀2) (z)

∣∣
≤ ∆i

 3
Π
j=1

[αi−j]q
Γq(αi)

+
|σi|(גi+σi[αi]q)
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]q
i|Γq(αi)ג|


×
[∥∥

qD4s1 − qD4s̀1

∥∥
∞ +

∥∥
qD4s2 − qD4s̀2

∥∥
∞

]
+ ∆i

 3
Π
j=1

[αi−j]q
Γq(αi)

+
|σi|(גi+σi[αi]q)
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]q
i|Γq(αi)ג|


×
[∥∥

qD2s1 − qD2s̀1

∥∥
∞ +

∥∥
qD2s2 − qD2s̀2

∥∥
∞

]
+ ∆i

 3
Π
j=1

[αi−j]q
Γq(αi)

+
|σi|(גi+σi[αi]q)
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]q
i|Γq(αi)ג|


×
[
‖s1 − s̀1‖∞ + ‖s2 − s̀2‖∞

]
≤ ∆iÑi

[
‖(s1 − s̀1)‖Υ + ‖(s2 − s̀2)‖Υ

]
.

Consequently, we obtain∥∥Ti (s1, s2)−Ti (s̀1, s̀2)
∥∥

Υ
= ‖Ti (s1, s2)−Ti (s̀1, s̀2)‖∞

+
∥∥
qD2Ti (s1, s2)− qD2Ti (s̀1, s̀2)

∥∥
∞

+
∥∥
qD4Ti (s1, s2)− qD4Ti (s̀1, s̀2)

∥∥
∞

≤ ∆iKi

[
‖(s1 − s̀1)‖Υ + ‖(s2 − s̀2)‖Υ

]
, i = 1, 2.

Hence, we obtain

‖T1 (s1, s2)−T1 (s̀1, s̀2)‖Υ ≤ ∆1K1

(
‖(s1 − s̀1)‖Υ + ‖(s2 − s̀2)‖Υ

)
,

‖T2 (s1, s2)−T2 (s̀1, s̀2)‖Υ ≤ ∆2K2

(
‖(s1 − s̀1)‖Υ + ‖(s2 − s̀2)‖Υ

)
, (14)

from (14), we have

∥∥T (s1, s2)−T (s̀1, s̀2)
∥∥

Υ2 ≤
2∑
i=1

Ki∆i

∥∥ (s1, s2) , (s̀1, s̀2)
∥∥

Υ2 .
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We deduce that T is contractive which implies T has a unique FP which is the
solution of given system (1).

Now, we prove the existence solution to system (1) by applying following
Lemma of Schaefer’s FP.

Lemma 3.4. Let E be a Banach space. Then, a completely continuous operator
Λ : E → E has a FP, whenever the set Σ =

{
z ∈ E : z = %Λ (z) , 0 < % < 1

}
, is

bounded.

Theorem 3.5. Assume that the following hypotheses is satisfied.

(H2) There exist positive constants vξi, hξi, gξi, i = 1, 2, such that, for every
z ∈ Ω̄ and s1, s2 ∈ R, and i = 1, 2,

|vi(z, s1, s2)| ≤ vξi, |hi(z, s1, s2)| ≤ hξi, |gi(z, s1, s2)| ≤ gξi.

Then, (1) has at least one solution defined over Ω̄.

Proof. The continuity of vi,hi and gi, i = 1, 2,, we find that T is continuous.
Now, we show that T is completely continuous. We show that T maps bounded
set z ⊂ Ω× Ω into bounded set of z. In this regard, for all (s1, s2) ∈ z, we have

‖Ti (s1, s2)‖∞ = sup
z∈Ω̄

|Ti (s1, s2) (z)|

≤ 1
Γq(αi+1)

[
|λi| vξi + |µi| hξi + |δi| gξi

]
+

|σi|[αi]q
i|Γq(αi)[αi+1]qג|

[
|λi| vξi + |µi| hξi + |δi| gξi

]
+

3
Π
j=0

[αi−j]q
i|Γq(αi)ג|

[
|λi| vξi + |µi| hξi + |δi| gξi

]
≤ M̃i

[
|λi| vξi + |µi| hξi + |δi| gξi

]
i = 1, 2. (15)

Likewise, for i = 1, 2, we get∥∥
qD2Ti (s1, s2)

∥∥
∞ = sup

z∈Ω̄

∣∣
qD2Ti (s1, s2) (z)

∣∣
≤ [αi−1]q

Γq(αi)

[
|λi| vξi + |µi| hξi + |δi| gξi

]
+

σi
2
Π
j=0

[αi−j]q
iג Γq(αi)[αi+1]q

[
|λi| vξi + |µi| hξi + |δi| gξi

]
+

3
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]

i|Γq(αi)ג|

[
|λi| vξi + |µi| hξi + |δi| gξi

]
≤ L̃i

[
|λi| vξi + |µi| hξi + |δi| gξi

]
, (16)
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and ∥∥
qD4Ti (s1, s2)

∥∥
∞ = sup

z∈Ω̄

∣∣
qD4Ti (s1, s2) (z)

∣∣
≤

3
Π
j=1

[αi−j]q
Γq(αi)

[
|λi| vξi + |µi| hξi + |δi| gξi

]
+

σi
4
Π
j=0

[αi−j]q
iג Γq(αi)[αi+1]q

[
|λi| vξi + |µi| hξi + |δi| gξi

]
+

3
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]q
i|Γq(αi)ג|

[
|λi| vξi + |µi| hξi + |δi| gξi

]
≤ Ñi

[
|λi| vξi + |µi| hξi + |δi| gξi

]
. (17)

Now, by helping Equations (15), (16) and (17), for i = 1, 2, we have

‖Ti (s1, s2)‖Ω = ‖Ti (s1, s2)‖∞ +
∥∥
qD2Ti (s1, s2)

∥∥
∞ +

∥∥
qD4Ti (s1, s2)

∥∥
∞

≤
(
M̃i + L̃i + Ñi

) [
|λi| vξi + |µi| hξi + |δi| gξi

]
≤ Ki

[
|λi| vξi + |µi| hξi + |δi| gξi

]
,

which implies that

‖T1 (s1, s2)‖Υ ≤ K1

[
|λ1| vξ1 + |µ1| hξ1 + |δ1| gξ1

]
,

‖T2 (s1, s2)‖Υ ≤ K2

[
|λ2| vξ2 + |µ2| hξ2 + |δ2| gξ2

]
. (18)

Thus, thanks to the inequalities in Equation (18), we get

‖T (s1, s2)‖Υ2 ≤ K1

[
|λ1| vξ1 + |µ1| hξ1 + |δ1| gξ1

]
+K2

[
|λ2| vξ2 + |µ2| hξ2 + |δ2| gξ2

]
.

Indeed, T is uniformly bounded. Next, we show that T is equicontinuous. Let
(s1, s2) ∈ z and 0 ≤ z < z̀ ≤ 1, it follows that:∣∣Ti (s1, s2) (z̀)−Ti (s1, s2) (z)

∣∣
≤ 1

Γq(α)

∣∣∣∣ ∫ z

0

(
(z̀− q$)(αi−1) − (z1 − q$)(α−1)

)
×
[
λivi

(
$, qD4s1($), qD4s2($)

)
+ µihi

(
$, qD2s1($), qD2s2($)

)
+ δigi ($, s1($), s2($))

]
dq$

∣∣∣∣
+ 1

Γq(α)

∣∣∣∣ ∫ z̀

z

(z̀− q$)(αi−1)
[
λivi

(
$, qD4s1($), qD4s2($)

)
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+ µihi
(
$, qD2s1($), qD2s2($)

)
+ δigi

(
$, s1($), s2(z)

)]
dq$

∣∣∣∣
+
|σi|[αi]q

∣∣∣∣z̀(αi−1)−z
(αi−1)
1

∣∣∣∣∣∣∣∣ 4
Π
j=0

[αi−j]q−σi[αi]q

∣∣∣∣Γq(αi)

×
∫ 1

0

(1− q$)(αi)
∣∣∣λivi ($, qD4s1($), qD4s2($)

)
+ µihi

(
$, qD2s1($), qD2s2($)

)
+ δigi

(
$, s1($), s2($)

)∣∣∣ dq$

+
(i+σi[αi]qג)

∣∣∣z̀(αi−1)−z(αi−1)
∣∣∣

i|Γq(αi)ג|

×
∫ 1

0

(1− q$)(α−5)
∣∣∣λivi ($, qD4s1($), qD4s2($)

)
+ µihi

(
$, qD2s1($), qD2s2($)

)
+ δigi

(
$, s1($), s2($)

)∣∣∣ dq$

≤ |λi| vξi+|µi| hξi+|δi| gξi
Γq(αi+1)

[
2 (z̀− z)

(α)
+
∣∣∣z̀(α) − z(α)

∣∣∣]
+
|σi|[αi]q[|λi| vξi+|µi| hξi+|δi| gξi]

∣∣∣z̀(αi−1)−z(αi−1)
∣∣∣

i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[α−j]q[|λi| vξi+|µi| hξi+|δi| gξi]|z̀(α−1)−z(α−1)|
i|Γq(αi)ג|

, i = 1, 2,

which implies
|Ti (s1, s2) (z̀)−Ti (s1, s2) (z)| → 0, (19)

as z̀→ z. Similarly, one finds for i = 1, 2,∣∣
qD2Ti (s1, s2) (z̀)− qD2Ti (s1, s2) (z)

∣∣
≤ [αi−1]q[|λi| vξi+|µi| hξi+|δi| gξi]

Γq(αi)

×
[
2 (z̀− z)

(α−2)
+
∣∣∣z̀(α−2) − z(α−2)

∣∣∣]
+
|σi|

2
Π
j=0

[αi−j]q[|λi| vξi+|µi| hξi+|δi| gξi]
∣∣∣z̀(αi−3)−z(αi−3)

∣∣∣
i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
2
Π
j=1

[αi−j]q[|λi| vξi+|µi| hξi+|δi| gξi]|z̀(α−3)−z(α−3)|
i|Γq(αi)ג|

,

and∣∣
qD4Ti (s1, s2) (z̀)− qD4Ti (s1, s2) (z)

∣∣
≤

3
Π
j=1

[αi−j]q[|λi| vξi+|µi| hξi+|δi| gξi]
Γq(αi)

×
[
2 (z̀− z)

(α−4)
+
∣∣∣z̀(α−4) − z(α−4)

∣∣∣]
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+
|σi|(גi+σi[αi]q)[|λi| vξi+|µi| hξi+|δi| gξi]

∣∣∣z̀(αi−5)−z(αi−5)
∣∣∣

i|Γq(αi)[αi+1]qג|

+

3
Π
j=0

[αi−j]q
4
Π
j=1

[αi−j]q[|λi| vξi+|µi| hξi+|δi| gξi]|z̀(α−5)−z(α−5)|
i|Γq(αi)ג| ,

which imply that ∣∣
qD2Ti (s1, s2) (z̀)− qD2Ti (s1, s2) (z̀)

∣∣→ 0,∣∣
qD4Ti (s1, s2) (z̀)− qD4Ti (s1, s2) (z)

∣∣→ 0, (20)

as z̀→ z. It follows that the operators Ti, i = 1, 2 are equicontinuous. At present,
the Arzelà-Ascoli theorem with these results confirm the completely continuity of
the operator T . Finally, we consider the set

Θ =
{

(s1, s2) ∈ Υ2 : (s1, s2) = %T (s1, s2) , 0 < % < 1
}
,

and we prove that it is bounded. For (s1, s2) ∈ Θ and z ∈ Ω̄, we have (s1, s2) (z) =
%T (s1, s2) (s1, s2). It follows that

s1 (z) = %T1 (s1, s2) (z) , s2 (z) = %T2 (s1, s2) (z) .

Using the condition (H2), we obtain

‖si‖∞ = sup
z∈Ω̄

|si (z)| ≤ %M̃i

[
|λi| vξi + |µi| hξi + |δi| gξi

]
, i = 1, 2. (21)

Also, we have∥∥
qD2si

∥∥
∞ = sup

z∈Ω̄

∣∣
qD2si (z)

∣∣ ≤ %L̃i [|λi| vξi + |µi| hξi + |δi| gξi
]
,∥∥

qD4si
∥∥
∞ = sup

z∈Ω̄

∣∣
qD4si (z)

∣∣ ≤ %Ñi [|λi| vξi + |µi| hξi + |δi| gξi
]
. (22)

It follows from (21) and (22), that

‖si‖Υ = ‖si‖∞ +
∥∥
qD2si

∥∥
∞ +

∥∥
qD4si

∥∥
∞

≤ %
(
M̃i + L̃i + Ñi

) [
|λi| vξi + |µi| hξi + |δi| gξi

]
≤
(
M̃i + L̃i + Ñi

) [
|λi| vξi + |µi| hξi + |δi| gξi

]
≤ Ki

[
|λi| vξi + |µi| hξi + |δi| gξi

]
.

Hence,

‖s1‖Υ ≤ K1

[
|λ1| vξ1 + |µi| hξ1 + |δ1| gξ1

]
,

‖s2‖Υ ≤ K2

[
|λ2| vξ2 + |µ2| hξ2 + |δ2| gξ2

]
.
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Indeed,

‖(s1, s2)‖Υ2 = ‖s1‖Υ + ‖s2‖Υ
≤ K1K1

[
|λ1| vξ1 + |µi| hξ1 + |δ1| gξ1

]
+K2

[
|λ2| vξ2 + |µ2| hξ2 + |δ2| gξ2

]
.

Consequently, ‖(s1, s2)‖Υ2 <∞. Indeed, Θ is bounded and so, Lemma 3.4 implies
that T has at least one FP, which is a solution of q-FDE (1).

4. The stability of Mittag-Leffler-Ulam-Hyers

We provide results regarding Ulam-Hyers-Mittag-Leffler (UHML) stability for our
problem. We consider the following inequalities,∣∣∣ qDαisi(z)− λivi

(
z, qD4s1(z), qD4s2(z)

)
− µihi

(
z, qD2s1(z), qD2s2(z)

)
− δigi

(
z, s1(z), s2(z)

)∣∣∣ ≤ εEαi(zαi), ε > 0, (23)

with Mittag-Lefler function Eαi(·) is formulated by:

Eα(z) =

∞∑
j=0

zj

Γ(jα+1) ,

under conditions,
(
qDms1

)
(0) =

(
qDms2

)
(0) = 0, m = 0, 4,(

qD4si
)

(1) = σi [αi]q

∫ 1

0

si($) dq$, σi ∈ R,
(24)

where λi, µi, δi ∈ R, 5 < αi ≤ 6, i = 1, 2, z ∈ Ω̄.

Definition 4.1. The system (1) is UHML stable with respect to Eγ(zγ), if there
exists an element Cγ > 0 such that for each ε > 0 and for every solution s ∈ Υ of
inequality (23), there exists a solution ŝ ∈ Υ of the system (1) with,

|ŝ (z)− s (z)| ≤ CγεEγ(zγ).

Theorem 4.2. Assume that (H1) in Theorem 3.3 is valid and also the following
hypothesis holds:

(H3) There exists ŝ ∈ Υ. Such that for each z ∈ Ω̄, we have |ŝ| ≤ εEα.

Then, the system (1) is generalized UHML stable.
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Proof. Let ŝi, i = 1, 2 be solution of (23), we suppose that

ŝi (z) =

∫ z

0

(z−q$)(αi−1)

Γq(αi)

[
λivi

(
z, qD4ŝ1(z), qD4ŝ2(z)

)
+ µihi

(
z, qD2ŝ1(z), qD2ŝ2(z)

)
+ δigi

(
z, ŝ1(z), ŝ2 (z)

)]
qD

+
σi[αi]qz

(αi−1)

iג Γq(αi)

∫ 1

0

(1− q$)(αi)
[
λivi

(
z, qD4ŝ1(z), qD4ŝ2(z)

)
+ µihi

(
z, qD2ŝ1(z), qD2ŝ2(z)

)
+ δigi

(
z, ŝ1(z), ŝ2 (z)

)]
dq$

− z(αi−1)(i+σi[αi]qג)

iג Γq(αi)

∫ 1

0

(1− q$)(αi−5)
[
λivi

(
z, qD4ŝ1(z), qD4ŝ2(z)

)
+ µihi

(
z, qD2ŝ1(z), qD2ŝ2(z)

)
+ δigi

(
z, ŝ1(z), ŝ2 (z)

)]
dq$ = Ii,

for i = 1, 2. Thanks to (H3), we get

|ŝi (t)− Ii| ≤ εEαi (zαi) , i = 1, 2. (25)

By Theorem 3.3, the system (1) has a unique solution si, i = 1, 2. Then, using (25)
and (H3), we get

‖ŝi − si‖∞ ≤ M̃i

[ (
|λi| vζi + |µi| hζi + |δi| gζi

)
‖ŝi − si‖Υ + εEαi (zαi)

]
≤ M̃i

[
∆i ‖ŝi − si‖Υ + εEαi (zαi)

]
,

and also,∥∥D2
qyi −D2

qxi
∥∥
∞ ≤ L̃i

[ (
|λi| vζi + |µi| hζi + |δi| gζi

)
‖ŝi − si‖Υ + εEαi (zαi)

]
≤ L̃i

[
∆i ‖ŝi − si‖Υ + εEαi (zαi)

]
,∥∥

qD4ŝi − qD4si
∥∥
∞ ≤ Ñi

[ (
|λi| vζi + |µi| hζi + |δi| gζi

)
‖ŝi − si‖Υ + εEαi (zαi)

]
≤ Ñi

[
∆i ‖ŝi − si‖Υ + εEαi (zαi)

]
,

for i = 1, 2. Therefore,

‖ŝi − si‖Υ = ‖ŝi − si‖∞ +
∥∥
qD2ŝi − qD2si

∥∥
∞ +

∥∥
qD4ŝi − qD4si

∥∥
∞

≤ Ki∆i ‖ŝi − si‖Υ +KiεEαi (zαi) , i = 1, 2,

implies that

‖ŝ1 − s1‖Υ ≤ K1∆1 ‖ŝ1 − s1‖Υ +K1εEα1
(zα1) ,

‖ŝ2 − s2‖Υ ≤ K2∆2 ‖ŝ2 − s2‖Υ +K2εEα2
(zα2) .
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Thus,

‖(ŝ1 − s1, ŝ2 − s2)‖Υ2 =

2∑
i=1

‖ŝi − si‖Υ ≤
K1+K2

1−(K1∆1+K2∆2)εEγ (zγ) ,

where Cγ = K1+K2

1−(K1∆1+K2∆2) , and Eγ(zγ) = max
{
Eα1(zα1), Eα2(zα2)

}
. Thus, the

system (1) is UHML stable.

5. Examples
We examine some illustrative examples. First, we control the results when q

changes in Ω.

Example 5.1. Consider the following system of q-FDEs for z ∈ Ω̄:

RL
qD

28/5s1(z) =
cos(z)|qD4s2(z)|

15ez+
√

2(1+|qD4s2(z)|)

+
z3(|qD2s1(z)|+|qD2s2(z)|)

10π(z2+1) + ez
2
(sin|s1(z)|+|s2(z)|)

19 ,

RL
qD

11/2s2(z) =
z sin(qD

4s1(z))
113(3−z) +

√
z(|qD2s2(z)|)
49 ln(ez+2) +

√
ez+1(|s2(z)|)

80(1+|s2(z)|) ,

(26)

under conditions (
qDms1

)
(0) =

(
qDms2

)
(0) = 0, m = 0, 4,(

qD4s1

)
(1) = σ1

[
28
5

]
q

∫ 1

0

s($) dq$,

(
qD4s2

)
(1) = σ2

[
11
2

]
q

∫ 1

0

s2($) dq$,

with σ1 = 10−2, σ2 = 10−3 and three values of q = 1
2 ,

7
11 ,

12
13 . For this example,

we have

v1

(
z, qD4s1(z), qD4s2(z)

)
=

cos(z)|qD4s2(z)|
ez+
√

2(1+|qD4s2(z)|) ,

h1

(
z, qD2s1(z), qD2s2(z)

)
=

z3(|qD2s1(z)|+|qD2s2(z)|)
π(z2+1) ,

g1

(
z, s1(z), s2(z)

)
= ez

2
(sin|s1(z)|+|s2(z)|)

6×108 ,

v2

(
z, qD4s1(z), qD4s2(z)

)
=

z sin(qD
4s1(z))

3−z ,

h2

(
z, qD2s1(z), qD2s2(z)

)
=
√

z(|qD2s2(z)|)
ln(ez+2) ,

g2

(
z, s1(z), s2(z)

)
=
√
ez+1(|s2(z)|)
(1+|s2(z)|) ,



Mathematics Interdisciplinary Research 11 (4) (2026) 371 − 405 391

and λ1 = 1
15 , λ2 = 1

113 , µ1 = 10−1, µ2 = 1
49 , δ1 = 1

19 , δ2 = 3
80 . Thus,∣∣∣v1

(
z, qD4s1, qD4s2

)
− v1

(
z, qD4s̀1, qD4s̀2

) ∣∣∣
=

∣∣∣∣ cos(z)|qD4s2|
ez+
√

2(1+|qD4s2|) −
cos(z)|qD4s̀2|

ez+
√

2(1+|qD4s̀2|)

∣∣∣∣
≤ 1

e
√

2

∣∣
qD4s2 − qD4s̀2

∣∣ ,∣∣∣h1

(
z, qD2s1, qD2s2

)
− h1

(
z, qD2s̀1, qD2s̀2

) ∣∣∣
=

∣∣∣∣ z3(|qD2s1|+|qD2s2|)
π(z2+1) − z3(|qD2s̀1|+|qD2s̀2|)

π(z2+1)

∣∣∣∣
≤ 1

π

[ ∣∣
qD2s1 − qD2s̀1

∣∣+
∣∣
qD2s2 − qD2s̀2

∣∣ ],
∣∣g1

(
z, s1, s2

)
− g1

(
z, s̀1, s̀2

)∣∣ =

∣∣∣∣ ez2 (sin|s1|+|s2|)
6×108 − ez

2
(sin|s1|+|s2|)

6×108

∣∣∣∣
≤ e
[
|s1 − s̀1|+ |s2 − s̀2|

]
,

and ∣∣∣v2

(
z, qD4s1, qD4s2

)
− v2

(
z, qD4s̀1, qD4s̀2

) ∣∣∣
=

∣∣∣∣ z sin(qD
4s1)

3−z − z sin(qD
4s̀1)

3−z

∣∣∣∣ ≤ 1
2

∣∣
qD4s1 − qD4s̀1

∣∣ ,∣∣∣h2

(
z, qD2s1, qD2s2

)
− h2

(
z, qD2s̀1, qD2s̀2

) ∣∣∣ =

∣∣∣∣√z(|qD2s2|)
ln(ez+2) −

√
z(|qD2s2|)
ln(ez+2)

∣∣∣∣
≤ 1

ln(3)

[ ∣∣
qD2s1 − qD2s̀1

∣∣+
∣∣
qD2s2 − qD2s̀2

∣∣ ],
∣∣g2

(
z, s1, s2

)
− g2

(
z, s̀1, s̀2

)∣∣ =
∣∣∣√ez+1(|s2|)

(1+|s2|) −
√
ez+1(|s̀2|)
(1+|s̀2|)

∣∣∣
≤
√
e+ 1

[
|s1 − s̀1|+ |s2 − s̀2|

]
.

These mean that, the condition (H1) holds with vζ1 = 1
e
√

2
, vζ2 = 1

2 , hζ1 = 1
π ,

hζ2 = 1
ln(3) , gζ1 = e, gζ2 =

√
e+ 1, and

∆1 ≈

 0.1624, q = 1/2,
0.1624, q = 7/11,
0.1624, q = 12/13,

∆2 ≈

 0.0953, q = 1/2,
0.0953, q = 7/11,
0.0953, q = 12/13.

By this data, from relation in (13), we find that

M̃1 ≈

 0.1666, q = 1/2,
0.0749, q = 7/11,
0.0061, q = 12/13,

M̃2 ≈

 0.2450, q = 1/2,
0.1258, q = 7/11,
0.0137, q = 12/13,
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L̃1 ≈

 0.5973, q = 1/2,
0.4115, q = 7/11,
0.0851, q = 12/13,

L̃2 ≈

 1.3702, q = 1/2,
1.2823, q = 7/11,
0.5204, q = 12/13,

Ñ1 ≈

 1.5452, q = 1/2,
1.3499, q = 7/11,
0.3983, q = 12/13,

Ñ2 ≈

 3.1041, q = 1/2,
3.2151, q = 7/11,
1.3221, q = 12/13,

and

K1 ≈

 2.3092, q = 1/2,
1.8364, q = 7/11,
0.5271, q = 12/13,

K2 ≈

 4.7194, q = 1/2,
4.6233, q = 7/11,
1.9762, q = 12/13.

One can check the estimated results of M̃i, L̃i, Ñi, ki, i = 1, 2 and ∆1K1+∆2K2 <
1 for the system (26) in Tables 1 to 3. When as q approaches to 1, parameters M̃1,
M̃2, L̃1, L̃2, Ñ1, Ñ2 decrease. The curves of these data are plotted in Figures 1a
and 1b. Consequently, the following inequalities hold:

2∑
i=1

Ki∆i ≈

 0.8249, q = 1/2,
0.7390, q = 7/11,
0.2739, q = 12/13.

 < 1. (27)

The curves in Figure 2 define well that the condition K1∆1 +K2∆2 < 1 is met.
The reader remarks that the conditions of Theorem 3.3 are satisfied. Hence, the
system (26) has a unique solution on Ω̄. If we consider the case

Cα = K1+K2

1−(K1∆1+k2∆2) ≈

 40.1592, q = 1/2,
24.7520, q = 7/11,
3.4767, q = 12/13.

in the above example, then the solution (s1(z), s2(z)) is UHML stable.

In the next example, we explore the mentioned theorems for changing the
derivative order α1.

Example 5.2. Consider the system of q-FDEs of the form

RL
2/5Dα1s1(z) =

∣∣∣sin(2/5
D4s1(z)

)∣∣∣
√

105ez+1
(

1+
∣∣∣2/5D4s1(z)

∣∣∣)
+
|z|

(∣∣∣2/5D2s1(z)
∣∣∣+∣∣∣2/5D2s2(z)

∣∣∣)
2
√

5π(|z|+12)
+

e|z|(|s1(z)|+tan−1|s2(z)|)
39(1+|z|) ,

RL
2/5D

23/4s2(z) =
12z tan

(
2/5
D4s2(z)

)
251(
√

3−z)
+

√
z
(∣∣∣2/5D2s1(z)

∣∣∣)
49 ln(ez+2)

+ ln(z+1)|s1(z)| |s2(z)|
25(1+|s2(z)|)(4+|s1(z)|) ,

(28)

for z ∈ Ω̄, and for m = 0, 4,
(

2/5Dms1

)
(0) =

(
2/5Dms2

)
(0) = 0, via conditions(

2/5D4s1

)
(1) = 2

89 [α1]2/5

∫ 1

0

s($) d2/5$,
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Table 1: Estimated values for M̃i, L̃i, i = 1, 2 for system (26) with three values of
q in Example 5.1.

n q = 1/2q = 1/2q = 1/2 q = 7/11q = 7/11q = 7/11 q = 12/13q = 12/13q = 12/13

M̃1 M̃2 L̃1 L̃2 M̃1 M̃2 L̃1 L̃2 M̃1 M̃2 L̃1 L̃2

1 0.130 0.192 0.470 1.079 0.039 0.066 0.219 0.686 0.000 0.000 0.001 0.006
2 0.148 0.218 0.531 1.219 0.050 0.085 0.280 0.875 0.000 0.000 0.002 0.012
3 0.157 0.231 0.564 1.293 0.059 0.099 0.324 1.011 0.000 0.000 0.003 0.019
...

...
...

...
...

...
...

...
...

...
...

...
...

7 0.166 0.244 0.595 1.365 0.072 0.121 0.396 1.235 0.001 0.002 0.010 0.067
8 0.166 0.245 0.596 1.368 0.073 0.123 0.402 1.252 0.001 0.002 0.013 0.083
9 0.167 0.245 0.597 1.369 0.074 0.124 0.405 1.263 0.001 0.003 0.016 0.099
10 0.167 0.245 0.597 1.370 0.074 0.125 0.408 1.270 0.001 0.003 0.018 0.117
11 0.167 0.245 0.597 1.370 0.074 0.125 0.409 1.275 0.001 0.003 0.021 0.134
12 0.167 0.245 0.597 1.370 0.075 0.125 0.410 1.277 0.002 0.004 0.024 0.152
13 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.279 0.002 0.004 0.027 0.170
14 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.280 0.002 0.005 0.030 0.188
15 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.281 0.002 0.005 0.033 0.206
16 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.282 0.002 0.006 0.036 0.223
17 0.167 0.245 0.597 1.370 0.075 0.126 0.411 1.282 0.003 0.006 0.039 0.240
...

...
...

...
...

...
...

...
...

...
...

...
...

41 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.005 0.012 0.077 0.470
42 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.013 0.077 0.473
43 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.013 0.078 0.477
...

...
...

...
...

...
...

...
...

...
...

...
...

59 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.013 0.083 0.508
60 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.083 0.509
61 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.083 0.510
...

...
...

...
...

...
...

...
...

...
...

...
...

73 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.084 0.517
74 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.517
75 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.517
...

...
...

...
...

...
...

...
...

...
...

...
...

89 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.519
90 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
91 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
92 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
93 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520
94 0.167 0.245 0.597 1.370 0.075 0.126 0.412 1.282 0.006 0.014 0.085 0.520

(
2/5D4s2

)
(1) = 15

163

[
23
4

]
2/5

∫ 1

0

s2($) d2/5$,

with three values for α1 = 51
10 ,

27
5 ,

57
10 . For this example, we have

v1

(
z, qD4s1(z), qD4s2(z)

)
=

∣∣∣sin(2/5
D4s1(z)

)∣∣∣
ez+1

(
1+

∣∣∣2/5D4s1(z)
∣∣∣) ,
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Table 2: Estimated values for Ñi, i = 1, 2 for system (26) with three values of q
in Example 5.1.

n q = 1/2q = 1/2q = 1/2 q = 7/11q = 7/11q = 7/11 q = 12/13q = 12/13q = 12/13

Ñ1 Ñ2 Ñ1 Ñ2 Ñ1 Ñ2

1 1.215 2.444 0.717 1.720 0.005 0.017
2 1.374 2.762 0.917 2.194 0.009 0.032
3 1.458 2.930 1.062 2.536 0.015 0.053
...

...
...

...
...

...
...

9 1.544 3.101 1.329 3.167 0.081 0.278
10 1.545 3.103 1.337 3.184 0.095 0.326
11 1.545 3.103 1.342 3.195 0.110 0.375
12 1.545 3.104 1.345 3.203 0.125 0.425
13 1.545 3.104 1.347 3.207 0.140 0.475
14 1.545 3.104 1.348 3.210 0.155 0.525
15 1.545 3.104 1.349 3.212 0.170 0.575
16 1.545 3.104 1.349 3.213 0.184 0.623
17 1.545 3.104 1.349 3.214 0.199 0.670
18 1.545 3.104 1.350 3.214 0.213 0.716
19 1.545 3.104 1.350 3.215 0.226 0.760
20 1.545 3.104 1.350 3.215 0.239 0.803
21 1.545 3.104 1.350 3.215 0.251 0.844
...

...
...

...
...

...
...

92 1.545 3.104 1.350 3.215 0.438 1.452
93 1.545 3.104 1.350 3.215 0.438 1.452
94 1.545 3.104 1.350 3.215 0.439 1.452
95 1.545 3.104 1.350 3.215 0.439 1.452
96 1.545 3.104 1.350 3.215 0.439 1.452
97 1.545 3.104 1.350 3.215 0.439 1.452
98 1.545 3.104 1.350 3.215 0.439 1.453
99 1.545 3.104 1.350 3.215 0.439 1.453

h1

(
z, qD2s1(z), qD2s2(z)

)
=
|z|

(∣∣∣2/5D2s1(z)
∣∣∣+∣∣∣2/5D2s2(z)

∣∣∣)
(|z|+12) ,

g1

(
z, s1(z), s2(z)

)
=

e|z|(|s1(z)|+tan−1|s2(z)|)
1+|z| ,

v2

(
z, qD4s1(z), qD4s2(z)

)
=

z tan
(
2/5
D4s2(z)

)
(
√

3−z)
,

h2

(
z, qD2s1(z), qD2s2(z)

)
=

√
z
(∣∣∣2/5D2s1(z)

∣∣∣)
ln(ez+2) ,
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Figure 1: The curves ofKi, i = 1, 2 for system (26) with three values of q in Example 5.1.

g2

(
z, s1(z), s2(z)

)
= ln(z+1)|s1(z)| |s2(z)|

(1+|s2(z)|)(4+|s1(z)|) ,

and λ1 = 1√
105

, λ2 = 12
251 , µ1 = 1

2
√

5π
, µ2 = 1

49 , δ1 = 1
39 , δ2 = 1

25 . Thus,∣∣∣v1

(
z, 2/5D4s1, 2/5D4s2

)
− v1

(
z, 2/5D4s̀1, 2/5D4s̀2

) ∣∣∣
=

∣∣∣∣∣
∣∣∣sin(2/5

D4s1(z)
)∣∣∣

ez+1
(

1+
∣∣∣2/5D4s1(z)

∣∣∣) −
∣∣∣sin(2/5

D4s̀1(z)
)∣∣∣

ez+1
(

1+
∣∣∣2/5D4s̀1(z)

∣∣∣)
∣∣∣∣∣

≤ 1
e

∣∣∣2/5D4s1 − 2/5D4s̀1

∣∣∣ ,
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Figure 2: Inequality (27),
∑2

i=1Ki∆i < 1 for system (26) in Example 5.1 with three
values of q.

∣∣∣h1

(
z, 2/5D2s1, 2/5D2s2

)
− h1

(
z, 2/5D2s̀1, 2/5D2s̀2

) ∣∣∣
=

∣∣∣∣ |z|
(∣∣∣2/5D2s1(z)

∣∣∣+∣∣∣2/5D2s2(z)
∣∣∣)

|z|+12 −
|z|

(∣∣∣2/5D2s̀1(z)
∣∣∣+∣∣∣2/5D2s̀2(z)

∣∣∣)
|z|+12

∣∣∣∣
≤ 1

12

[ ∣∣∣2/5D2s1 − 2/5D2s̀1

∣∣∣+
∣∣∣2/5D2s2 − 2/5D2s̀2

∣∣∣ ],
∣∣g1

(
z, s1, s2

)
− g1

(
z, s̀1, s̀2

)∣∣ =

∣∣∣∣ e|z|(|s1(z)|+tan−1|s2(z)|)
1+|z| − e|z|(|s̀1(z)|+tan−1|s̀2(z)|)

1+|z|

∣∣∣∣
≤ e
[
|s1 − s̀1|+ |s2 − s̀2|

]
,

and ∣∣∣v2

(
z, qD4s1, qD4s2

)
− v2

(
z, qD4s̀1, qD4s̀2

) ∣∣∣
=

∣∣∣∣ z tan
(
2/5
D4s2(z)

)
√

3−z
−

z tan
(
2/5
D4s̀2(z)

)
√

3−z

∣∣∣∣
≤ 1√

3−1

∣∣∣2/5D4s2 − 2/5D4s̀2

∣∣∣ ,∣∣∣h2

(
z, 2/5D2s1, 2/5D2s2

)
− h2

(
z, 2/5D2s̀1, 2/5D2s̀2

) ∣∣∣
=

∣∣∣∣√z
(∣∣∣2/5D2s1(z)

∣∣∣)
ln(ez+2) −

√
z
(∣∣∣2/5D2s̀1(z)

∣∣∣)
ln(ez+2)

∣∣∣∣
≤ 1

ln(3)

[ ∣∣∣2/5D2s1 − 2/5D2s̀1

∣∣∣+
∣∣∣2/5D2s2 − 2/5D2s̀2

∣∣∣ ],
∣∣g2

(
z, s1, s2

)
− g2

(
z, s̀1, s̀2

)∣∣
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Table 3: Estimated values for Ki, i = 1, 2 and K1∆1 +K2∆2 < 1 for system (26)
with three values of q in Example 5.1.

n q = 1/2q = 1/2q = 1/2 q = 7/11q = 7/11q = 7/11 q = 12/13q = 12/13q = 12/13

K1 K2

∑2
i=1Ki∆i K1 K2

∑2
i=1Ki∆i K1 K2

∑2
i=1Ki∆i

1 1.815 3.715 0.649 0.975 2.472 0.394 0.006 0.023 0.003
2 2.053 4.199 0.734 1.247 3.154 0.503 0.011 0.044 0.006
3 2.179 4.455 0.779 1.444 3.646 0.582 0.018 0.073 0.010
...

...
...

...
...

...
...

...
...

...
9 2.307 4.715 0.824 1.808 4.554 0.728 0.097 0.380 0.052
10 2.308 4.717 0.825 1.819 4.579 0.732 0.115 0.445 0.061
11 2.309 4.718 0.825 1.825 4.595 0.734 0.132 0.513 0.070
12 2.309 4.719 0.825 1.829 4.605 0.736 0.150 0.581 0.080
13 2.309 4.719 0.825 1.832 4.612 0.737 0.169 0.650 0.089
14 2.309 4.719 0.825 1.834 4.616 0.738 0.187 0.718 0.099
15 2.309 4.719 0.825 1.835 4.619 0.738 0.205 0.786 0.108
16 2.309 4.719 0.825 1.835 4.620 0.739 0.223 0.852 0.117
17 2.309 4.719 0.825 1.836 4.622 0.739 0.240 0.917 0.126
18 2.309 4.719 0.825 1.836 4.622 0.739 0.257 0.979 0.135
19 2.309 4.719 0.825 1.836 4.623 0.739 0.273 1.040 0.143
20 2.309 4.719 0.825 1.836 4.623 0.739 0.289 1.098 0.152
...

...
...

...
...

...
...

...
...

...
76 2.309 4.719 0.825 1.836 4.623 0.739 0.527 1.976 0.274
77 2.309 4.719 0.825 1.836 4.623 0.739 0.527 1.977 0.274
78 2.309 4.719 0.825 1.836 4.623 0.739 0.528 1.978 0.274
79 2.309 4.719 0.825 1.836 4.623 0.739 0.528 1.979 0.274
80 2.309 4.719 0.825 1.836 4.623 0.739 0.528 1.980 0.274
81 2.309 4.719 0.825 1.836 4.623 0.739 0.528 1.980 0.275
82 2.309 4.719 0.825 1.836 4.623 0.739 0.528 1.981 0.275
83 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.982 0.275
84 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.982 0.275
85 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.983 0.275
86 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.983 0.275
87 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.983 0.275
88 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.984 0.275
89 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.984 0.275
90 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.985 0.275
91 2.309 4.719 0.825 1.836 4.623 0.739 0.529 1.985 0.275
92 2.309 4.719 0.825 1.836 4.623 0.739 0.530 1.985 0.275
93 2.309 4.719 0.825 1.836 4.623 0.739 0.530 1.985 0.275

=
∣∣∣ ln(z+1)|s1(z)| |s2(z)|

(1+|s2(z)|)(4+|s1(z)|) −
ln(z+1)|s̀1(z)| |s̀2(z)|

(1+|s̀2(z)|)(4+|s̀1(z)|)

∣∣∣
≤ ln 2

[
|s1 − s̀1|+ |s2 − s̀2|

]
.

These mean that, the condition (H1) holds with vζ1 = 1
e , vζ2 = 1√

3−1
, hζ1 = 1

12 ,

hζ2 = 1
ln(3) , gζ1 = e, gζ2 = 4 ln(2), and ∆1 ≈ 0.1161, ∆2 ≈ 0.1116 for each α1.
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Hence, thanks to the equations in (13), we obtain

M̃1 ≈

 0.411, α1 = 51/10,
0.329, α1 = 27/5,
0.269, α1 = 57/10.

M̃2 ≈

 0.403, α1 = 51/10,
0.367, α1 = 27/5,
0.345, α1 = 57/10.

L̃1 ≈

 1.065, α1 = 51/10,
0.867, α1 = 27/5,
0.720, α1 = 57/10.

L̃2 ≈

 1.496, α1 = 51/10,
1.369, α1 = 27/5,
1.292, α1 = 57/10.

Ñ1 ≈

 1.915, α1 = 51/10,
1.761, α1 = 27/5,
1.591, α1 = 57/10.

Ñ2 ≈

 2.535, α1 = 51/10,
2.686, α1 = 27/5,
2.805, α1 = 57/10.

and

Table 4: Estimated values for M̃i, L̃i, i = 1, 2 for system (28) with three values of
α1 in Example 5.2.

n α1 = 51/10α1 = 51/10α1 = 51/10 α1 = 27/5α1 = 27/5α1 = 27/5 α1 = 57/10α1 = 57/10α1 = 57/10

M̃1 M̃2 L̃1 L̃2 M̃1 M̃2 L̃1 L̃2 M̃1 M̃2 L̃1 L̃2

1 0.370 0.362 0.961 1.346 0.296 0.330 0.781 1.232 0.242 0.310 0.648 1.163
2 0.394 0.387 1.023 1.435 0.315 0.352 0.832 1.313 0.258 0.331 0.691 1.240
3 0.404 0.396 1.048 1.472 0.323 0.361 0.853 1.347 0.265 0.339 0.708 1.271
4 0.408 0.400 1.058 1.486 0.326 0.365 0.861 1.360 0.268 0.343 0.715 1.284
5 0.410 0.402 1.062 1.492 0.328 0.366 0.865 1.366 0.269 0.344 0.718 1.289
6 0.411 0.403 1.064 1.495 0.328 0.367 0.866 1.368 0.269 0.345 0.719 1.291
7 0.411 0.403 1.065 1.496 0.328 0.367 0.867 1.369 0.269 0.345 0.720 1.292
8 0.411 0.403 1.065 1.496 0.329 0.367 0.867 1.369 0.269 0.345 0.720 1.292
...

...
...

...
...

...
...

...
...

...
...

...
...

K1 ≈

 3.391, α1 = 51/10,
2.957, α1 = 27/5,
2.581, α1 = 57/10.

K2 ≈

 4.434, α1 = 51/10,
4.423, α1 = 27/5,
4.443, α1 = 57/10.

Tables 4 to 6 show the estimated results of M̃i, L̃i, Ñi, ki, i = 1, 2 and ∆1K1 +
∆2K2 < 1 for the system (26). When as q approaches to 1, parameters M̃1, M̃2,
L̃1, L̃2, Ñ1, Ñ2 decrease. The curves of these data are plotted in Figures 3a and 3b.
Consequently, the following inequalities hold:

2∑
i=1

Ki∆i ≈

 0.889, α1 = 51/10,
0.837, α1 = 27/5,
0.796, α1 = 57/10,

 < 1. (29)

The curves in Figure 4 define well that the condition K1∆1 +K2∆2 < 1 is met.
The reader remarks that the conditions of Theorem 3.3 are satisfied. Hence, sys-
tem (28) has a unique solution on Ω̄. If we consider the case
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Table 5: Estimated values for Ñi, i = 1, 2 for system (28) with three values of α1

in Example 5.2.

n α1 = 51/10α1 = 51/10α1 = 51/10 α1 = 27/5α1 = 27/5α1 = 27/5 α1 = 57/10α1 = 57/10α1 = 57/10

Ñ1 Ñ2 Ñ1 Ñ2 Ñ1 Ñ2

1 1.727 2.281 1.586 2.417 1.432 2.524
2 1.839 2.432 1.690 2.577 1.526 2.691
3 1.884 2.494 1.733 2.642 1.565 2.759
4 1.902 2.519 1.750 2.669 1.581 2.787
5 1.910 2.529 1.757 2.679 1.587 2.798
6 1.913 2.533 1.759 2.684 1.590 2.802
7 1.914 2.534 1.760 2.685 1.591 2.804
8 1.914 2.535 1.761 2.686 1.591 2.805
9 1.915 2.535 1.761 2.686 1.591 2.805
...

...
...

...
...

...
...

Table 6: Estimated values for Ki, i = 1, 2 and K1∆1 +K2∆2 < 1 for system (28)
with three values of q in Example 5.2.

n q = 1/2q = 1/2q = 1/2 q = 7/11q = 7/11q = 7/11 q = 12/13q = 12/13q = 12/13

K1 K2

∑2
i=1Ki∆i K1 K2

∑2
i=1Ki∆i K1 K2

∑2
i=1Ki∆i

1 3.058 3.989 0.800 2.663 3.979 0.753 2.322 3.997 0.716
2 3.256 4.253 0.853 2.837 4.242 0.803 2.476 4.261 0.763
3 3.336 4.362 0.874 2.909 4.350 0.823 2.538 4.370 0.782
4 3.369 4.405 0.883 2.937 4.394 0.831 2.564 4.414 0.790
5 3.382 4.423 0.886 2.949 4.411 0.835 2.574 4.431 0.793
6 3.387 4.430 0.888 2.954 4.418 0.836 2.578 4.438 0.795
7 3.389 4.433 0.888 2.955 4.421 0.837 2.580 4.441 0.795
8 3.390 4.434 0.889 2.956 4.422 0.837 2.580 4.442 0.795
9 3.390 4.434 0.889 2.956 4.423 0.837 2.581 4.443 0.795
10 3.391 4.434 0.889 2.957 4.423 0.837 2.581 4.443 0.796
...

...
...

...
...

...
... 1

...
...

...

Cα = K1+K2

1−(K1∆1+k2∆2) ≈

 70.275, α1 = 51/10,
45.257, α1 = 27/5,
34.352, α1 = 57/10.

in the above example, then the solution (s1(z), s2(z)) is UHML stable.
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Figure 3: The curves of Ki, i = 1, 2 for system (28) with three values of α1 in Exam-
ple 5.2.

6. Conclusion

This research established new achievements regarding the uniqueness, existence,
and stability of solutions for the coupled system of q-FDEs (1) based on famous
methods in nonlinear analysis. We also defined and studied the stability of the
mentioned coupled system (1). Some remarkable examples were presented, those
show well the details of the achievements of the existence and stability of the
system solution. Further, the current work in the field of fractional calculus can
be used to obtain the solution of the related system in [34–37].
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Figure 4: Inequality (27),
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i=1Ki∆i < 1 for system (28) with three values of q in
Example 5.2.

Abbreviations. BVP: Boundary value problem; DE: Differential equation; c:
Fixed point; FDE: Fractional differential equation; MLU: Mittag-Leffler-Ulam;
q-FDE: Quantum fractional differential equation.
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